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Chapter I 


Complex Differential Calculus and Pseudoconvexity 


This introductive chapter is mainly a review of the basic tools and concepts which will be employed 
in the rest of the book: differential forms, currents, holomorphic and plurisubharmonic functions, holo- 
morphic convexity and pseudoconvexity. Our study of holomorphic convexity is principally concentrated 
here on the case of domains in C”. The more powerful machinery needed for the study of general com- 
plex varieties (sheaves, positive currents, hermitian differential geometry) will be introduced in Chapters 
II to V. Although our exposition pretends to be almost self-contained, the reader is assumed to have 
at least a vague familiarity with a few basic topics, such as differential calculus, measure theory and 
distributions, holomorphic functions of one complex variable, .... Most of the necessary background can 
be found in the books of [Rudin 1966] and [Warner 1971]; the basics of distribution theory can be found 
in Chapter I of [Hormander 1963]. On the other hand, the reader who has already some knowledge of 
complex analysis in several variables should probably bypass this chapter. 


§1. Differential Calculus on Manifolds 
§1.A. Differentiable Manifolds 


The notion of manifold is a natural extension of the notion of submanifold defined 
by a set of equations in R”. However, as already observed by Riemann during the 
19th century, it is important to define the notion of a manifold in a flexible way, without 
necessarily requiring that the underlying topological space is embedded in an affine space. 
The precise formal definition was first introduced by H. Wey] in [Wey] 1913]. 


Let m € N and k € NU {oo,w}. We denote by ‘€* the class of functions which are 
k-times differentiable with continuous derivatives if k 4 w, and by C” the class of real 
analytic functions. A differentiable manifold M of real dimension m and of class €* is a 
topological space (which we shall always assume Hausdorff and separable, i.e. possessing 
a countable basis of the topology), equipped with an atlas of class @* with values in R™. 
An atlas of class “6” is a collection of homeomorphisms Tg : Uy —> Vo, a € I, called 
differentiable charts, such that (Ua)aer is an open covering of M and V,, an open subset 
of R™, and such that for all a, @ € I the transition map 


(1.1) Tad S740 79 Ue (Ug) => ta Ug) 


is a €* diffeomorphism from an open subset of Vg onto an open subset of V, (see Fig. 1). 
Then the components 7,(x) = (#f,..., 2%) are called the local coordinates on U,, defined 
by the chart Tg ; they are related by the transition relation 7° = Tap (x ). 
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Fig. I-1 Charts and transition maps 


If Q C M is open and s € NU {oo,w}, 0< s < k, we denote by C*(Q, R) the set of 
functions f of class C*® on Q, i.e. such that f o 77! is of class C*® on Tg(Ug MQ) for each 
a ; if QD is not open, C*(Q,R) is the set of functions which have a C* extension to some 
neighborhood of Q. 


A tangent vector € at a point a € M is by definition a differential operator acting on 
functions, of the type 


Of 
1 
COM PP hte 
l<jgm 
in any local coordinate system (21,...,2%m) on an open set 2.5 a. We then simply write 


€ = )°6,0/0a;. For every a € Q, the n-tuple (0/0x;)1<j;<m is therefore a basis of the 
tangent space to M at a, which we denote by Tyy,,. The differential of a function f at a 
is the linear form on Ti, defined by 


dfa(€) =€- f=) & Of/Ox;(a), VE € Tua. 


In particular dx;(€) = €; and we may consequently write df = )\(Of/Ox;)dx;. From 
this, we see that (dx1,...,d2m) is the dual basis of (0/0x1,...,0/OXm) in the cotangent 
space Ty, ,- The disjoint unions Ty = Ue. Tux and Ty, = Urew Tiv.x are called the 
tangent and cotangent bundles of M. 


If € is a vector field of class C* over 0, that is, a map «+> €(x) € Tye such that 
E(x) = 5) €;(x) 0/0x,; has C® coefficients, and if 7 is another vector field of class C* with 
s >1, the Lie bracket |€, 7] is the vector field such that 


(1.2) lege s Hep) aa ep) 


In coordinates, it is easy to check that 


(1.3) ene So (155° Ue 


l<j,kgm 
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§1.B. Differential Forms 


A differential form u of degree p, or briefly a p-form over M, is a map u on M with 
values u(x) € APTY,,.. In a coordinate open set 2 C M, a differential p-form can be 


written 
Cn »:, ur(x) dxz, 
|I|=p 
where I = (%1,...,%p) is a multi-index with integer components, 41 <...< ti, and dx; := 


dx;, \... A dzx;,. The notation |J| stands for the number of components of J, and is 
read length of I. For all integers p = 0,1,...,m and s € NU {oo}, s < k, we denote by 
C*(M, APTX,) the space of differential p-forms of class C*, i.e. with C® coefficients ur. 
Several natural operations on differential forms can be defined. 


§ 1.B.1. Wedge Product. If v(x) = So vuz(x) dx; is a q-form, the wedge product of u and 
v is the form of degree (p+ q) defined by 


(1.4) NOG) SS S° tiz(Z) ug) dar A dey: 
[Z|=p,|J|=¢ 


§ 1.B.2. Contraction by a tangent vector. A p-form u can be viewed as an antisymmetric 
p-linear form on Ty. If € = ))&;0/0x; is a tangent vector, we define the contraction 
€ | u to be the differential form of degree p— 1 such that 


(1.5) (€ 1 u)(ms ++, Mp1) = (Es M+ ++ Mp1) 
for all tangent vectors 7;. Then (€,u) + € J wu is bilinear and we find easily 


a _ 0 if 7 éI, 
py = {Laden pened 


A simple computation based on the above formula shows that contraction by a tangent 
vector is a derivation, i.e. 


(1.6) € 41 (uAv) = (E41 u) Avt (-1)88 "UA (€ Jv). 


§ 1.B.3. Exterior derivative. This is the differential operator 
d: C®(M, APT;,) — C* 1(M, APTS) 


defined in local coordinates by the formula 


Our 
Lee du = — dx, \ dx 
(1.7) Aa I: 
[I|=p,1<k<m 
Alternatively, one can define du by its action on arbitrary vector fields o,...,€) on M. 


The formula is as follows 
du(€o,--.5€)= >> (-1)¥6; + u(Eo, -.. bj, &) 
O<j<p 


(1.7’) + ae a (Ss7Sels bon Spee Ebene &p) 


0<j<k<p 
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The reader will easily check that (1.7) actually implies (1.7’). The advantage of (1.7’) 
is that it does not depend on the choice of coordinates, thus du is intrinsically defined. 
The two basic properties of the exterior derivative (again left to the reader) are: 


(1.8) d(uAv) =duAv + (-1)*8"u A du, ( Leibnitz’ rule ) 
d= 0; 


A form uw is said to be closed if du = 0 and evact if wu can be written u = dv for some 
form v. 


§ 1.B.4. De Rham Cohomology Groups. Recall that a cohomological complex K*® = 
Dz is a collection of modules K? over some ring, equipped with differentials, i.e., linear 
maps d? : KP? — KP+! such that d?+!od? = 0. The cocycle, coboundary and cohomology 
modules Z?(K°*), B?(K*°) and H?(K°) are defined respectively by 


Z?(K*) = Kerd? : KP = K?+!, Z?(K*) C K?, 
(1.10) B?(K*) =Imd?-!: K?-1 4 KP, —_BP(K*) C Z?(K*) C RK, 
H?(K*) = Z?(K*)/BP(K®). 


Now, let M be a differentiable manifold, say of class “6° for simplicity. The De Rham 
complex of M is defined to be the complex kK? = €°(M, APTX,) of smooth differential 
forms, together with the exterior derivative d? = d as differential, and kK? = {0}, d? =0 
for p < 0. We denote by Z?(M,R) the cocycles (closed p-forms) and by B?(M,R) the 
coboundaries (exact p-forms). By convention B°(M,R) = {0}. The De Rham cohomol- 
ogy group of M in degree p is 


(1.11) H?,,(M,R) = Z?(M,R)/B?(M,R). 


When no confusion with other types of cohomology groups may occur, we sometimes 
denote these groups simply by H?(W, IR). The symbol R is used here to stress that we are 
considering real valued p-forms; of course one can introduce a similar group Hf, (M,C) 
for complex valued forms, i.e. forms with values in C @ APT%,. Then Hhp(M,C) = 
C ® HBp(M,R) is the complexification of the real De Rham cohomology group. It is 
clear that H}},(M, R) can be identified with the space of locally constant functions on M, 
thus 


H2R(M,R) = R™), 


where 7o(X) denotes the set of connected components of M. 


Similarly, we introduce the De Rham cohomology groups with compact support 


(1.12) Hpdp,-(M, R) = 22(M, R)/Be(M,R), 


associated with the De Rham complex K? = 6% (M, APTX,) of smooth differential forms 
with compact support. 


§ 1.B.5. Pull-Back. If F : M —> M’ is a differentiable map to another manifold M’, 
dimg M' = m’, and if u(y) = So vz(y) dyz is a differential p-form on M’, the pull-back 
F*v is the differential p-form on M obtained after making the substitution y = F(x) in 
v, Le. 


(1.13) Fru(2) = 5 uy (F(x) di, A... AdFi,. 


Up 
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If we have a second map G : M’ —> M” and if w is a differential form on M”, then 
F*(G*w) is obtained by means of the substitutions z = G(y), y = F(x), thus 


(1.14) F*(G*w) = (Go F)*w. 
Moreover, we always have d(f*v) = F*(dv). It follows that the pull-back F* is closed 


if v is closed and exact if v is exact. Therefore F'* induces a morphism on the quotient 
spaces 


(1.15) F* : H?..(M',R) — H2,(M,R). 


§1.C. Integration of Differential Forms 


A manifold M is orientable if and only if there exists an atlas (7) such that all transi- 
tion maps Tyg preserve the orientation, i.e. have positive jacobian determinants. Suppose 
that M is oriented, that is, equipped with such an atlas. If u(x) = f(a1,...,@%m) dri A 
... Adm is a continuous form of maximum degree m = dimp M, with compact support 
in a coordinate open set (2, we set 


(1.16) | U= Pitiecwtw) Ger ede 
M R™ 


By the change of variable formula, the result is independent of the choice of coordinates, 
provided we consider only coordinates corresponding to the given orientation. When u 
is an arbitrary form with compact support, the definition of [ vu is easily extended by 
means of a partition of unity with respect to coordinate open sets covering Supp wu. Let 
F.: M — M' bea diffeomorphism between oriented manifolds and v a volume form on 
M’. The change of variable formula yields 


(1.17) i F*y = +f ev 


according whether F’ preserves orientation or not. 


We now state Stokes’ formula, which is basic in many contexts. Let K be a compact 
subset of M with piecewise C! boundary. By this, we mean that for each point a € 0K 
there are coordinates (%1,...,%m) on a neighborhood V of a, centered at a, such that 


LAV ={¢-€ V2) <0 rnp < OF 


for some index | > 1. Then 0K 1 V is a union of smooth hypersurfaces with piecewise 
C! boundaries: 


OKNV= U (oe Vie 0p Ohanigar Oh 


1l<j<l 


At points of 0K where x; = 0, then (%1,...,%j,,...,%m) define coordinates on 0K. We 
take the orientation of OK given by these coordinates or the opposite one, according to 
the sign (—1)/~!. For any differential form u of class C! and degree m — 1 on M, we 
then have 
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(1.18) Stokes’ formula. | i | du. 
OK K 


The formula is easily checked by an explicit computation when u has compact support 
in V: indeed if u= i<j<n Us dx, \...dt;...d&m, and 0;K NV is the part of OK NV 
where x; = 0, a partial integration with respect to x; yields 


Ou 


| uj day Nd; dtm = f dei Nes xd Eins 
a; KAV v Ox; 


i u= Se ait | uj dry \... diy. Ndam = fi du, 
aKAV a,KAV V 


l<j<gm 


The general case follows by a partition of unity. In particular, if w has compact support 
in M, we find [,, du = 0 by choosing K D Supp wu. 


§1.D. Homotopy Formula and Poincaré Lemma 


Let u be a differential form on [0,1] x M. For (t,x) € [0,1] x M, we write 


is S- ur(t, xv) dar + » urz(t, x) dt A dx z. 


[I|=p |J|=p-1 
We define an operator 


K: c*((0, 1] x M, APT 1)xm) st C*(M, APT Ts) 


(1.19) Kula) = > ve eacaecd) dt) dey 


|J|=p-1 


and say that Ku is the form obtained by integrating u along [0,1]. A computation of 
the operator dk + Kd shows that all terms involving partial derivatives Ou 7/Ox;, cancel, 
hence 


1 
Kdu+dkKu= (| Stl Ct, 2) dt) day = Ss (ur(1, x) — ur(0, x))day, 
[Il=p °° [7|=p 


(1.20) Kdu+dkKu = iu — iu, 
where i, : M — [0,1] x M is the injection x + (t, x). 


(1.20) Corollary. Let F,G: M — M’ be €* maps. Suppose that F,G are smoothly 
homotopic, i.e. that there exists a 6° map H : [0,1] x M — M" such that H(0,2) = 
F(a) and H(1,x2) = G(a). Then 


F* = G* : H8,.(M',R) — H2,(M,R). 


Proof. If v is a p-form on M’, then 


G*v — F*v = (A 0i1)*v — (A 0 ig)*v = 1 (Av) — i6(A*v) 
= d(KH*v) + KH*(dv) 
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by (1.20) applied to u = H*v. If v is closed, then F*v and G*v differ by an exact form, 
so they define the same class in Hf, (M,R). 


(1.21) Corollary. If the manifold M is contractible, i.e. if there is a smooth homotopy 
H : [0,1)x M—M from a constant map F : M = {x0} toG = Idx, then HXp(M,R) = 
R and HB, (M,R) =0 forp>1. 


Proof. F* is clearly zero in degree p > 1, while F* : H}.,(M,R) —> R is induced by the 
evaluation map u+> u(x9). The conclusion then follows from the equality F* = G* = Id 
on cohomology groups. 


(1.22) Poincaré lemma. Let Q C R™ be a starshaped open set. If a form v = 
Ss usdxy € C*(Q, APTS), p > 1, satisfies dv = 0, there exists a form u € C%(Q, AP-'TS) 
such that du = v. 


Proof. Let H(t,x) = tx be the homotopy between the identity map 2 — Q and the 
constant map 2 — {0}. By the above formula 


d(K H*v) = G*v — F*v= ie 


Hence u = K H*v is the (p — 1)-form we are looking for. An explicit computation based 
on (1.19) easily gives 


1 
(1.23) ale) = S- Gi t?—lur(ta) dt) (—1)*"a;, dei, Nee. sce NOEs 
Fe 0 
12h 


§ 2. Currents on Differentiable Manifolds 


§ 2.A. Definition and Examples 


Let M be a €° differentiable manifold, m = dimg M. All the manifolds considered 
in Sect. 2 will be assumed to be oriented. We first introduce a topology on the space of 
differential forms C*(M, APTX,). Let Q C M be a coordinate open set and wu a p-form on 
M, written u(x) = >> ur(x) dx; on Q. To every compact subset L Cc 2 and every integer 
s EN, we associate a seminorm 


(2.1) pi(u) =sup max  |D°uj(x)|, 

cel |1|=p,|al<s 
where a = (Q1,...,@m) runs over N™ and D® = O!*!/dx%! ...0a%™ is a derivation of 
order jal] = a, +--:+Qm. This type of multi-index, which will always be denoted 


by Greek letters, should not be confused with multi-indices of the type I = (i1,..., ip) 
introduced in Sect. 1. 


(2.2) Definition. We introduce as follows spaces of p-forms on manifolds. 
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a) We denote by €?(M) (resp. *€?(M)) the space @°(M,AP?T%,) (resp. the space 
C*(M, NPT) equipped with the topology defined by all seminorms pz, when s, L, Q 
vary (resp. when L, Q vary). 


b) If K Cc M is a compact subset, DP(K) will denote the subspace of elements u € 
€?(M) with support contained in K, together with the induced topology; D?(M) will 
stand for the set of all elements with compact support, i.e. D?(M) := Up D?(K). 


c) The spaces of C*-forms *H?( Kk) and *H?(M) are defined similarly. 


Since our manifolds are assumed to be separable, the topology of “6?(M) can be de- 
fined by means of a countable set of seminorms p}, hence @?(M/) (and likewise *€?(/)) 
is a Fréchet space. The topology of *&%?() is induced by any finite set of seminorms Pr; 
such that the compact sets K,; cover K ; hence *H?(k) is a Banach space. It should be 
observed however that &%?(M) is not a Fréchet space; in fact %?(M) is dense in €?(M) 
and thus non complete for the induced topology. According to [De Rham 1955] spaces 
of currents are defined as the topological duals of the above spaces, in analogy with the 
usual definition of distributions. 


(2.3) Definition. The space of currents of dimension p (or degree m—p) on M is the 
space D,(M) of linear forms T on %?(M) such that the restriction of T to all subspaces 
BP(K), K CC M, is continuous. The degree is indicated by raising the index, hence we 
set 

B’™-P(M) = GB! (M) := topological dual (B?(M))’. 


Pp 


The space °D,(M) = °B'™-?(M) := (*HP(M))’ is defined similarly and is called the 
space of currents of order s on M. 


In the sequel, we let (T,u) be the pairing between a current T and a test form 
u € DP(M). It is clear that °&,(M) can be identified with the subspace of currents 
T € H,(M) which are continuous for the seminorm pj, on %?(/) for every compact set 
K contained in a coordinate patch Q. The support of T, denoted Supp T, is the smallest 
closed subset A C M such that the restriction of T to %?(M ~ A) is zero. The topological 
dual ‘€),(M) can be identified with the set of currents of %,(/) with compact support: 
indeed, let T be a linear form on 6?(M) such that 


|(T,u)| < Cmax{pix, (u)} 


for some s € N, C > 0 and a finite number of compact sets K; ; it follows that Supp TC 
U K;. Conversely let T € &7,(M) with support in a compact set A. Let Kj; be compact 
patches such that AK is contained in the interior of LJ A; and ~ € %(M) equal to 1 on K 
with Suppw C UK;. For u € €?(M), we define (T,u) = (T, wu) ; this is independent 
of ~ and the resulting T is clearly continuous on 6?(M). The terminology used for the 
dimension and degree of a current is justified by the following two examples. 


(2.4) Example. Let Z C M be a closed oriented submanifold of M of dimension p and 
class C! ; Z may have a boundary 0Z. The current of integration over Z, denoted [Z], 
is defined by 


(Zhu) = fw u € °GP(M). 
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It is clear that [Z] is a current of order 0 on M and that Supp[Z] = Z. Its dimension is 
p= dim Z. 


(2.5) Example. If f is a differential form of degree gq on M with Lj... coefficients, we 
can associate to f the current of dimension m — q : 


(Tp, u) =f fru u € °G™-4(M). 


Ty is of degree q and of order 0. The correspondence f +— Ty is injective. In the same 
way Lj... functions on R™ are identified to distributions, we will identify f with its image 


Ty €°F'9(M) =°G!,_,(M). 


§ 2.B. Exterior Derivative and Wedge Product 


§ 2.B.1. Exterior Derivative. Many of the operations available for differential forms can 
be extended to currents by simple duality arguments. Let T € *&'4(M) = *M,,_,(M). 
The exterior derivative 

dT € stop att( Mf) = ier Seem ae 
is defined by 
(2.6) (dT, u) =(-1)971 (T, du), we sttgm™a-l(M). 
The continuity of the linear form dT on *+1G%™~4%~-1(M) follows from the continuity 


of the map d: *t!G™~-¢-!(k) —. *G™-4(K). For all forms f € 1€9(M) and u € 
y™m—I-1(M), Stokes’ formula implies 


o= f araw = f anus (yrs ray 


thus in example (2.5) one actually has dI’y = Ty as it should be. In example (2.4), an- 
other application of Stokes’ formula yields [, du = J,, u, therefore ([Z],du) = ((0Z], u) 
and 


(2.7) d[Z] = (-1)"-?[Z]. 


§ 2.B.2. Wedge Product. For T € *G'4(M) and g € *€"(M), the wedge product 
T Ag € *F'4*"(M) is defined by 


(2.8) T Ags) =(T, ght), wera iT (mM). 
This definition is licit because u +> g A u is continuous in the C*-topology. The relation 
d(T Ag) = dT Ag+ (-1)*'TT A dg 


is easily verified from the definitions. 
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(2.9) Proposition. Let (x%1,...,%m) be a coordinate system on an open subset Q CM. 
Every current T € °%'4(M) of degree q can be written in a unique way 


T= So Ty day On: 7S), 
\T]=4q 


where Ty are distributions of order s on Q, considered as currents of degree 0. 


Proof. If the result is true, for all f € *H°(Q) we must have 
(T, f dxgr) = (Tr, da; A f dagy) = €(1, CF) (Ty, f day A... A dtm), 


where e(I, CJ) is the signature of the permutation (1,...,m) +> (I, CI). Conversely, this 
can be taken as a definition of the coefficient T7 : 


(2.10) Tr(f) = (11, f da, A...N dtm) :=e(I, CY) (T, fdxp;), f € *D(Q). 


Then 77 is a distribution of order s and it is easy to check that T = 5> 7; dx,. 


In particular, currents of order 0 on M can be considered as differential forms with 
measure coefficients. In order to unify the notations concerning forms and currents, we 


set 
(Pu) = f TAu 
M 


whenever T € °Di,(M) = °S'™"?(M) and u € *€?(M) are such that Supp TN Supp u 
is compact. This convention is made so that the notation becomes compatible with the 
identification of a form f to the current T’,. 


§ 2.C. Direct and Inverse Images 


§ 2.C.1. Direct Images. Assume now that M,, Mg are oriented differentiable manifolds 
of respective dimensions m1, m2, and that 


(2.11) F: M, 3 Mo 

is a 6° map. The pull-back morphism 

(2:12) °H? (M2) — *E?(Mj), ur > F*u 

is continuous in the C* topology and we have Supp F*u Cc F~!(Supp wu), but in general 
Supp F*u is not compact. If T € °Hh (M1) is such that the restriction of F to SuppT 
is proper, i.e. if SuppT MN F-!(K) is compact for every compact subset K C Mo, then 
the linear form u+— (T, F*u) is well defined and continuous on *%?(M2). There exists 
therefore a unique current denoted FT € *&%7,(Ma), called the direct image of T by F, 
such that 

(2.13) (FT, u) = (T,F*u), Vu € °?( Mo). 


We leave the straightforward proof of the following properties to the reader. 
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(2.14) Theorem. For every T € *%i,(M1) such that Fisupp 7 is proper, the direct image 
FT € *D,(M2) is such that 

a) Supp FT Cc F(SuppT) ; 

b) d(F,T) = F,(aT) ; 

X(T AF*g) =(FT)Ag, Vo € *6%(Me,R) ; 


Cc 


) 
) 
jt 
d) IfG: Mz — M3 is a €° map such that (Go F);suppr is proper, then 
G.(F,T) = (Go F),T 


(2.15) Special case. Assume that F’ is a submersion, i.e. that F' is surjective and that 
for every x € M, the differential map d,F : Ft « — Tp,F(x) 1s surjective. Let g be 
a differential form of degree g on Mj, with Li... coefficients, such that Figupp g is proper. 
We claim that Fyg € OD eg <a We) is the form of degree gq — (m; — mz) obtained from g 
by integration along the fibers of F’, also denoted 


Fy g(y) = = 92). 


oy Supp g 
| F 
Aue \ z=(x,y) 
| co Ss | ae M 
| 
| 
My 


Fig. I-2 Local description of a submersion as a projection. 


In fact, this assertion is equivalent to the following generalized form of Fubini’s theorem: 


| GN F*u= / (/ a(2)) Auly), Vue °D™-4( Mp). 
M, yeMe z€F—l(y) 


By using a partition of unity on M, and the constant rank theorem, the verification of 
this formula is easily reduced to the case where M, = A x Mo and F' = pro, cf. Fig. 2. 
The fibers F~!(y) ~ A have to be oriented in such a way that the orientation of M, is 
the product of the orientation of A and Mg. Let us write r = dim A = m; — mg and let 
z= (x,y) € Ax M2 be any point of MM). The above formula becomes 


ts g(z,y) Nuly) = i ([_ a(n) Auly), 
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where the direct image of g is computed from g = )° gr,7(x, y) dar A dys, |I| + |J| =4, 
by the formula 


(2.16) F, w= fae 


Dice), FB, y) dx, Prinatcdn day )dyy. 
\Ji=a—r 


In this situation, we see that Fg has De coefficients on Mo if g is Le. on M;, and that 


the map g +— Fg is continuous in the C* topology. 


(2.17) Remark. If F : M, —> Mg is a diffeomorphism, then we have F,g = +(F'~')*g 
according whether F’ preserves the orientation or not. In fact formula (1.17) gives 


(F,g,u) = i. g\Feu=+ [eve A Feu) =+ [es Au. 


§ 2.C.2. Inverse Images. Assume that F' : M, —> M2 isasubmersion. As a consequence 
of the continuity statement after (2.16), one can always define the inverse image F*T € 
®°SHp'9(M,1) of a current T € *H'2(M2) by 


(F*T,u) =(T, Fu), ue sQerm—™2(M)). 
Then dim F*T = dimT + m, — mg and Th. 2.14 yields the formulas: 
(2.18) d(F*T) =F*(dT), F*(TAg)=F°TAF%g, Vg €°D°(M2). 


Take in particular T = [Z], where Z is an oriented C'-submanifold of Mj. Then F~'(Z) 
is a submanifold of M, and has a natural orientation given by the isomorphism 


Tu, ,0/Tr-1(z),2 —? TmMo,F(2)/T2,F(@)s 
induced by d,F at every point x € Z. We claim that 
(2.19) F*|Z| =([F + (Z)]. 
Indeed, we have to check that f, Fu = JSr-1(z) u for every u € *H*(M;). By using a 


partition of unity on M1, we may again assume M, = A x M2 and F = pr. The above 
equality can be written 


/ Rah = / eo) 
yEZ (x, y)EAXZ 


This follows precisely from (2.16) and Fubini’s theorem. 
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§ 2.C.3. Weak Topology. The weak topology on (MM) is the topology defined by the 
collection of seminorms T +—> |(T, f)| for all f € D?(M). With respect to the weak 
topology, all the operations 


(2.20) TredT, TreTAg, TrerR,T, TreorFT 


defined above are continuous. A set B C %,(M) is bounded for the weak topology 
(weakly bounded for short) if and only if (7, f) is bounded when T runs over B, for 
every fixed f € G?(M). The standard Banach-Alaoglu theorem implies that every 
weakly bounded closed subset B C Hi, (M ) is weakly compact. 


§ 2.D. Tensor Products, Homotopies and Poincaré Lemma 
§ 2.D.1. Tensor Products. If S, T are currents on manifolds M, M’ there exists a 


unique current on M x M’, denoted S ®T and defined in a way analogous to the tensor 
product of distributions, such that for all u€ H*(M) and v € H*(M’) 


(2.21) ($.@T,prfw pre) = (—1)#*87 484 (S, u) (Pv). 
One verifies easily that d(S @T) =dS @T + (-1)4°S @ dT. 


§ 2.D.2. Homotopy Formula. Assume that H : [0,1] x My, —> Mp2 is a °° homotopy 
from F(x) = H(0,x) to G(x) = A(1,2x) and that T € G{(M;) is a current such that 
F10,1)xSuppT is proper. If [0,1] is considered as the current of degree 0 on R associated 
to its characteristic function, we find d[0, 1] = 69 — 61, thus 


d(H,((0, 1] ®T)) = H,(69 ® T — 6, ®T + [0, 1] @ dT) 
= FT —G,T + H,([0,1] @ dT). 


Therefore we obtain the homotopy formula 

(2.22) F,T — G,T = d(H,((0, 1] @T)) — H,((0, 1] @ aT). 

When T is closed, i.e. dT’ = 0, we see that FT and G,T are cohomologous on Mg, i.e. 
they differ by an exact current dS. 


§ 2.D.3. Regularization of Currents. Let p € “6%°(R™) be a function with support in 
B(0,1), such that p(x) depends only on |a| = (37 |2;|?)'/?, p > 0 and Jeaple) de =. 
We associate to p the family of functions (p-) such that 


(2.23) pe(X) = = (=), Supp p- C B(0,¢), i pe(x) dx = 1. 


m 


We shall refer to this construction by saying that (p-) is a family of smoothing kernels. 
For every current T = 5> 77 dz; on an open subset 2 C R™, the family of smooth forms 


Tepe= Ss" (Ty x pe) dxy, 
I 


defined on Q. = {x € R™ ; d(x,CQ) > ce}, converges weakly to T as € tends to 0. 
Indeed, (T'* pz, f) = (T,p-* f) and p- x f converges to f in &%?(Q) with respect to all 
seminorms p%,. 
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§ 2.D.4. Poincaré Lemma for Currents. Let T € *F%'2(Q) be a closed current on an 
open set 2 Cc R™. We first show that T is cohomologous to a smooth form. In fact, let 
w € €%(R™) be a cut-off function such that Supp wy C 0, 0 < w <1 and |dy)| <1 on Q. 
For any vector v € B(0,1) we set 


Fy(z) =24+ H(a)v. 


Since x ++ w(x)v is a contraction, F, is a diffeomorphism of R™ which leaves CO invariant 
pointwise, so F,(Q) = Q. This diffeomorphism is homotopic to the identity through the 
homotopy H,(t, x) = Fiv(x) : [0, 1] x Q — Q which is proper for every v. Formula (2.22) 
implies 


(FY).f —T = d((H,),((0,1] @T)). 


After averaging with a smoothing kernel p-(v) we get 0 — T = dS where 
e= it (Fiat pelv) do, S= y) (H,,),([0, 1] ® T) pe(v) dv. 
B(0,e) B(O,e) 


Then S is a current of the same order s as T and © is smooth. Indeed, for u € H?(Q) 
we have 
(O,u) =(T,uz) where u-(x) =i F*u(x) pe(v) dv ; 
B(0,e) 

we can make a change of variable z = F,(x) & v = w(x)7'(z — x) in the last integral 
and perform derivatives on p- to see that each seminorm p{,(u-) is controlled by the sup 
norm of wu. Thus © and all its derivatives are currents of order 0, so 0 is smooth. Now 
we have dO = 0 and by the usual Poincaré lemma (1.22) applied to © we obtain 


(2.24) Theorem. Let Q C R™ be a starshaped open subset and T € °H'4(Q) a current 
of degree q > 1 and order s such that dT = 0. There exists a current S € °H'9-*(Q) of 
degree q — 1 and order < s such thatdS =T on Q. 


§ 3. Holomorphic Functions and Complex Manifolds 
§3.A. Cauchy Formula in One Variable 


We start by recalling a few elementary facts in one complex variable theory. Let 
(92. Cc C be an open set and let z = x + iy be the complex variable, where x,y € R. If f is 
a function of class C! on Q, we have 


of Of of of 


cay Le ae 


with the usual notations 


O Ge. «0 O Oi £8 
82) Gap eo 


The function f is holomorphic on 2. if df is C-linear, that is, Of /OZ = 0. 
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(3.2) Cauchy formula. Let K Cc C be a compact set with piecewise C' boundary OK. 
Then for every f € C'(K,C) 


Miya (2) a- {| ——— Faw, we k° 


Qmi Jax Z—W z—w) OZ 


where dX(z) = $dz \ dz = dx A dy is the Lebesgue measure on C. 


Proof. Assume for simplicity w = 0. As the function z +> 1/z is locally integrable at 
z= 0, we get 


1 O Lo OF 4 
A BO Ges tin Je) Ue ae 
K Nz OZ e>0 JK. (0,2) T% OF 2 
1 dz 
= fj aa =e 
I 1 
271 Jak Z 230 2m1 Japn(o,e) z 


by Stokes’ formula. The last integral is equal to x sis f (ee!) d@ and converges to f(0) 
as € tends to 0. 


When f is holomorphic on 2, we get the usual Cauchy formula 


1 
(3.3) CO ee es ©) dz, we K°, 


from which many basic properties of holomorphic functions can be derived: power and 
Laurent series expansions, Cauchy residue formula, ... Another interesting consequence 
is: 

(3.4) Corollary. The Lj, function E(z) = 1/rz is a fundamental solution of the 
operator 0/O0Z on C, t.e. OE /OZ = bo (Dirac measure at 0). As a consequence, if v is a 
distribution with compact support in C, then the convolution u = (1/mz) xv is a solution 
of the equation Ou/OZ = v. 


Proof. Apply (3.2) with w = 0, f € B(C) and K D Supp f, so that f = 0 on the 
boundary OK and f(0) = (1/7z, —Of /0Z). 


(3.5) Remark. It should be observed that this formula cannot be used to solve the 
equation 0u/OZ = v when Suppv is not compact; moreover, if Suppv is compact, a 
solution wu with compact support need not always exist. Indeed, we have a necessary 
condition 


(vu, 2”) = —(u, 0z"/0Z) = 0 


for all integers n > 0. Conversely, when the necessary condition (v, 2”) = 0 is satisfied, 
the canonical solution u = (1/7z)*v has compact support: this is easily seen by means 
of the power series expansion (w — z)~' = )>z™w~"7!, if we suppose that Supp v is 
contained in the disk |z| < R and that |w| > R. 
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§ 3.B. Holomorphic Functions of Several Variables 


Let Q C C” bean open set. A function f : Q — C is said to be holomorphic if f is con- 
tinuous and separately holomorphic with respect to each variable, i.e. z; tH f(...,2;,---) 
is holomorphic when 21,...,2;-1, 2j4+1,-++;2%n are fixed. The set of holomorphic func- 
tions on 2 is a ring and will be denoted ©(Q). We first extend the Cauchy formula to the 
case of polydisks. The open polydisk D(zo, R) of center (z0,1,---, Zon) and (multi)radius 
R=(R1,,...,Rn) is defined as the product of the disks of center zo,; and radius R; > 0 
in each factor C : 


(3.6) D(z, R) = D(Z0,1, Rj) Kc Diz as Rn) eC 


The distinguished boundary of D(z, R) is by definition the product of the boundary 
circles 


(3:7) I'(z0, R) = I'(z0,1, R,) x... Xx Vizens Rn). 
It is important to observe that the distinguished boundary is smaller than the topological 
boundary 0D(zo, R) = Utz € Dl2o, BR); |2; — 20,3] = Rj} when n > 2. By induction on 


n, we easily get the 


(3.8) Cauchy formula on polydisks. If D(z, R) is a closed polydisk contained in Q 
and f € @(Q), then for all w € D(zo, R) we have 


ae Ft (Zieh eah) 
f(w) = : _ (=). (By — a.) A ee ee 


(27i)” —W1)..-(Zn — Wn) 


The expansion (z; — w;)~' = )\(w; — 20,;)° (2; — 20,3)7° 1, aj ENS 1 <j <n, 
shows that f can be expanded as a convergent power series f(w) = ) enn Ga(w — 20) 
over the polydisk D(zo, R), with the standard notations z® = z}...z¢", al =aj!...a,! 
and with 


(3.9) tig= 


1 / TBs sah a eae. Oy 7 f'(z) 
(Qari) ” T'(z0,R) (z1 _ Zier ee (ox _ Apponrs a! 
As a consequence, f is holomorphic over 2 if and only if f is C-analytic. Arguments 
similar to the one variable case easily yield the 


(3.10) Analytic continuation theorem. If Q is connected and if there exists a point 
zo € OD such that f‘~ (zo) = 0 for alla € N", then f =0 onQ. 


Another consequence of (3.9) is the Cauchy inequality 


al 
(3.11) Ifo) < pa sup |fl, D(z, R) cQ, 


T'(z0,R) 


From this, it follows that every bounded holomorphic function on C” is constant (Li- 
ouville’s theorem), and more generally, every holomorphic function F' on C” such that 
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|F(z)| < A(1 + |z|)? with suitable constants A,B > 0 is in fact a polynomial of total 
degree < B. 


We endow ©(Q) with the topology of uniform convergence on compact sets kK Cc Q, 
that is, the topology induced by C°(Q, C). Then G(Q) is closed in C°(Q, C). The Cauchy 
inequalities (3.11) show that all derivations D® are continuous operators on ©(Q) and 
that any sequence f; € ©(Q) that is uniformly bounded on all compact sets K CC Q is 
locally equicontinuous. By Ascoli’s theorem, we obtain 


(3.12) Montel’s theorem. Every locally uniformly bounded sequence (fj) in @(Q) has 
a convergent subsequence (fj(v)). 


In other words, bounded subsets of the Fréchet space @(Q) are relatively compact (a 
Fréchet space possessing this property is called a Montel space). 


§ 3.C. Differential Calculus on Complex Analytic Manifolds 


A complex analytic manifold X of dimension dimc X = n is a differentiable manifold 
equipped with a holomorphic atlas (T,) with values in C” ; this means by definition that 
the transition maps Tag are holomorphic. The tangent spaces Ty,, then have a natural 
complex vector space structure, given by the coordinate isomorphisms 


dt q(x): Tx. —>+ C”, U, 22; 


the induced complex structure on T’y,z is indeed independent of a since the differentials 
dtag are C-linear isomorphisms. We denote by T® the underlying real tangent space 
and by J € End(T¥) the almost complex structure, i.e. the operator of multiplication 
by i= V—I. If (21,..., 2) are complex analytic coordinates on an open subset Q C X 
and z, = Xp + iyg, then (11, y1,.--,2n,Yn) define real coordinates on 2, and The 
admits (0/021, 0/Oy1, ..., 0/OX%n, O/Oyn) as a basis; the almost complex structure 
is given by J(0/Ox,) = O/Oyx, J(O/Oyx) = —O/Ox,. The complexified tangent space 
C@Tx =C @g TY = TE GiT® splits into conjugate complex subspaces which are the 
eigenspaces of the complexified endomorphism Id ® J associated to the eigenvalues i and 
—i. These subspaces have respective bases 


Or, Oyn)? Om 2 


(3.13) ee i), g 5 (gm tig 


pa eee ie ee 
Ozk 2 ), * oe 


Ox~, OYk 


and are denoted T'°X (holomorphic vectors or vectors of type (1,0)) and T°1X (an- 
tiholomorphic vectors or vectors of type (0,1)). The subspaces T'°X and T°1X are 
canonically isomorphic to the complex tangent space Tx (with complex structure J) and 
its conjugate Ty (with conjugate complex structure —J), via the C-linear embeddings 


Tx— Ty” C C@Tx,Tx— TY’ C C@Tx 
dit g(E ide), -& tg (EF ig): 


We thus have a canonical decomposition C@Tx = jy aie ~ Tx ®Tx, and by duality 
a decomposition 


Homag(T¥; C) ~ Homc(C ® Tx; C) ~ TE @ TE 
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where Tx is the space of C-linear forms and TX the space of conjugate C-linear forms. 
With these notations, (dx,, dyx) is a basis of Homey(TrX,C), (dzj) a basis of TX, (dz;) 
a basis of T%, and the differential of a function f € C'(Q,C) can be written 


POF Of “Of OF ee 

3.14 af = —d — dy, = —d —— dZ,. 
( ) if 2 OxE a ade OYk ve > OzK ees OZ ie 
The function f is holomorphic on Q if and only if df is C-linear, i.e. if and only if f 
satisfies the Cauchy-Riemann equations Of /OZ, =0onQ,1<k <n. We still denote 
here by @(X) the algebra of holomorphic functions on X. 

Now, we study the basic rules of complex differential calculus. The complexified 
exterior algebra C @p Ag (TE)* = A (C @ Tx)* is given by 


A*(C @Tx)* =A* (Tx @Tx)"= EB ATE, O<k<2n 
ptq=k 


where the exterior products are taken over C, and where the components A?*?T% are 
defined by 


(3.15) APTS. = APTS @ ACT. 


A complex differential form u on X is said to be of bidegree or type (p,q) if its value at 
every point lies in the component A?4T% ; we shall denote by C*(Q, A? 7T%) the space 
of differential forms of bidegree (p,q) and class C* on any open subset 2 of X. If Qisa 
coordinate open set, such a form can be written 


u(z) = S- ur,s(z) dz \ dZJ, Urs E Ce, Ey 
[Z|=p,|J|=a 
This writing is usually much more convenient than the expression in terms of the real 
basis (dx; Ady z)|1)4)7|=% which is not compatible with the splitting of AF TEX in its (p,q) 
components. Formula (3.14) shows that the exterior derivative d splits into d = d' + d", 
where 


d’ : °° (X, APTS) —+ CX(X, APH AT SY 
dl! : @°(X, APIT?) —+ 6(X, API Ts), 


Ours 

/ / = ’ 

(3.16) du= ) ) Az dz, \ dzy A dZy, 
Fol 1S 

Our, J 
/ 11 = ’ — 

(oeL0; 0) du= ) ) OE, dz, \ dzy \ azz. 

I,J 1<k<n. 


The identity d? = (d' + d’)? = 0 is equivalent to 
(3.17) d2S 0: odd ad' de S=0, od =0, 
since these three operators send (p, q)-forms in (p+2,q), (p+1,q+1) and (p, q+2)-forms, 


respectively. In particular, the operator d” defines for each p = 0,1,...,n a complex, 
called the Dolbeault complex 


EX, APOTS) Bor nts as 6% (X, APIT ) a CM (X, APT) 
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and corresponding Dolbeault cohomology groups 


Ker d!’P:4 
Pq = scaion 
(3.18) EC Imd”’Paat’ 
with the convention that the image of d’ is zero for gq = 0. The cohomology group 
HP-°(X,C) consists of (p,0)-forms u = Di ir=p Ur(2) dzz such that Ou;/OZ,_ = 0 for all 
I,k, i.e. such that all coefficients u; are holomorphic. Such a form is called a holomorphic 
p-form on X. 


Let F : X; —+ X2 be a holomorphic map between complex manifolds. The pull- 
back F*u of a (p,q)-form wu of bidegree (p,q) on Xz is again homogeneous of bidegree 
(p,q), because the components F;, of F' in any coordinate chart are holomorphic, hence 
F*dz, = dF; is C-linear. In particular, the equality dF*u = F'*du implies 


(3.19) dryer du; dua Pd’ u. 


Note that these commutation relations are no longer true for a non holomorphic change 
of variable. As in the case of the De Rham cohomology groups, we get a pull-back 
morphism 

Ps A’ (Xo, C) — HP X C). 
The rules of complex differential calculus can be easily extended to currents. We use the 


following notation. 


(3.20) Definition. There are decompositions 


BeX,C)= PB BPx,C), Bl(X,C)= PB Bi, (X,C). 
pt+q=k pt+q=k 


The space BH, «(X,C) is called the space of currents of bidimension (p,q) and bidegree 
(n—p,n—q) on X, and is also denoted H’"-?'"—4(X, C). 


§ 3.D. Newton and Bochner-Martinelli Kernels 
The Newton kernel is the elementary solution of the usual Laplace operator A = 
Soy Ox? in R™. We first recall a construction of the Newton kernel. 


Let dA = dx,...d%m be the Lebesgue measure on R™. We denote by B(a,r) the 
euclidean open ball of center a and radius r in R™ and by S(a,r) = OB(a,r) the corre- 
sponding sphere. Finally, we set a, = Vol (B(0,1)) and o—1 = ma, so that 


(3.21) Vol (B(a,r)) =Qmr™,  Area(S(a,r)) = om—1r™*. 


The second equality follows from the first by derivation. An explicit computation of 
the integral f,,, e~!*! dA(x) in polar coordinates shows that a, = 7™/?/(m/2)! where 
xz! =T(a +1) is the Euler Gamma function. The Newton kernel is then given by: 


i 
N(x) = — log |a| it: eo: 
(3.22) ees 
N(x) = -———_——_|a|?-™ _ if m #2. 
(m — 2)om—1 
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The function N(x) is locally integrable on R™ and satisfies AN = 69. When m = 2, 
this follows from Cor. 3.4 and the fact that A = 40?/0z0z. When m # 2, this can be 
checked by computing the weak limit 


lim A((x|? +7)? = lim m(2— m)e?(|e|? + 62)“ ™/? 
é> ae 
= m(2 az m) ie 0 


with Im = fm(|z|?+ 1)-!-™/? d(x). The last equality is easily seen by performing the 
change of variable y = ex in the integral 


[leh ery? s@ axle) = fy?” Flew aw), 


m 


where f is an arbitrary test function. Using polar coordinates, we find that I, = Gm—1/m 
and our formula follows. 


The Bochner-Martinelli kernel is the (n,n — 1)-differential form on C” with Li, 
coefficients defined by 


Tyla coca N dma Kad sano dzy 


(3.23) — kp(z)=en S> (-1) 


1<j<n lz?" | 
n—1)! 
(3.24) Lemma. d”kpy = 59 on C”. 
Proof. Since the Lebesgue measure on C” is 
dz)= \\ dy A dz; = Cel aes ie ee oe ee ae 


1<j<n 


Df ae ite ae (2) ance) 


= Oz; 22” 
l<j<n 
1 o? 1 
= 1 02:08; ( saz )aA(2) 
n(n ae Jaan l<j<n ej ej |z| 


= AN(z)dX(z) = do. 


We let Kpm(z,¢) be the pull-back of kgyy by the map 7: C” x C” > C”, (z,¢) Re 
z—(¢. Then Formula (2.19) implies 
(3.25) d’ Kem = 1” do = [Al, 


where [A] denotes the current of integration on the diagonal A C C” x C”. 
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(3.26) Koppelman formula. Let 2 Cc C” be a bounded open set with piecewise c 
boundary. Then for every (p,q)-form v of class C! on Q we have 


a= fe Kes (Zz, 6) A v(C) 
+t | KBE MEQ Avo) + f KBHC (z,C) Ad’v(C) 


on Q, where KN, (z,¢) denotes the component of Kpm(z,¢) of type (p,q) in z and (n— 
p,n—@q—1) in’. 


Proof. Given w € A"? 1(Q), we consider the integral 


| Kpm(2,¢) Av(6) Aw(2). 
0QxQ 


It is well defined since Kg» has no singularities on OQ x Suppv CC AD x Q. Since w(z) 
vanishes on O( the integral can be extended as well to 0(QxQ). As Kpm(z, ¢)Av(¢)Aw(z) 
is of total bidegree (2n, 2n — 1), its differential d’ vanishes. Hence Stokes’ formula yields 


[Kale v6) Awte) =f dl (Kaml2,¢) Av) Aw(a) 
O02QxQ QxQ 
= ‘ _ A Kol 2.6) A 0(6) A w(2) ~ Kpi(=, 6) Aalo(C) Aw(2) 
_(-1)e+4 [ ; KPEI1(z, 0) Av(0) Ad’ w(2). 
By (3.25) we have 


[. atKone.Q nve)Awl =f lau aw) = f v(2) awe 


KD 


Denoting ( , ) the pairing between currents and test forms on 2, the above equality is 
thus equivalent to 


Cl tC ona a-f KP4(2,C) Adu(C), w(z)) 


on. 


— (-1)P+4( (f KPI (2 0) Av(0), d"w(2)), 


which is itself equivalent to the Koppelman formula by integrating d’’v by parts. 


(3.27) Corollary. Let v € *HP4(C") be a form of class C* with compact support such 
that d"v =0, q>1. Then the (p,q —1)-form 


4 
u(z) = : Kew (2,6) A v(¢) 
is aC® solution of the equation du = v. Moreover, if (p,q) = (0,1) andn > 2 then u has 
compact support, thus the Dolbeault cohomology group with compact support H21(C”, C) 
vanishes for n > 2. 
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Proof. Apply the Koppelman formula on a sufficiently large ball Q = B(0, R) containing 
Supp v. Then the formula immediately gives d’u = v. Observe that the coefficients of 
Kpm(z,¢) are O(|z — ¢|-@"-), hence |u(z)| = O(|z|-@C"-Y) at infinity. If q = 1, then 
u is holomorphic on C” \ B(0,R). Now, this complement is a union of complex lines 
when n > 2, hence u = 0 on C” \ B(0, R) by Liouville’s theorem. 


(3.28) Hartogs extension theorem. Let ( be an open set in C", n > 2, and let 
K Cc Q be a compact subset such that Q~\ K is connected. Then every holomorphic 
function f € ©(Q\ K) extends into a function f € G(Q). 


Proof. Let w € &(Q) be a cut-off function equal to 1 on a neighborhood of Kk. Set 
fo= 1-w)f € €°(Q), defined as 0 on K. Then v = d" fo = —fd’w can be extended 
by 0 outside 2, and can thus be seen as a smooth (0, 1)-form with compact support in C”, 
such that dv = 0. By Cor. 3.27, there is a smooth function u with compact support in 
C” such that d’u =v. Then f = fo — u € @(Q). Now u is holomorphic outside Supp w, 
so u vanishes on the unbounded component G of C” \ Suppw. The boundary 0G is 
contained in OSuppw COQ. K, so f = (1—w)f —u coincides with f on the non empty 
open set ONG CQ. K. Therefore f= f on the connected open set 2\ K. 


A refined version of the Hartogs extension theorem due to Bochner will be given in 
Exercise 8.13. It shows that f need only be given as a C! function on OQ, satisfying the 
tangential Cauchy-Riemann equations (a so-called CR-function). Then f extends as a 
holomorphic function f € @(Q) A C°(Q), provided that OQ is connected. 


§ 3.E. The Dolbeault-Grothendieck Lemma 


We are now in a position to prove the Dolbeault-Grothendieck lemma |Dolbeault 
1953], which is the analogue for d” of the Poincaré lemma. The proof given below makes 
use of the Bochner-Martinelli kernel. Many other proofs can be given, e.g. by using a 
reduction to the one dimensional case in combination with the Cauchy formula (3.2), see 
Exercise 8.5 or [Hérmander 1966]. 


(3.29) Dolbeault-Grothendieck lemma. Let (2) be a neighborhood of 0 in C” and 
uv © SEP4(Q, C), [resp. uv € &H'™4(0, C)], such that d’v =0, where 1 < s < oo. 


a) df @-= Dy then o(2) = Se: vz(z) dz; is a holomorphic p-form, i.e. a form whose 
coefficients are holomorphic functions. 


b) Ifq>1, there exists a neighborhood w C Q of 0 and a form u in *€P4~*(w, C) [resp. 
a current u € &G'P4-*(w, C)] such that d"u =v onw. 


Proof. We assume that Q is a ball B(0,r) C C” and take for simplicity r > 1 (possibly 
after a dilation of coordinates). We then set w = B(0,1). Let w € &(Q) be a cut-off 
function equal to 1 on w. The Koppelman formula (3.26) applied to the form wv on Q 
gives 


ayaa | KBE “(z, OA WC + f KBE z,C) Ad” (6) Av(C). 
This formula is valid even when v is a current, because we may regularize v as u* pe and 
take the limit. We introduce on C” x C” x C” the kernel 


K(z,w,0) =n > Ree Si) [ee — deg) A f\ (dwg — &,): 


sa (2G) (w=) kAj 
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By construction, Kgm(z,¢) is the result of the substitution w = 7 in K(z,w,(¢), ie. 
Kem = h*K where h(z,¢) = (z,Z,¢). We denote by K?? the component of K of 
bidegree (p,0) in z, (q,0) in w and (n—p,n—q—1) in¢. Then KRy, = h*K?4 and we 
find 

v=d'ut+g*v, onw, 


where g(z) = (z,Z) and 
tis(2) = i. KP4-1(2, 0) Awp(Cu(0), 
v1(2,w) = A KP%(2,w,C) Ad"ap(0) Av(C). 


By definition of K?4(z,w,¢), v1 is holomorphic on the open set 
U = {(z,w) €wxw; V6 dw, Re(z-—¢)-(w—¢) > O},7 


which contains the “conjugate-diagonal” points (z,Z) as well as the points (z,0) and 
(0, w) in w x w. Moreover U clearly has convex slices ({z} x C”)NU and (C” x {w})NU. 
In particular U is starshaped with respect to w, i.e. 


(z,w) €U = (z,tw) €U, Vtee [0,1]. 


As uy is of type (p, 0) in z and (q, 0) in w, we get d!(g*v1) = g*dwv1 = 0, hence dy v1 = 0. 
For gq = 0 we have het = 0, thus uo = 0, and v; does not depend on w, thus v is 
holomorphic on w. For gq > 1, we can use the homotopy formula (1.23) with respect to w 
(considering z as a parameter) to get a holomorphic form u;(z, w) of type (p,0) in z and 
(q — 1,0) in w, such that d,ui(z, w) = vi(z,w). Then we get d”g*u1 = g*dwui = 9* 01, 
hence 

v=d" (up t+g*uz) onw. 


Finally, the coefficients of up are obtained as linear combinations of convolutions of the 
coefficients of ¢v with Lj,, functions of the form ¢,|¢|~?". Hence uo is of class C* (resp. 


is a current of order s), if v is. 


(3.30) Corollary. The operator d’ is hypoelliptic in bidegree (p,0), i.e. if a current 
f € DB’? °(X,C) satisfies d" f ¢ €P1(X,C), then f € €?9(X,C). 


Proof. The result is local, so we may assume that X = 2 is a neighborhood of 0 in C”. 
The (p, 1)-form v = d" f € €?:'(X, C) satisfies dv = 0, hence there exists u € €?°(Q, C) 
such that d’u = d" f. Then f — u is holomorphic and f = (f — u) +u € 6?°(Q, C). 


§ 4. Subharmonic Functions 


A harmonic (resp. subharmonic) function on an open subset of R’” is essentially a 
function (or distribution) wu such that Au = 0 (resp. Au > 0). A fundamental example 
of subharmonic function is given by the Newton kernel N, which is actually harmonic on 
R™~\ {0}. Subharmonic functions are an essential tool of harmonic analysis and potential 
theory. Before giving their precise definition and properties, we derive a basic integral 
formula involving the Green kernel of the Laplace operator on the ball. 
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§4.A. Construction of the Green Kernel 


The Green kernel Ge(x, y) of a smoothly bounded domain 2 Cc R™ is the solution 
of the following Dirichlet boundary problem for the Laplace operator A on (2): 


(4.1) Definition. The Green kernel of a smoothly bounded domain Q CC R™ is a 
function Ge(a,y) :Q x Q— |-co, 0] with the following properties: 


a) Ga(a,y) is €% on QxOQN Diagg (Diagg = diagonal) ; 
b) Go(z,y) = Galy, 2) ; 

c) Ge(2,y) <0 on Q x QD and Ge(az,y) =0 on 02x LD; 

d) A,Goe(z,y) = dy on for every fixed y € Q. 


It can be shown that Ge always exists and is unique. The uniqueness is an easy 
consequence of the maximum principle (see Th. 4.14 below). In the case where Q = 
B(0,r) is a ball (the only case we are going to deal with), the existence can be shown 
through explicit calculations. In fact the Green kernel G(x, y) of B(0,7r) is 


(4.2) Gn(y)= Na ~~ N(B(e- Sy), x,y € B(0,r). 


A substitution of the explicit value of N(x) yields: 


Gey) : ] ia Th if 2 therwise 
7(£,y) = — log ——_—__—_——__—___ if m=2, othe 
0) de 8 92 — Be, y) + Ble ly? 
—l a4 1 1—m/2 
G,(z, | — y|2-™ — (r? — 2x, y) + lz? ly|? ) 
(x,y) GeDeaas Jz —y| (r° — 2(a,y) + lel |yl*) 


(4.3) Theorem. The above defined function G,. satisfies all four properties (4.1 a—-d) on 
Q = B(0,r), thus G,. is the Green kernel of B(0,r). 


Proof. The first three properties are immediately verified on the formulas, because 
y) 1 2), 2 ies eo PAE Ee: 2 
r* — 2(a,y) + lal’ lyl? = le — yl? + 3 (r* — lal”) (r° — Il’). 


For property d), observe that r?y/|y|? ¢ B(0,r) whenever y € B(0,r) \ {0}. The second 
Newton kernel in the right hand side of (4.1) is thus harmonic in x on B(0,r), and 


NG o4) =DAeN (eG) 0, on B07): 


§ 4.B. Green-Riesz Representation Formula and Dirichlet Problem 


§ 4.B.1. Green-Riesz Formula. For all smooth functions u,v on a smoothly bounded 
domain 2 cc R™, we have 


Ov Ou 
(4.4) [uav-vawar= f (us 05) do 
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where 0/Ov is the derivative along the outward normal unit vector v of OQ and do the 
euclidean area measure. Indeed 


(-1)9-! day A... Ada; A... dtm tan =; de, 
for the wedge product of (v, dx) with the left hand side is v; d\. Therefore 
1 Ov Chae. 
ee v;do = ae 1)3- ig tN Oieh ge .IVO tage: 
Formula (4.4) is then an easy consequence of Stokes’ theorem. Observe that (4.4) is still 


valid if v is a distribution with singular support relatively compact in Q. For Q = B (0,7), 
ue C? (BO, ae R) and u(y) = G,(az, y), we get the Green-Riesz representation formula: 


(45) u(x) = | Auly) (2; an) + | éily) Pia yydoly) 
B(0,r) S(0,r) 


where P,.(x,y) = OG,(x,y)/Ov(y), (x,y) € B(0,r) x S(0,r). The function P,(z, y) is 
called the Poisson kernel. It is smooth and satisfies A, P,(x,y) = 0 on B(0,r) by (4.1 d). 
A simple computation left to the reader yields: 


1 r? — |x|? 
(4.6) Pee a 


Omir |x —y|™ 


Formula (4.5) for u = 1 shows that Isc (0,r) P,(x,y)doa(y) = 1. When z in B(0,r) tends 
to Zp € S(0,r), we see that P,.(x,y) converges uniformly to 0 on every compact subset 
of S(0,r) \ {xo} ; it follows that the measure P,(«x,y)do(y) converges weakly to 6,, on 
S(0,7r). 


§ 4.B.2. Solution of the Dirichlet Problem. For any bounded measurable function v on 
S(a,r) we define 


(4.7) Peete) = | u(y) P-(« —a,y—a)do(y), 2x € Bla,r). 


Ifu e C° (Bla, T) R)NC? (Bla, ae R) is harmonic, i.e. Au = 0 on B(a,r), then (4.5) gives 
u = P,,r[u| on B(a,r), ie. the Poisson kernel reproduces harmonic functions. Suppose 
now that v € C°(S(a,r),R) is given. Then P,(x — a,y — a) do(y) converges weakly to 
dx, When x tends to rp € S(a,r), so P,,-[v](~) converges to v(xo). It follows that the 
function u defined by 


u=FP,|v] on B(a,r), 
Uu=v on S(a,r) 


is continuous on B(a,r) and harmonic on B(a,r) ; thus u is the solution of the Dirichlet 
problem with boundary values v. 


§ 4.C. Definition and Basic Properties of Subharmonic Functions 
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§ 4.C.1. Definition. Mean Value Inequalities. If u is a Borel function on B(a,r) which 
is bounded above or below, we consider the mean values of u over the ball or sphere: 


(4.8) pplEsa tT) = s =| u(x) dX(x), 
(4.8’) Lis(u3a,r) = —— | u(x) do(x). 


As dX = dr do these mean values are related by 


1 


Amr™ 


1 
= m | t”—" g(u;a, rt) dt. 
0 


(4.9) Pees ar) = d; CHA jelusa,t) dt 
0 


Now, apply formula (4.5) with « = 0. We get P.(0,y) = 1/om_ir™~+ and G;,(0,y) = 


(g Pt =r" / = meg =—O/om-7) Sut t1-™ dt, thus 
i. 7 
| AUN CL Bran) == | tf uly) da(y) 
B(0,r) Om-1 Jo t lyl<t 


1 rT 
--< | up(Au;0,t) tdt 
m Jo 


thanks to the Fubini formula. By translating S(0,r) to S(a,r), (4.5) implies the Gauss 
formula 


(4.10) ps(uja,r) = u(a) += f tp(Au;a,t)t dt. 
E30 


Let © be an open subset of R™ and u € C?(Q,R). If a € Q and Au(a) > 0 (resp. 
Au(a) < 0), Formula (4.10) shows that ug(u;a,r) > u(a) (resp. ws(u;a,r) < u(a)) for 
r small enough. In particular, u is harmonic (i.e. Au = 0) if and only if u satisfies the 
mean value equality 

us(u;a,r)=u(a), VBla,r)cQ. 


Now, observe that if (p-) is a family of radially symmetric smoothing kernels associated 
with p(x) = p(|z|) and if u is a Borel locally bounded function, an easy computation 
yields 


Ux pe(a) = dex u(a + ex) p(x) dr 


1 
(4.11) = on. f ug(u;a, et) p(t) t”—" dt. 
0 


Thus, if wu is a Borel locally bounded function satisfying the mean value equality on Q, 
(4.11) shows that ux pe = u on Qz, in particular wu must be smooth. Similarly, if we 
replace the mean value equality by an inequality, the relevant regularity property to be 
required for u is just semicontinuity. 
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(4.12) Theorem and definition. Let u : (2 — [—o0, +00] be an upper semicontinuous 
function. The following various forms of mean value inequalities are equivalent: 


a) wa) < Piel), VBla rye, Vee Bar) 

b) u(a) <ps(u;a,r), VB(a,r)cQ; 

c) u(a) < pp(u;a,r), WBla,r)cQ; 

d) for everya €Q, there exists a sequence (r,) decreasing to 0 such that 


u(a) <pa(u;a,ry) Ww; 


e) for everya€Q, there exists a sequence (r,) decreasing to 0 such that 
ula) <pslusa.r,). Ww: 


A function u satisfying one of the above properties is said to be subharmonic on Q. The 
set of subharmonic functions will be denoted by Sh(Q). 


By (4.10) we see that a function u € C?(Q,R) is subharmonic if and only if Au > 0: 
in fact ws(u; a,r) < u(a) for r small if Au(a) < 0. It is also clear on the definitions that 
every (locally) convex function on 2 is subharmonic. 


Proof. We have obvious implications 


2) = be) Sd), Se) 


the second and last ones by (4.10) and the fact that wa(u;a,rv) < ps(u;a,t) for at 
least one t € ]0,r,|. In order to prove e) => a), we first need a suitable version of the 
maximum principle. 


(4.13) Lemma. Let u : Q — |[—o0, +00| be an upper semicontinuous function satisfying 
property 4.12 e). If u attains its supremum at a point xo € Q, then u is constant on the 
connected component of xo in. 


Proof. We may assume that 2 is connected. Let 
W ={rEQ; u(x) < u(zo)}. 


W is open by the upper semicontinuity, and distinct from 2 since 79 ¢ W. We want to 
show that W = 9. Otherwise W has a non empty connected component Wo, and Wo 
has a boundary point a € 2. We have a € 2. \ W, thus u(a) = u(ao). By assumption 
4.12e), we get u(a) < ps(u;a,r_) for some sequence r, — 0. For r, small enough, Wo 
intersects Q\ B(a,r,) and B(a,r,) ; as Wo is connected, we also have S(a,r,)NWo 4 0. 
Since u < u(x) on the sphere S(a,r,) and u < u(ao) on its open subset S(a, ry) A Wo, 
we get u(a) < ug(u;a,r) < u(x), a contradiction. 
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(4.14) Maximum principle. [fu is subharmonic in Q (in the sense that u satisfies 
the weakest property 4.12e)), then 


supu= limsup u(z), 
Q 23 z—-dQU{oo} 


and sup U = SUpgxK U(z) for every compact subset kK CQ. 


Proof. We have of course lim sup,_,9qufoo} U(Z) < supe u. If the inequality is strict, this 
means that the supremum is achieved on some compact subset DL C QQ. Thus, by the 
upper semicontinuity, there is 9 € L such that supg u = sup, u = u(x). Lemma 4.13 
shows that u is constant on the connected component Q9 of xo in 2, hence 


sup u = u(r) = limsup u(z)<  limsup- u(z), 
Q 293 Zz ONgU {co} 23 z—-dQU{oo} 


contradiction. The statement involving a compact subset K is obtained by applying the 
first statement to Q’ = K°. 


Proof of (4.12) e) = > a). Let u be an upper semicontinuous function satisfying 4.12 e) 
and B(a,r) C 2 an arbitrary closed ball. One can find a decreasing sequence of con- 
tinuous functions v, € C® (S(a,r),R) such that limu, = u. Set hy = Parlux] € 
C°(B(a,r),R). As hy is harmonic on B(a,r), the function u — hx satisfies 4.12 e) on 
B(a,r). Furthermore lim sup,_,c¢es(a,r) U(@) — he(@) < u(E) — ve(€) < 0, so u— hy < 0 
on B(a,r) by Th. 4.14. By monotone convergence, we find u < P,,,-[u] on B(a,r) when 
k tends to +oo. 


§ 4.C.2. Basic Properties. Here is a short list of the most basic properties. 


(4.15) Theorem. For any decreasing sequence (ux) of subharmonic functions, the limit 
u = limug is subharmonic. 


Proof. A decreasing limit of upper semicontinuous functions is again upper semicontin- 
uous, and the mean value inequalities 4.12 remain valid for u by Lebesgue’s monotone 
convergence theorem. 


(4.16) Theorem. Let u1,...,U) € Sh(Q) and x : R? — R be a convex function such 
that x(ti,...,tp) is non decreasing in each t;. If x is extended by continuity into a 
function |[—o0, +o0[P— [—o0, +00], then 


xX(u1,..-,Up) € Sh(Q). 


In particular uy +---+ Up, max{u1,...,Up}, log(e™ +---+e%?) € Sh(Q). 


Proof. Every convex function is continuous, hence x(u1,...,Up) is upper semicontinuous. 
One can write 
x(t) = sup A;(t) 
i€l 
where A;(t) = ait) +---+4@ pt, + is the family of affine functions that define supporting 
hyperplanes of the graph of y. As x(t1,...,tp) is non-decreasing in each t;, we have 
a; > 0, thus 


YS" ajuj(w) +b < pa( > ajuj +;2,7r) < wa(x(u,.-., Up); 2,7) 
1<j<p 
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for every ball B(x,r) C Q. If one takes the supremum of this inequality over all the 
A;’s, it follows that y(u1,..., Up) satisfies the mean value inequality 4.12 c). In the last 
example, the function y(ti,...,tp) = log(e” + +--+") is convex because 


a°x —XxX 2 ot; —2xX t;\2 
BtjOh, ak = ° Sef et —e (S> &e%) 


1<j,k<p 


and (>> &; ets)” <—{ >: EF eb ) eX by the Cauchy-Schwarz inequality. 


(4.17) Theorem. If Q is connected and u € Sh(Q), then either u= —o0 oru € Li .(Q). 


loc 


Proof. Note that a subharmonic function is always locally bounded above. Let W be the 
set of points x € 2 such that u is integrable in a neighborhood of x. Then W is open 
by definition and u > —oo almost everywhere on W. If x € W, one can choose a € W 
such that |a — 2| < r = $d(x,€Q) and u(a) > —oo. Then B(a,r) is a neighborhood of 
xz, B(a,r) CQ and uwp(u;a,r) > u(a) > —oo. Therefore x € W, W is also closed. We 
must have W = Q or W = @); in the last case u = —oo by the mean value inequality. 


(4.18) Theorem. Let u € Sh(Q) be such that u  —oo on each connected component of 
Q. Then 


a) r +> ps(u;a,r), Tr > pp(u;a,r) are non decreasing functions in the interval 
Jo, a(a,CO)[, and we(u;a,r) < ps(usa,r). 


b) For any family (p-) of smoothing kernels, ux pe € Sh(Q-) MN C°(Q-,R), the family 
(ux pz) is non decreasing in é and limz.9 u* pz = U. 


Proof. We first. verify statements a) and b) when u € C?(Q,R). Then Au > 0 and 
lus(u;a,7) is non decreasing in virtue of (4.10). By (4.9), we find that we(u;a,r) is also 
non decreasing and that wp(u;a,r) < ws(u;a,r). Furthermore, Formula (4.11) shows 
that ¢ +> ux p-(a) is non decreasing (provided that p- is radially symmetric). 


In the general case, we first observe that property 4.12 c) is equivalent to the inequality 
Ua Uk pe OR ORs VES); 


where jis the probability measure of uniform density on B(0,r). This inequality implies 
U* Pe < U* pe * Uy ON (Q,)e = Opye, thus ux pe € E%°(OQ-, R) is subharmonic on Q,. It 
follows that ux p-x* p, is non decreasing in 7 ; by symmetry, it is also non decreasing in €, 
and so is uxpe = limy+.9 UkPexPn. We have uxpe > u by (4.19) and limsup._,9 uxpe <u 
by the upper semicontinuity. Hence limz.9 u* pz = u. Property a) for u follows now 
from its validity for ux p- and from the monotone convergence theorem. 


(4.19) Corollary. Jf u € Sh(Q) is such that u # —oo on each connected component of 
Q, then Au computed in the sense of distribution theory is a positive measure. 


Indeed A(u* p-) > 0 as a function, and A(ux p-) converges weakly to Au in B’(Q). 
Corollary 4.19 has a converse, but the correct statement is slightly more involved than 
for the direct property: 
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(4.20) Theorem. [fv € B'(Q) is such that Av is a positive measure, there exists a 
unique function u € Sh(Q) locally integrable such that v is the distribution associated to 
U. 


We must point out that u need not coincide everywhere with v, even when v is a 
locally integrable upper semicontinuous function: for example, if v is the characteristic 
function of a compact subset K C Q of measure 0, the subharmonic representant of v is 
u= 0. 


Proof. Set ve = u* pe € €~°(Q-,R). Then Ave = (Av) x pz > 0, thus ve € Sh(O,). 
Arguments similar to those in the proof of Th. 4.18 show that (v-) is non decreasing 
ine. Then u := limeso ve € Sh(Q) by Th. 4.15. Since ve converges weakly to v, the 
monotone convergence theorem shows that 


E— 


(v, f) = lim vfdr= f wfar, VF EDO), Ff 20, 
Q Q 


which concludes the existence part. The uniqueness of wu is clear from the fact that u 
must satisfy w= limux pe = limv x pe. 


The most natural topology on the space Sh(Q) of subharmonic functions is the topo- 
logy induced by the vector space topology of Li,.(Q) (Fréchet topology of convergence 
in L' norm on every compact subset of Q). 


(4.21) Proposition. The convex cone Sh(Q)N Li,.(Q) is closed in Li,.(Q), and it has 
the property that every bounded subset is relatively compact. 

Proof. Let (uj) be a sequence in Sh(Q)/N Li. (Q). If uj > u in Li.(Q) then Au; > Au 
in the weak topology of distributions, hence Au > 0 and u can be represented by a 
subharmonic function thanks to Th. 4.20. Now, suppose that ||u,;||z1(«) is uniformly 
bounded for every compact subset Kk of Q. Let uw; = Au; > 0. If Wy € A(Q) is a test 
function equal to 1 on a neighborhood w of K and such that 0 < w < 1 on Q, we find 


w(K) < f wAujdr= f Agusdd< Clhujllanac, 
Q Q 


where K' = Supp~z, hence the sequence of measures (y;) is uniformly bounded in mass 
on every compact subset of 2. By weak compactness, there is a subsequence (1;,) which 
converges weakly to a positive measure js on 9. We claim that f * (w;,) converges to 
fx(wp) in Li. (R™) for every function f € Li.,.(R™). In fact, this is clear if f € €°(R™), 
and in general we use an approximation of f by a smooth function g together with the 


estimate 


If — 9) * beg lercay SWF - Milage ney (EK),  VACCR™ 


to get the conclusion. We apply this when f = N is the Newton kernel. Then h; = 
u; — N x (wp;) is harmonic on w and bounded in L'(w). As hj = hj * p- for any 
smoothing kernel p-, we see that all derivatives D°h; = h;*(D%p-_) are in fact uniformly 
locally bounded in w. Hence, after extracting a new subsequence, we may suppose that 
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hj, converges uniformly to a limit h on w. Then u;, = hj, + N x (wy;,) converges to 
u=h+ Nx (pp) in Lh.(w), as desired. 


loc 


We conclude this subsection by stating a generalized version of the Green-Riesz for- 
mula. 


(4.22) Proposition. Let u € Sh(Q)N L} 


loc 


(Q) and B(0,r) <Q. 


a) The Green-Riesz formula still holds true for such anu, namely, for every x € B(0,r) 


u(t) = i ay DL) Gest) ACW) + [ ay te) Pele) do). 


b) (Harnack inequality) 
Ifu>0 on B(0,r), then for all x € B(0,r) 


r™—2(r + |e) 


o<u(e)<f uly) Pe(e.y) dolw) < 2) i1s(u30,r). 


S(0,r) (r= la)" 


Ifu <0 on B(0,r), then for all x € B(0,r) 


rm-2(r — Ja) 


yal tus(u;0,r) <0. 


u(x) < oe u(y) P,(x,y) do(y) < + aye) 


Proof. We know that a) holds true if u is of class C?. In general, we replace u by ux p- 
and take the limit. We only have to check that 


| wxpeluyGeley)aXy) = lim f(y) Gel2,y) AAW) 
B(0,r) E>" J B(0,r) 


for the positive measure yp = Au. Let us denote by Gs (y) the function such that 


~ G-(z,y) if x € B(O0,r) 
Gl) = {4 ne ad BU r), 


Then 


| Ux pe(y) G,(a, y) dX(y) -/ Lx pe(y) Ga(y) aX(y) 
B(0,r) = 


= . uly) Ge * pe(y) dX(y). 


However G,; is continuous on R™ \ {a} and subharmonic in a neighborhood of x, hence 


G, * Pe converges uniformly to G, on every compact subset of R™ \ {a}, and con- 
verges pointwise monotonically in a neighborhood of x. The desired equality follows by 
the monotone convergence theorem. Finally, b) is a consequence of a), for the integral 
involving Au is nonpositive and 


1 r™—2(r — |e) Sepia 1 r™—2(r + |z|) 


Om—1r™—) (r+ |alym-1 Caan = te = eet 


by (4.6) combined with the obvious inequality (r — |a])™ < |Ja—y|™ < (r+ |a|)™. 
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§ 4.C.3. Upper Envelopes and Choquet’s Lemma. Let Q Cc R” and let (ua)aer be a 
family of upper semicontinuous functions 2. —> [—oo,+oo|. We assume that (uq) is 
locally uniformly bounded above. Then the upper envelope 


U = SUP Ua 


need not be upper semicontinuous, so we consider its upper semicontinuous regulariza- 
tion: 
u*(z) = lim sup u 2 u(z). 
e>0 B(z,e€) 

It is easy to check that u* is the smallest upper semicontinuous function which is > uw. 
Our goal is to show that u* can be computed with a countable subfamily of (ua). Let 
B(z;,€;) be a countable basis of the topology of Q. For each j, let (z;,~) be a sequence 
of points in B(z;,¢;) such that 


sup u(zj~,) = sup 4, 
k B(z;,€;) 


and for each pair (j,k), let a(j,k,l) be a sequence of indices a € J such that u(z;,) = 
SUP; Ua(j,k,l) (27k). Set 
OS SUD Wa G hl): 
ik 


Then v <u and v* < u*. On the other hand 


sup vu 2 supu(Zjx) > SUP Ue(j,4,1) (Zn) = SUPU(Z;~) = Sup 4. 
B(2;,€5) k kl k B(z;,€;) 


As every ball B(z,¢) is a union of balls B(z;,¢;), we easily conclude that v* > u*, hence 
v* = u*. Therefore: 


(4.23) Choquet’s lemma. Every family (ua) has a countable subfamily (vj) = (Uacj)) 


such that its upper envelope v satisfies v << u<u* = v*. 


(4.24) Proposition. Jf all ua are subharmonic, the upper regularization u* is subhar- 
monic and equal almost everywhere to u. 


Proof. By Choquet’s lemma we may assume that (uq) is countable. Then u = sup ty, is a 
Borel function. As each ug satisfies the mean value inequality on every ball B(z,r) CQ, 
we get 

u(z) = sup Ua(z) < supHp(Ua; z,7) < wa(U; 2,7). 


The right-hand side is a continuous function of z, so we infer 


u*(z) < wa(u; 2,7) < pu; 2,7) 
and u* is subharmonic. By the upper semicontinuity of u* and the above inequality we 
find u*(z) = lim, we(u; z,7r), thus u* = u almost everywhere by Lebesgue’s lemma. 
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§ 5. Plurisubharmonic Functions 


§5.A. Definition and Basic Properties 


Plurisubharmonic functions have been introduced independently by [Lelong 1942] and 
[Oka 1942] for the study of holomorphic convexity. They are the complex counterparts 
of subharmonic functions. 


(5.1) Definition. A function u :Q — [—oo, +00[ defined on an open subset QC C” is 
said to be plurisubharmonic if 


a) u is upper semicontinuous ; 
b) for every complex line L CC”, uront is subharmonic on QN L. 
The set of plurisubharmonic functions on Q is denoted by Psh(Q). 


An equivalent way of stating property b) is: for all a € Q, € € C”, |é| < d(a, CQ), 
then 


27 
(5.2) aay = / ‘ia 4-e? O00. 


An integration of (5.2) over € € S(0,7r) yields u(a) < ws(u;a,r), therefore 
(5.3) Psh(Q) C Sh(Q). 


The following results have already been proved for subharmonic functions and are easy 
to extend to the case of plurisubharmonic functions: 


(5.4) Theorem. For any decreasing sequence of plurisubharmonic functions ux € 
Psh(Q), the limit u = limug is plurisubharmonic on Q. 


(5.5) Theorem. Let u € Psh(Q) be such that u # —co on every connected component 
of Q. If (pe) is a family of smoothing kernels, then ux pe is €C% and plurisubharmonic 
on Q., the family (ux p-) is non decreasing in € and lime_.9 Ux Pe = U. 


(5.6) Theorem. Let uy,...,Uy € Psh(Q) and x : R? — R be a convex function such 


that x(t1,...,tp») is non decreasing in eacht;. Then x(u1,.-..,Up) is plurisubharmonic on 
Q. In particular uy+---+Up, max{u1,...,Up}, log(e“t+---+e"”) are plurisubharmonic 
on QQ. 


(5.7) Theorem. Let {ua} C Psh(Q) be locally uniformly bounded from above and 
u=supu,. Then the regularized upper envelope u* is plurisubharmonic and is equal to 
u almost everywhere. 


Proof. By Choquet’s lemma, we may assume that (uq) is countable. Then u is a Borel 
function which clearly satisfies (5.2), and thus ux p- also satisfies (5.2). Hence u x 
p- is plurisubharmonic. By Proposition 4.24, ux = u almost everywhere and u* is 
subharmonic, so 

u* = limu* x p- = limu p- 
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is plurisubharmonic. 


If u € C?(Q,R), the subharmonicity of restrictions of u to complex lines, C 3 w +> 
u(a+ wé),aeEQ, € € C”, is equivalent to 


O? O7u 
Suet tM = 2) aoe, 


1<j,kgn 


(a+ w6) &€;, > 0. 


Therefore, wu is plurisubharmonic on 2 if and only if $> 0?u/0z;0%,(a) €)€; is a semiposi- 
tive hermitian form at every point a € Q. This equivalence is still true for arbitrary 
plurisubharmonic functions, under the following form: 


(5.8) Theorem. Jf u € Psh(Q), u # —oo on every connected component of 2, then for 
all € € C” 


Oru = 
Hue) = —— ££ €F'(D 
=). Fram, fee VO) 
l<j,k<n 
is a positive measure. Conversely, if v € B'(Q) is such that Hv(€) is a positive measure 
for every € € C”, there exists a unique function u € Psh(Q) locally integrable on Q such 
that v is the distribution associated to u. 


Proof. If uw € Psh(Q), then Hu(€) = weak lim H(ux p-)(€) > 0. Conversely, Hv > 0 
implies H(v x p-) = (Hv) x pz > 0, thus vu * pz € Psh(Q), and also Av > 0, hence (v x pz) 
is non decreasing in € and u = limz_.9 vu * pz € Psh(Q) by Th. 5.4. 


(5.9) Proposition. The conver cone Psh(Q)N Li 


loc 
the property that every bounded subset is relatively compact. 


(Q) is closed in Lt} 


loc 


(Q), and it has 


§5.B. Relations with Holomorphic Functions 


In order to get a better geometric insight, we assume more generally that u is a C? 
function on a complex n-dimensional manifold X. The complex Hessian of u at a point 
a € X is the hermitian form on T’y defined by 


O7u 


5.10 Wiig 
ony _ Ox50% 


1<j,k< 


(a) dz; ® dZx. 


If F : X —+Y is a holomorphic mapping and if v € C?(Y,R), we have d'd" (vo F) = 
F*d'd''v. In equivalent notations, a direct calculation gives for all € € Tx,4 


02u(F(a)) 0Fi(a OF,, (a) _ 
A(vo-F)a(€) = S- mero) Fe Pal), = Hoey (E(a) 8) 


jik,l,m 


In particular Hu, does not depend on the choice of coordinates (21,..., 2) on X, and 
Hv, > 0 on Y implies H(vo F), > 0 on X. Therefore, the notion of plurisubharmonic 
function makes sense on any complex manifold. 


(5.11) Theorem. Jf F : X —-+Y is a holomorphic map and v € Psh(Y), thenvo F € 
Psh(X). 
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Proof. It is enough to prove the result when X = Q) C C” and X = Q2 C C? are 
open subsets . The conclusion is already known when v is of class C?, and it can be 
extended to an arbitrary upper semicontinuous function v by using Th. 5.4 and the fact 
that v = limv x pe. 


(5.12) Example. By (3.22) we see that log|z| is subharmonic on C, thus log|f| € 
Psh(X) for every holomorphic function f € @(X). More generally 


log (fal ae ee] fql°*)e PshX) 


for every f; € G(X) and a; > 0 (apply Th. 5.6 with u; = a; log|f;| ). 


§5.C. Convexity Properties 


The close analogy of plurisubharmonicity with the concept of convexity strongly sug- 
gests that there are deeper connections between these notions. We describe here a few 
elementary facts illustrating this philosophy. Another interesting connection between 
plurisubharmonicity and convexity will be seen in § 7.B (Kiselman’s minimum princi- 
ple). 


(5.13) Theorem. [fQ = w+ iw’ where w, w’ are open subsets of R”, and if u(z) is a 
plurisubharmonic function on Q that depends only on x = Rez, thenw > x+—= u(x) is 
convex. 


Proof. This is clear when u € C?(Q,R), for 0?u/0zj;0Z,% = 4 0?u/Oxj;0x,. In the general 
case, write u = limu x pz and observe that ux p-(z) depends only on z. 


(5.14) Corollary. If u is a plurisubharmonic function in the open polydisk D(a, R) = 
Lass. By oC then 


1 20 ; ; 
Ute te) = oa | u(ay + He es vO rneen) dO, ...d0n, 
(27)” Jo 
NUS Figeecg hy Se SUP? MU ig eee: Tay 
z€D(a,r) 
are convex functions of (logri,...,logr;) that are non decreasing in each variable. 


Proof. That pz is non decreasing follows from the subharmonicity of wu along every coor- 
dinate axis. Now, it is easy to verify that the functions 


a ik ae ' 

sed Sp) = oa | ulay + e768. an + eel") dO... dOn, 
(27)" Jo 

M(21,---,2n) = sup ula, + e*wy,...,An +e" Wn) 
|w;|<1 


are upper semicontinuous, satisfy the mean value inequality, and depend only on Re z; € 
]0, log R;[. Therefore j: and M are convex. Cor. 5.14 follows from the equalities 


Pe Figs Tee) = BOR Fig oss OR Ts 
HUUs Tigtdcog hy) Smog ti oss; low ry): 
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§5.D. Pluriharmonic Functions 


Pluriharmonic functions are the counterpart of harmonic functions in the case of 
functions of complex variables: 


(5.15) Definition. A function u is said to be pluriharmonic if u and —u are plurisub- 
harmonic. 


A pluriharmonic function is harmonic (in particular smooth) in any C-analytic coor- 
dinate system, and is characterized by the condition Hu = 0, i.e. d'd’/’u = 0 or 


0?u/Oz;0Z, =0 for all j,k. 
If f € ©(X), it follows that the functions Re f, Im f are pluriharmonic. Conversely: 
(5.16) Theorem. If the De Rham cohomology group Hjp(X,R) is zero, every pluri- 


harmonic function u on X can be written u = Ref where f is a holomorphic function 
on X. 


Proof. By hypothesis Hjp(X,R) = 0, u € €~%(X) and d(d'u) = dd'u = 0, hence there 
exists g € 6%(X) such that dg = d'u. Then dg is of type (1,0), i.e. g € G(X) and 


d(u — 2 Reg) =d(u—g —9) = (d'u— dg) + (d"u — dg) =0. 


Therefore u = Re(2g + C), where C is a locally constant function. 


§ 5.E. Global Regularization of Plurisubharmonic Functions 


We now study a very efficient regularization and patching procedure for continuous 
plurisubharmonic functions, essentially due to [Richberg 1968]. The main idea is con- 
tained in the following lemma: 


(5.17) Lemma. Let ua € Psh(Qa) where Q. CC X is a locally finite open covering 
of X. Assume that for every index 3 


lim sup ug(¢) < max {ta(z)} 


Cz 
at all points z € OQg3. Then the function 


Wee max tial) 


is plurisubharmonic on X. 


Proof. Fix z € X. Then the indices 3 such that zo € ONg or zo ¢ OQ, do not contribute 
to the maximum in a neighborhood of zo. Hence there is a a finite set J of indices a 
such that Qg 3 zo and a neighborhood V C (},-;Qa on which u(z) = maxger Ua(Z). 
Therefore u is plurisubharmonic on V. 


ael 


The above patching procedure produces functions which are in general only continu- 
ous. When smooth functions are needed, one has to use a regularized max function. Let 
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6 € €™(R, R) be a nonnegative function with support in [—1, 1] such that [, 0(h) dh =1 
and f, h@(h) dh = 0. 


(5.18) Lemma. For arbitrary n = (m,---;Mp) € JO, +00, the function 


M,(ti,---,tp) = | max{tithi,...,tp+hp} [] 0(hj/nj) dha ...dhp 


i 1<j<n 


possesses the following properties: 


a) M,(ti,...,tp) is non decreasing in all variables, smooth and convex on R” ; 


Bb) max{ti ci. tp Se Moltissc55 te) Smee Gp bigest + py 


c) M, (1, ae sate) = M any gees eeeanp) SE? fre a5 Ups gees ts) 
ift; + nj < maxpgj{th — Ne} 


dh) Maltby kant GO) = Mi (tizeca toa, ~ VareR: 


e) if U1,..-,Up are plurisubharmonic and satisfy H(u;)2(€) > yz(€) where z+ yz is a 
continuous hermitian form on Tx, then u= M,(u1,...,Up) is plurisubharmonic and 
satisfies Hu.(€) > yz(). 


Proof. The change of variables h; > h; — t; shows that M, is smooth. All properties 

are immediate consequences of the definition, except perhaps e). That M,(ui,..., Up) is 

plurisubharmonic follows from a) and Th. 5.6. Fix a point zo and « > 0. All functions 
/ 


ul,(z) = uj(z) — Yzo(z — 20) + €|z — 20|? are plurisubharmonic near zo. It follows that 


M,(uj,.--, Up) = U— Yzo(z — 20) + Elz — 20/7 


is also plurisubharmonic near zo. Since € > 0 was arbitrary, e) follows. 


(5.19) Corollary. Let ue € €°(Qa)NPsh(Q.) where A. CC X is a locally finite open 
covering of X. Assume that ug(z) < max{ua(z)} at every point z € OQg, when a runs 
over the indices such that Q4 > z. Choose a family (nq) of positive numbers so small that 
ug(z)+ng < maxe,52{Ua(z) — Na} for all 8 and z € OQg. Then the function defined by 


u(z) = Mwy.) (ta(z)) for a such that OQ 3 z 


is smooth and plurisubharmonic on X. 


(5.20) Definition. A function u € Psh(X) is said to be strictly plurisubharmonic if 
u€ Li.(X) and if for every point ro € X there exists a neighborhood Q of x9 and c > 0 


such that u(z) — c|z|? is plurisubharmonic on Q, i.e. S> (0?u/Ozj;0ZK)E;E, > clE|? (as 
distributions on Q) for all € € C”. 


(5.21) Theorem ([Richberg 1968]). Let u € Psh(X) be a continuous function which is 
strictly plurisubharmonic on an open subset Q CX, with Hu > vy for some continuous 
positive hermitian form y on Q. For any continuous function \ € C°(Q), A > 0, there 
exists a plurisubharmonic function & in C°(X)N€%(Q) such thatu <u <ut Ar ond 
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andu =u on X \Q, which is strictly plurisubharmonic onQ and satisfies Hu > (1—A)y. 
In particular, u can be chosen strictly plurisubharmonic on X if u has the same property. 


Proof. Let (Q.) be a locally finite open covering of 2 by relatively compact open balls 
contained in coordinate patches of X. Choose concentric balls 0% Cc Of, C Qa, of respec- 
tive radii r) < rl, < rq, and center z = 0 in the given coordinates z = (z1,..., Zn) near 
Q., such that Q” still cover 0. We set 


ta (Zz) =u pe, (Zz) +da(r? —|z/?) on Og. 


For €q < €a,0 and da < da,0 small enough, we have ua < u+ A/2 and Hug = (1— A)y 
on Q,y. Set 


Na = Og min{r? = po ee — pay eae 


Choose first da < da,9 such that jy < ming. A/2, and then €4 < €a,9 so small that 
U< Ux pe, <U+Ne on Ny. As 5q(r’? — |z|?) is < —2Nq on ON, and > ne on ,, we 


have Ug < U— 7M on ON, and uy > ut No on 0: 
Corollary 5.19 is satisfied. We define 


so that the condition required in 


a? 


Pema fe! On X40), 
oo Min,)(Ua) on 2. 


By construction, u is smooth on 2. and satisfies u< u<u+A, Hu = (1—A)7 thanks to 
5.18 (b,e). In order to see that u is plurisubharmonic on X, observe that wu is the uniform 
limit of wy with 


ee max {w, Mp cay Ute ta) on U Qg 
1<B<a 


and Ug = u on the complement. 


§5.F. Polar and Pluripolar Sets. 


Polar and pluripolar sets are sets of —oo poles of subharmonic and plurisubharmonic 
functions. Although these functions possess a large amount of flexibility, pluripolar sets 
have some properties which remind their loose relationship with holomorphic functions. 


(5.22) Definition. A set AC QC R™ (resp. AC X, dimcX =n) is said to be polar 
(resp. pluripolar) if for every point x € Q there exist a connected neighborhood W of x and 
u € Sh(W) (resp. u € Psh(W)), wu # —oo, such that ANW C{x EW ; u(x) = —co}. 


Theorem 4.17 implies that a polar or pluripolar set is of zero Lebesgue measure. Now, 
we prove a simple extension theorem. 


(5.23) Theorem. Let A CQ be a closed polar set and v € Sh(Q \ A) such that v is 
bounded above in a neighborhood of every point of A. Then v has a unique extension 
v € Sh(Q). 


Proof. The uniqueness is clear because A has zero Lebesgue measure. On the other hand, 
every point of A has a neighborhood W such that 


ANW c{xEW; u(z)=-oo}, ueSh(W), uF#-oo. 
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After shrinking W and subtracting a constant to u, we may assume u < 0. Then for 
every € > 0 the function v. = v + eu € Sh(W ~ A) can be extended as an upper 
semicontinuous on W by setting ve = —oo on AN W. Moreover, v; satisfies the mean 
value inequality v-(a) < ps(ve;a,r) ifa € W\ A, r < d(a, AUCW), and also clearly 
ifa € A, r < d(a,CW). Therefore v- € Sh(W) and 0 = (supv-)* € Sh(W). Clearly o 
coincides with v on W \ A. A similar proof gives: 


(5.24) Theorem. Let A be a closed pluripolar set in a complex analytic manifold X. 
Then every function v € Psh(X \ A) that is locally bounded above near A extends uniquely 
into a function v € Psh(X). 


(5.25) Corollary. Let A C X be a closed pluripolar set. Every holomorphic function 
f € ©(X\A) that is locally bounded near A extends to a holomorphic function f € ©(X). 


Proof. Apply Th. 5.24 to + Re f and tIm f. It follows that Re f and Im f have pluri- 
harmonic extensions to X, in particular f extends to f € “€°(X). By density of X \ A, 


ad’ 7 = Von. 


(5.26) Corollary. Let A CQ (resp. A Cc X) be a closed (pluri)polar set. If Q (resp. X) 
is connected, then Q~ A (resp. X \ A) is connected. 


Proof. If QN A (resp. X \ A) is a disjoint union 2; UQ»2 of non empty open subsets, the 
function defined by f = 0 0n Q), f = 1 on Q2 would have a harmonic (resp. holomorphic) 
extension through A, a contradiction. 
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§6.A. Domains of Holomorphy in C”. Examples 


Loosely speaking, a domain of holomorphy is an open subset 2 in C” such that there 
is no part of OQ across which all functions f € ©(Q) can be extended. More precisely: 


(6.1) Definition. Let Q Cc C” be an open subset. Q is said to be a domain of holomorphy 
if for every connected open set U C C” which meets OQ and every connected component 
V of UNQ there exists f € ©(Q) such that fry has no holomorphic extension to U. 


Under the hypotheses made on U, we have § 4 OV NU Cc OM. In order to show that 
Q is a domain of holomorphy, it is thus sufficient to find for every z € OQ a function 
f € @(Q) which is unbounded near Zo. 


(6.2) Examples. Every open subset 2 C C is a domain of holomorphy (for any zp € OQ, 
f(z) = (z—-20)71! cannot be extended at z ). In C”, every conver open subset is a domain 
of holomorphy: if Re(z— zo, 9) = 0 is a supporting hyperplane of 02 at zo, the function 
f(z) = ((z — %, €£0)) 71 is holomorphic on 2 but cannot be extended at zo. 


(6.3) Hartogs figure. Assume that n > 2. Let w C C"~! be a connected open set and 
w’ Cw an open subset. Consider the open sets in C” : 
Q = ((D(R) \ D(r)) x w) U(D(R) x w’) — (Hartogs figure), 


Q = D(R) xw (filled Hartogs figure). 
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where 0 <r < Rand D(r) C C denotes the open disk of center 0 and radius r in C. 


R Tr 


Fig. I-3 Hartogs figure 


Then every function f € @(Q) can be extended to 2 = w x D(R) by means of the Cauchy 
formula: 


fla,2’) = = / Hz) ae, z€Q, max{|z|,r}<p<R. 
271 IC |=p G -— 24 


In fact f € @(D(R) xw) and f = f on D(R) xw’, so we must have f = f on 2 since 0 is 
connected. It follows that Q is not a domain of holomorphy. Let us quote two interesting 
consequences of this example. 


(6.4) Corollary (Riemann’s extension theorem). Let X be a complex analytic manifold, 
and S a closed submanifold of codimension > 2. Then every f € ©(X \ S) extends 
holomorphically to X. 


Proof. This is a local result. We may choose coordinates (z1,...,2n) and a polydisk 
D(R)” in the corresponding chart such that SM D(R)” is given by equations z; =... = 
25 = Op =codims: > 2. Then, denoting a =.D(R)" + anda’ ws (= S25 = 


0}, the complement D(R)” \ S can be written as the Hartogs figure 


D(R)" \ S = ((D(R) \ {0}) x w) U (D(R) x w’). 


It follows that f can be extended to 2 = D(R)”. 


§ 6.B. Holomorphic Convexity and Pseudoconvexity 


Let X be a complex manifold. We first introduce the notion of holomorphic hull of a 
compact set kK C X. This can be seen somehow as the complex analogue of the notion 
of (affine) convex hull for a compact set in a real vector space. It is shown that domains 
of holomorphy in C” are characterized a property of holomorphic convexity. Finally, we 
prove that holomorphic convexity implies pseudoconvexity — a complex analogue of the 
geometric notion of convexity. 


§6. Domains of Holomorphy and Stein Manifolds AT 


(6.5) Definition. Let X be a complex manifold and let K be a compact subset of X. 
Then the holomorphic hull of K in X is defined to be 


K = Kecx) = {2 € X3 |f(@)| <sup|fl, VF € O(X)}. 


(6.6) Elementary properties. 


a) 


K is a closed subset of X containing kK. Moreover we have 


sup |f|=sup|f], Vf € @(X), 
Rk K 


hence K = K. 


Ifh: X > Y isa holomorphic map and K C X is a compact set, then h(Ke(x)) Cc 


DEO wer: In particular, if X C Y, then Kex) Cc Koy) AX. This is immediate from 
the definition. 


K contains the union of K with all relatively compact connected components of X \K 
(thus K “fills the holes” of i ). In fact, for every connected component U of X \ Kk 
we have OU C OK, hence if U is compact the maximum principle yields 


sup |f| =sup|f|<sup|f], for all f € G(X). 
UT aU K 


More generally, suppose that there is a holomorphic map h : U — X defined on a 
relatively compact open set U in a complex manifold S, such that h extends as a 
continuous map h: U — X and h(QU) C K. Then h(U) C K. Indeed, for f € @(X), 
the maximum principle again yields 


sup | f oh] = sup|f oh] < sup ||. 
UT aU K 


This is especially useful when U is the unit disk in C. 


Suppose that X = 0 Cc C” is an open set. By taking f(z) = exp(A(z)) where A is an 
arbitrary affine function, we see that ie (a) 1s contained in the intersection of all affine 
half-spaces containing K. Hence K¢ ©(Q) 1s contained in the affine convex hull Kae As 
a consequence Ke 6() 1s always bounded and K oc) 18 a compact set. However, when 


Q is arbitrary, K@q) is not always compact; for example, in case Q = C”~ {0}, n > 2, 
then @(Q) = ©(C”) and the holomorphic hull of K = S(0,1) is the non compact set 
K = B(0,1) x {0}. 


(6.7) Definition. A complex manifold X is said to be holomorphically convex if the 


holomorphic hull Kecx) of every compact set K C X is compact. 


(6.8) Remark. A complex manifold X is holomorphically convex if and only if there 
is an exhausting sequence of holomorphically compact subsets K, C X, i.e. compact sets 
such that 


Aa Jky Kea ky. Khoa: 
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Indeed, if X is holomorphically convex, we may define K, inductively by Ko = @ and 
Koay = Ce ULv ec); where K’ is a neighborhood of K, and L, a sequence of compact 
sets of X such that X = (JL,. The converse is obvious: if such a sequence (K,,) exists, 
then every compact subset K C X is contained in some K,, hence KCK p= Ky Is 
compact. 


We now concentrate on domains of holomorphy in C”. We denote by d and B(z,r) 
the distance and the open balls associated to an arbitrary norm on C”, and we set for 
simplicity B = B(0,1). 


(6.9) Proposition. If Q is a domain of holomorphy and K C Q is a compact subset, 
then d(K,CQ) = d(K,CQ) and K is compact. 


Proof. Let f € ©(Q). Given r < d(K, CQ), we denote by M the supremum of |f| on the 
compact subset K + rB CQ. Then for every z € K and € € B, the function 


(6.10) Cates f(z+té) = = potsee 


is analytic in the disk |t] <r and bounded by M. The Cauchy inequalities imply 
|D¥ f(z)\(E)¥| < Mkir—*, Vee K, VEEB. 


As the left hand side is an analytic fuction of z in Q, the inequality must also hold for 
ze K, € € B. Every f € G(Q) can thus be ended to any ball B(z,r), z € K. by 
means of the power series (6.10). Hence B(z,r) must be contained in 2, and this shows 
that d(K,CQ) > r. As r < d(K,CQ) was arbitrary, we get_d(K,CQ) > d(K,CQ) and the 
converse inequality is clear, so d(K, COQ) = d(K,CQ). As K is bounded and closed in 9, 
this shows that K is compact. 


(6.11) Theorem. Let 2 be an open subset of C". The following properties are equiva- 
lent: 


a) Q is a domain of holomorphy; 
b) Q is holomorphically convex; 


c) For every countable subset {z;}jen C Q without accumulation points in Q and every 
sequence of complex numbers (a;), there exists an interpolation function F € G(Q) 
such that F(z;) = a;. 


d) There exists a function F € G(Q) which is unbounded on any neighborhood of any 
point of OQ. 


Proof. d) => a) is obvious and a) => b) is a consequence of Prop. 6.9. 


c) => d). If Q = C” there is nothing to prove. Otherwise, select a dense sequence (¢;) in 
OQ and take z; € Q such that d(z;,¢;) < 27’. Then the interpolation function F’ € @(Q) 
such that F'(z;) = j satisfies d). 
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b) = > c). Let K, C 2 be an exhausting sequence of holomorphically convex compact 
sets as in Remark 6.8. Let v(j) be the unique index vy such that z; € Ky(j)41 \ Avy): 
By the definition of a holomorphic hull, we can find a function g; € @(Q) such that 


sup |gj| < |gj(z;)I- 
Ky) 


After multiplying g; by a constant, we may assume that g;(z;) = 1. Let Pj € Clz1,..., Zn] 
be a polynomial equal to 1 at z; and to 0 at zo, z1,...,2;-1. We set 


+oo 
j=0 


where A; € C and m; € N are chosen inductively such that 


Ag =az— )) AnPe(z;)on(z)”™, 


O<k<j 
AgPj9p71< 277 on Ky ; 


once A; has been chosen, the second condition holds as soon as m, is large enough. Since 
{z;} has no accumulation point in Q, the sequence v(j) tends to +00, hence the series 
converges uniformly on compact sets. 


We now show that a holomorphically convex manifold must satisfy some more geo- 
metric convexity condition, known as pseudoconvexity, which is most easily described in 
terms of the existence of plurisubharmonic exhaustion functions. 


(6.12) Definition. A function w : X —> [—co,+oco| on a topological space X is said 
to be an exhaustion if all sublevel sets X. := {z © X; W(z) < ch, cE R, are relatively 
compact. Equivalently, w is an exhaustion if and only if w tends to +00 relatively to the 
filter of complements X ~ K of compact subsets of X. 


A function w on an open set 2 C R” is thus an exhaustion if and only if ¢(a) — +00 
as x — OD or x — oo. It is easy to check, cf. Exercise 8.8, that a connected open 
set Q C R” is convex if and only if Q has a locally convex exhaustion function. Since 
plurisubharmonic functions appear as the natural generalization of convex functions in 
complex analysis, we are led to the following definition. 


(6.13) Definition. Let X be a complex n-dimensional manifold. Then X is said to be 


a) weakly pseudoconvex if there exists a smooth plurisubharmonic exhaustion function 
wv € Psh(X) N C%°(X); 


b) strongly pseudoconvex if there exists a smooth strictly plurisubharmonic exhaustion 
function w € Psh(X) NM 6%(X), i.e. Hw is positive definite at every point. 


(6.14) Theorem. Every holomorphically convex manifold X is weakly pseudoconvec. 


Proof. Let (K,) be an exhausting sequence of holomorphically convex compact sets as 
in Remark 6.8. For every point a € Ly := Ky+2\ Kf44, one can select gy.q € G(Q) such 
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that supx, |gv,a| < 1 and |g,a(a)| > 1. Then |g,,a(z)| > 1 in a neighborhood of a ; by 
the Borel-Lebesgue lemma, one can find finitely many functions (g),a)aer, such that 


Bae 1 f do dis ee 1 f Tis 
max {| gv, (z)|} >1 for ze max {| gv, (z)|} <1 for ze 
For a sufficiently large exponent p(v) we get 


ye geal 2 Ot Dey S- lag <9 on Ky. 
a€l, a€l, 


D(z) = D7 de Igv.a(z) |? 


VEN ael, 


It follows that the series 


converges uniformly to a real analytic function ~ € Psh(X) (see Exercise 8.11). By 
construction ~(z) > v for z € L,, hence yw is an exhaustion. 


(6.15) Example. The converse to Theorem 6.14 does not hold. In fact let X = 
C?/I’ be the quotient of C? by the free abelian group of rank 2 generated by the affine 
automorphisms 


gi(Z, w) = (z a: 1,ew), g2(z, w) = (z a 1, claw), 61, 05 ER. 


Since [' acts properly discontinuously on C?, the quotient has a structure of a complex 
(non compact) 2-dimensional manifold. The function w + |w|? is T-invariant, hence it 
induces a function 7)((z, w)~) = |w|? on X which is in fact a plurisubharmonic exhaustion 
function. Therefore X is weakly pseudoconvex. On the other hand, any holomorphic 
function f € @(X) corresponds to a T-invariant holomorphic function f(z,w) on C?. 


Then z + f(z,w) is bounded for w fixed, because f(z,w) lies in the image of the 
compact set K x D(0,|w|), K = unit square in C. By Liouville’s theorem, f(z, w) 
does not depend on z. Hence functions f € @(X) are in one-to-one correspondence with 
holomorphic functions f(w) on C such that. f(e%w) = flw). By looking at the Taylor 
expansion at the origin, we conclude that f must be a constant if 6; ¢ Q or 4; ¢ Q (if 
01,42 € Q and m is the least common denominator of 0;, 02, then f is a power series of 
the form > a;,w™"). From this, it follows easily that X is holomorphically convex if and 


only if 4,,02 €Q. 


§ 6.C. Stein Manifolds 


The class of holomorphically convex manifolds contains two types of manifolds of a 
rather different nature: 


e domains of holomorphy X =Q Cc C”; 
e compact complex manifolds. 


In the first case we have a lot of holomorphic functions, in fact the functions in @(Q) 
separate any pair of points of 2. On the other hand, if X is compact and connected, the 
sets Psh(X) and ©(X) consist of constant functions merely (by the maximum principle). 
It is therefore desirable to introduce a clear distinction between these two subclasses. For 
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this purpose, [Stein 1951] introduced the class of manifolds which are now called Stein 
manifolds. 


(6.16) Definition. A complex manifold X is said to be a Stein manifold if 


a) X is holomorphically convex; 


b) ©(X) locally separates points in X, i.e. every point x € X has a neighborhood V such 
that for anyy € V \ {a} there exists f € ©(X) with f(y) € f(x). 


The second condition is automatic if X = Q is an open subset of C”. Hence an open 
set 2. Cc C” is Stein if and only if Q is a domain of holomorphy. 


(6.17) Lemma. If a complex manifold X satisfies the axiom (6.16 b) of local separation, 
there exists a smooth nonnegative strictly plurisubharmonic function u € Psh(X). 


Proof. Fix x) € X. We first show that there exists a smooth nonnegative function 
uo € Psh(X) which is strictly plurisubharmonic on a neighborhood of xp. Let (z1,..., Zn) 
be local analytic coordinates centered at x9, and if necessary, replace z; by Az; so that 
the closed unit ball B = {3> |z;|? < 1} is contained in the neighborhood V 3 x on which 
(6.16 b) holds. Then, for every point y € OB, there exists a holomorphic function f € 
©(X) such that f(y) 4 f(xo). Replacing f with A(f — f(xo)), we can achieve f(x) = 0 
and |f(y)| > 1. By compactness of OB, we find finitely many functions f),..., fy € ©(X) 
such that vo = >>| f;|? satisfies vo(ao) = 0, while vp > 1 on OB. Now, we set 


gti ce on XB 
® M.{v9(z), (jz|? +1)/3} on B. 


where M, are the regularized max functions defined in 5.18. Then ug is smooth and 
plurisubharmonic, coincides with vg near OB and with (|z|? + 1)/3 on a neighbor- 
hood of zo. We can cover X by countably many neighborhoods (V;)j>1, for which 
we have a smooth plurisubharmonic functions u; € Psh(X) such that wu, is strictly 
plurisubharmonic on V;. Then select a sequence €; > 0 converging to 0 so fast that 
u= dYoeju; € €°(X). The function u is nonnegative and strictly plurisubharmonic 
everywhere on X. 


(6.18) Theorem. Every Stein manifold is strongly pseudoconvec. 


Proof. By Th. 6.14, there is a smooth exhaustion function 7% € Psh(X). If u > 0 is 
strictly plurisubharmonic, then 7’ = y+ u is a strictly plurisubharmonic exhaustion. 


The converse problem to know whether every strongly pseudoconvex manifold is ac- 
tually a Stein manifold is known as the Levi problem, and was raised by [Levi 1910] in 
the case of domains 2 Cc C”. In that case, the problem has been solved in the affirma- 
tive independently by [Oka 1953], [Norguet 1954] and [Bremermann 1954]. The general 
solution of the Levi problem has been obtained by [Grauert 1958]. Our proof will rely 
on the theory of L? estimates for d’, which will be available only in Chapter VIII. 
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|z2| C? 


dr 


z,EC 


Fig. I-4 Hartogs figure with excrescence 


(6.19) Remark. It will be shown later that Stein manifolds always have enough holo- 
morphic functions to separate finitely many points, and one can even interpolate given 
values of a function and its derivatives of some fixed order at any discrete set of points. 
In particular, we might have replaced condition (6.16 b) by the stronger requirement that 
©(X) separates any pair of points. On the other hand, there are examples of manifolds 
satisfying the local separation condition (6.16 b), but not global separation. A simple 
example is obtained by attaching an excrescence inside a Hartogs figure, in such a way 
that the resulting map 7: X — D = D(0,1)? is not one-to-one (see Figure I-4 above); 
then @(X) coincides with 7*@(D). 


§6.D. Heredity Properties 


Holomorphic convexity and pseudoconvexity are preserved under quite a number of 
natural constructions. The main heredity properties can be summarized in the following 
Proposition. 


(6.20) Proposition. Let “€ denote the class of holomorphically convex (resp. of Stein, 
or weakly pseudoconvex, strongly pseudoconvex manifolds). 


a) If X,Y € 6, then X xYeE. 
b) If X € € and S is a closed complex submanifold of X, then S € €. 


c) If (S;)i<j<n 18 a collection of (not necessarily closed) submanifolds of a complex 
manifold X such that S =()|S; is a submanifold of X, and if S; € € for all j, then 
Se. 


d) If F:X —Y is a holomorphic map and S c X, S' CY are (not necessarily closed) 
submanifolds in the class €@, then SQ F—1(S") is in €, as long as it is a submanifold 
of X. 


e) If X is a weakly (resp. strongly) pseudoconver manifold and u is a smooth plurisub- 
harmonic function on X, then the open set Q = u~*(|—o0, e[ is weakly (resp. strongly) 
pseudoconvex. In particular the sublevel sets 


X_ =p (] — ~, el) 
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of a (strictly) plurisubharmonic exhaustion function are weakly (resp. strongly) pseu- 
doconvex. 


Proof. All properties are more or less immediate to check, so we only give the main facts. 


a) For kK Cc X, L C Y compact, we have (K x Lexy) = Kex) x Kev); and if y, 
yw are plurisubharmonic exhaustions of X, Y, then y(x) + w(y) is a plurisubharmonic 
exhaustion of X x Y. 


b) For a compact set kK C S, we have Kes) Cc Kex) NS, and if ~ € Psh(X) is an 
exhaustion, then w| S € Psh(S) is an exhaustion (since S' is closed). 


c) ()S; is a closed submanifold in [[.S; (equal to its intersection with the diagonal of 
5 ane 


d) For a compact set K C SM F7~1(S’), we have 
Ke(sar-1(s’)) Ce Kecs) a) F(F(K yas); 


and if y, wv are plurisubharmonic exhaustions of S, S’, then p+wWoF is a plurisubharmonic 
exhaustion of $9 F~1(S’). 


e) y(z) := w(z) +1/(c— u(z)) is a (strictly) plurisubharmonic exhaustion function on 22. 


§ 7. Pseudoconvex Open Sets in C” 


§ 7.A. Geometric Characterizations of Pseudoconvex Open Sets 


We first discuss some characterizations of pseudoconvex open sets in C”. We will 
need the following elementary criterion for plurisubharmonicity. 


(7.1) Criterion. Let v : 2 —> [—o0, +00| be an upper semicontinuous function. Then 
v is plurisubharmonic if and only if for every closed disk A = zo + D(1)n C Q and every 
polynomial P € Ct] such that v(zo + tn) < Re P(t) for |t] =1, then v(zo) < Re P(0). 


Proof. The condition is necessary because t +> v(zo + t7) — Re P(t) is subharmonic in a 
neighborhood of D(1), so it satisfies the maximum principle on D(1) by Th. 4.14. Let us 
prove now the sufficiency. The upper semicontinuity of v implies v = lim,.4.. v, on OA 
where (v,) is a strictly decreasing sequence of continuous functions on OA. As trigono- 
metric polynomials are dense in C°(S!,R), we may assume v,(z + e!?7) = Re P, (e'®), 
P, € C{t]. Then v(zo + t7) < Re P,(t) for |t| = 1, and the hypothesis implies 


1 Q7 ; 1 2a : 
v(20) < Re P,(0) = — | Re P,(e') dd = — | vv (zo + en) dO. 
0) 0 


Taking the limit when v tends to +00 shows that v satisfies the mean value inequality 
(5:2). 


For any z € 2 and € € C”, we denote by 


do(z,€) =sup{r>0; 2+ D(r)EcQ} 
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the distance from z to 02“ in the complex direction €. 
(7.2) Theorem. Let Q Cc C” be an open subset. The following properties are equivalent: 


a) Q is strongly pseudoconvex (according to Def. 6.13 b); 
b 


Q) is weakly pseudoconver; 


d 


) 
) 
c) Q has a plurisubharmonic exhaustion function w. 
) —log de(z,&) is plurisubharmonic on Q x C” ; 
) 


e) —logd(z,CQ) is plurisubharmonic on Q. 


If one of these properties hold, Q is said to be a pseudoconvex open set. 


Proof. The implications a) =» b) => c) are obvious. For the implication c) =» d), we 
use Criterion 7.1. Consider a disk A = (20, 9) + D(1) (yn, a) in Q x C” and a polynomial 
P € C{t| such that 


— log de (zo + ty, £06 + ta) < Re P(t) for |t|=1. 


We have to verify that the inequality also holds when |t| < 1. Consider the holomorphic 
mapping h : C? —> C” defined by 


A(t, w) = 20 + tn + we P (Eq + ta). 
By hypothesis 
n(D(1) x {0}) = pri(B) c @, 
h(OD(1) x D(1)) CQ (since |e~”| < dQ on OA), 


and the desired conclusion is that h(D(1) x D(1)) C Q. Let J be the set of radii r > 0 
such that h(D(1) x D(r)) C Q. Then J is an open interval [0, R[, R > 0. If R < 1, we 
get a contradiction as follows. Let 7 € Psh(Q) be an exhaustion function and 


K = h(@D(1) x D(R)) CCQ, c=supy. 
K 


As woh is plurisubharmonic on a neighborhood of D(1) x D(R), the maximum principle 
applied with respect to t implies 


woh(t,w)<e on D(1) x D(R), 


hence h(D(1) x D(R)) C Q. CC D and A(D(1) x D(R+.)) C Q for some e > 0, a 


contradiction. 


d) =e). The function —logd(z,CQ) is continuous on 2 and satisfies the mean value 
inequality because 


—log d(z, CQ) = sup ( — log da (z, aye 
eB 
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e) => a). It is clear that 

u(z) = |z|? + max{log d(z,CQ)~*, 0} 
is a continuous strictly plurisubharmonic exhaustion function. Richberg’s theorem 5.21 


implies that there exists y € “6° (Q) strictly plurisubharmonic such that u < Ww <u+l. 
Then w is the required exhaustion function. 


(7.3) Proposition. 


a) Let Q CC” and C CP be pseudoconver. Then Q x ! is pseudoconver. For every 
holomorphic map F : Q — CP the inverse image F~*(Q’) is pseudoconvez. 


b) If Qa)aer is a family of pseudoconvex open subsets of C”, the interior of the inter- 


section Q = Ci lves ora is pseudoconvec. 


c) If (Q;);en is a non decreasing sequence of pseudoconvex open subsets of C”, then 
2 = Ujen 25 18 pseudoconver. 


Proof. a) Let y,w be smooth plurisubharmonic exhaustions of 0,0’. Then (z,w) => 
y(z) + v(w) is an exhaustion of D x 0! and z +> y(z) + w(F(z)) is an exhaustion of 
(0): 


b) We have — log d(z, CQ) = sup,e, — log d(z, CQ.), so this function is plurisubharmonic. 


c) The limit — log d(z, CQ) = lim| free = log dle, CQ;) is plurisubharmonic, hence Q is 
pseudoconvex. This result cannot be generalized to strongly pseudoconvex manifolds: 
J.E. Fornaess in [Fornaess 1977] has constructed an increasing sequence of 2-dimensional 
Stein (even affine algebraic) manifolds X,, whose union is not Stein; see Exercise 8.16. 


(7.4) Examples. 
a) An analytic polyhedron in C” is an open subset of the form 
P={zEC"; |flZl<L1l<j<N} 


where (fj;)i<j<n is a family of analytic functions on C”. By 7.3 a), every analytic 
polyhedron is pseudoconvex. 


b) Let w C C"~! be pseudoconvex and let wu: w —> [—o0, +oo[ be an upper semicontin- 
uous function. Then the Hartogs domain 


Q = {(a,2') € Cx w; log|zi| + u(z’) < 0} 


is pseudoconvex if and and only if wu is plurisubharmonic. To see that the plurisubhar- 
monicity of u is necessary, observe that 


u(z') = — log da((0, 2’), (1,0)). 


Conversely, assume that u is plurisubharmonic and continuous. If w is a plurisubharmonic 


exhaustion of w, then 
W(2)+ | log |z1| + u(z’)| 
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is an exhaustion of 2. This is no longer true if u is not continuous, but in this case we 
may apply Property 7.3 c) to conclude that 


M. = {(21, 2); d(2’, Cw) > €, log|z1|+uxpe(2’)<0}, N=(JQ. 


are pseudoconvex. 


c) An open set 2 C C” is called a tube of base w if 2 = w+ iR” for some open subset 
w C R”. Then of course —logd(z,€Q) = —log(x,Cw) depends only on the real part 
x = Rez. By Th. 5.13, this function is plurisubharmonic if and only if it is locally 
convex in x. Therefore 2 if pseudoconvex if and only if every connected component of w 
is convex. 


d) An open set Q C C” is called a Reinhardt domain if (e!z,,...,e!z,) is in Q for 
every 2 = (21,.--,2n) € Q and 64,...,0, € R”. For such a domain, we consider the 
logarithmic indicatrix 


w* =O°OR” with O* ={C EC"; (e%,...,e5") EN}. 


It is clear that Q* is a tube of base w*. Therefore every connected component of w* 
must be convex if Q is pseudoconvex. The converse is not true: Q = C” \ {0} is not 
pseudoconvex for n > 2 although w* = R” is convex. However, the Reinhardt open set 


O° = {(21,-..,%m) € (CX {0}); (log|zil,-..,oglznl) €u*} CO 


is easily seen to be pseudoconvex if w* is convex: if vy is a convex exhaustion of w*, then 
W(z) = x(log|z1|,...,log|z,|) is a plurisubharmonic exhaustion of Q°. Similarly, if w* 
is convex and such that x € w* => y € w™ for yj; < x;, we can take x increasing in all 
variables and tending to +oo on Ow”, hence the set 


Q= 1 (2i¢s03) 2a) eC". lg;|< e' for'some 2°€ w*} 


is a pseudoconvex Reinhardt open set containing 0. 


§ 7.B. Kiselman’s Minimum Principle 


We already know that a maximum of plurisubharmonic functions is plurisubharmonic. 
However, if v is a plurisubharmonic function on X x C”, the partial minimum function 
on X defined by u(¢) = infzequ(¢, z) need not be plurisubharmonic. A simple coun- 
terexample in C x C is given by 


u(¢, 2) =|2|? + 2Re(2¢) =|2+¢ -[¢l?,  u(¢) = —I¢?. 


It follows that the image F'(Q) of a pseudoconvex open set 2 by a holomorphic map F’ 
need not be pseudoconvex. In fact, if 


Q = {(t,¢,z) € C*; log |t| + v(¢, z) < 0} 


and if Q/ Cc C? is the image of 2 by the projection map (t,¢,z) +> (t,¢), then 9’ = 
{(t,¢) € C?; log |t| + u(C) < 0} is not pseudoconvex. However, the minimum property 
holds true when v(¢, z) depends only on Rez : 
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(7.5) Theorem ([Kiselman 1978]). Let Q C C? x C” be a pseudoconvex open set such 
that each slice 

M={zeC"; GEN}, Cec, 
is a convex tube we +iR”, we C R”. For every plurisubharmonic function v(¢, z) on Q 
that does not depend on Imz, the function 


uC) =" int oC 72) 


ZENE 


is plurisubharmonic or locally = —co on Y = pren(Q). 


Proof. The hypothesis implies that vu(¢,z) is convex in « = Rez. In addition, we 
first assume that v is smooth, plurisubharmonic in (¢,z), strictly convex in x and 
limy— {oo}Udwe U(G,) = +00 for every ¢ € 0’. Then x +— v(¢,x) has a unique min- 
imum point « = g(¢), solution of the equations Ov/Ox;(x,¢) = 0. As the matrix 
(0°v/Ox;Oxx,) is positive definite, the implicit function theorem shows that g is smooth. 
Now, if C3 w+—> G9 + wa, a € C”, |w| < 1 is a complex disk A contained in 2, there 
exists a holomorphic function f on the unit disk, smooth up to the boundary, whose real 
part solves the Dirichlet problem 


Re f (el) = g(¢o + el”a). 


Since v(Co + wa, f(w)) is subharmonic in w, we get the mean value inequality 


a gs . : 1 
v(60.£(0)) <5 f o(o-+ ela, Fle") dd = = f v(C, 9(¢))a0. 
T Jo aA 

The last equality holds because Re f = g on OA and v(¢, z) = v(¢, Rez) by hypothesis. 
As u(Co) < v(Co, f(0)) and u(¢C) = v(¢, g(C)), we see that wu satisfies the mean value 
inequality, thus u is plurisubharmonic. 

Now, this result can be extended to arbitrary functions v as follows: let w(¢, z) > 0 
be a continuous plurisubharmonic function on Q which is independent of Im z and is an 
exhaustion of 2M (C? x R”), e.g. 


%(¢, 2) = max{|¢|* + | Rez|?, — log da(¢, z)}. 


There is slowly increasing sequence C; — +00 such that each function ~; = (Cj; — wx 
P1/ a is an “exhaustion” of a pseudoconvex open set (2; CC (2 whose slices are convex 
tubes and such that d(Q,,CQ) > 2/j. Then 


vj(,2) = 0* prj(Q2) + 7 Rez? + ¥4(¢,2) 


is a decreasing sequence of plurisubharmonic functions on (2; satisfying our previous 
conditions. As v = limv;, we see that u = limu, is plurisubharmonic. 


(7.6) Corollary. Let Q Cc C? x C” be a pseudoconvex open set such that all slices Q¢, 
¢ €C?, are convex tubes in C". Then the projection Q' of Q on C? is pseudoconver. 


Proof. Take v € Psh(Q) equal to the function w defined in the proof of Th. 7.5. Then u 
is a plurisubharmonic exhaustion of 1)’. 
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§ 7.C. Levi Form of the Boundary 


For an arbitrary domain in C”, we first show that pseudoconvexity is a local property 
of the boundary. 


(7.7) Theorem. Let 2 Cc C” be an open subset such that every point zo € OQ has a 
neighborhood V such that QO V is pseudoconver. Then Q is pseudoconverx. 


Proof. As d(z,CQ) coincides with d(z, Cran V)) in a neighborhood of zo, we see that 
there exists a neighborhood U of 0Q such that —logd(z, CQ) is plurisubharmonic on 
(2 U. Choose a convex increasing function y such that 


x(r) > sup —logd(z,CQ), Wr >0. 
(QNU)NB(O,r) 


Then the function 
~(z) = max {x(|z|), — log d(z, CQ) } 


coincides with y(|z]) in a neighborhood of Q\U. Therefore w € Psh(Q), and ~ is clearly 
an exhaustion. 


Now, we give a geometric characterization of the pseudoconvexity property when 02 
is of class C?. Let p € C?(Q) be a defining function of Q, i.e. a function such that 


(7.9) p<0 on 2, p=0 and dop40 on OD. 


The holomorphic tangent space to OQ is by definition the largest complex subspace which 
is contained in the tangent space Ty q to the boundary: 


(7.9) WT se = T3QqNn JTo5q. 


It is easy to see that "Ty5q,, is the complex hyperplane of vectors € € C” such that 


do(2)-€= Y> she =o. 


z& 
1<j<n ~~ 


The Levi form on "Tyg is defined at every point z € OQ by 
7.10 Lag: De 
(7.10) an,z(€) = Ie] ji Wy 250% as Gb: 36 eee: 


The Levi form does not depend on the particular choice of p, as can be seen from the 
following intrinsic computation of Lag (we still denote by Lag the associated sesquilinear 
form). 


(7.11) Lemma. Let £,7 be C' vector fields on 0Q with values in Taq. Then 


(lg, n|, Jv) a 4Im Laa(€, n) 


where v is the outward normal unit vector to OQ, | , | the Lie bracket of vector fields and 
(, ) the hermitian inner product. 
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Proof. Extend first €,7 as vector fields in a neighborhood of 0Q and set 


1 
€! -age- x -iE), oof =a 5 (0 +idn). 
As £,J€,n, Jn are tangent to 0Q, we get on 02: 


ap OT, OP. 0&} Op 
an gl " " / ee k J 
O=€.(n" p) +H (Ep)= DS) 25 (Oy cit + 85a, ag, + Tae, Be, 


1l<j,kgn 


Since [€, 7] is also tangent to OQ, we have Re(|€, 7], 7) = 0, hence (J, 7], v) is real and 


(Esl Jo) = (ITE n)s») = 75 (Ile 0) = — Fo Re (Jen) 


because J[&’, 7'] = 2[&', n’] and its conjugate J[€”, 7’"| are tangent to OQ. We find now 
On, O  _ O& O 
es een oe iia) peeled 
Hema Bz; 0am | Oz, OB,’ 
ow > On, Op OG Op > Op = 
y = - —__— —____ — -2] ——————“— . 
Re (J [Gaps tm) 0G 02; OZ +7 * OF, Oz; r 0z;0Z $Me 


4 o? Op 
Set 
1 Wl A Oz;08K 


Ej, = 41m LaalE,n). 


(7.12) Theorem. An open subset Q C C” with C? boundary is pseudoconvex if and 
only if the Levi form Lag is semipositive at every point of OQ. 


Proof. Set 6(z) = d(z, CQ), z € OQ. Then p = —6 is C? near OO and satisfies (7.9). If O 
is pseudoconvex, the plurisubharmonicity of —log(—p) means that for all z € Q near OQ 
and all € € C” one has 


Se a 


2 
pare |p| 02,02, Oz; 
Pe LY 


Hence >> (070/0zj;0ZK)Ej;E, > 0 if > (Op/0z;)E; = 0, and an easy argument shows that 
this is also true at the limit on 02. 


Conversely, if Q is not pseudoconvex, Th. 7.2 and 7.7 show that — log 6 is not plurisub- 
harmonic in any neighborhood of 0Q. Hence there exists € € C” such that 


2 


a 
C log d(z + #€)) ao 


c= 


for some z in the neighborhood of 0Q where 6 € C?. By Taylor’s formula, we have 
log 6(z + t€) = log 6(z) + Re(at + bt?) + e|t|? + o(|¢|?) 
with a,b € C. Now, choose zp € OQ such that 6(z) = |z — zo| and set 


A(t) =z+t+e%t"(z,-z), tec. 
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Then we get h(0) = z and 
5(A(t)) > 6(z + t€) — 6(z) [ett | 

> 6(z) jet" | (ec""/2 — 1) > (2) clt|?/3 


when |t| is sufficiently small. Since 6(h(0)) = 6(z9) = 0, we obtain at t= 0: 


<—(h(t)) = D> 5 (20) hi (OVRATO) > 0, 


hence h’(0) € "TaQ,2, and Lag,z,(h'(0)) < 0. 


(7.13) Definition. The boundary OQ is said to be weakly (resp. strongly) pseudoconvex 
if Lag is semipositive (resp. positive definite) on OQ. The boundary is said to be Levi 
flat if Lag = 0. 


(7.14) Remark. Lemma 7.11 shows that OQ is Levi flat if and only if the subbundle 
"T59 C Taq is integrable (i.e. stable under the Lie bracket). Assume that 00 is of 
class €@*, k > 2. Then ’T5q is of class C*~!. By Frobenius’ theorem, the integrability 
condition implies that ’T5q is the tangent bundle to a * foliation of QQ whose leaves 
have real dimension 2n — 2. But the leaves themselves must be complex analytic since 
''T59 is a complex vector space (cf. Lemma 7.15 below). Therefore OQ is Levi flat if and 
only if it is foliated by complex analytic hypersurfaces. 


(7.15) Lemma. Let Y be a C+-submanifold of a complex analytic manifold X. If the 
tangent space Ty,, is a complex subspace of Tx, at every pointx € Y, then Y is complex 
analytic. 


Proof. Let xp € Y. Select holomorphic coordinates (z1,..., Zn) on X centered at x9 such 
that Ty... is spanned by 0/0z1,...,0/0zp. Then there exists a neighborhood U = U'xU"” 
of xp such that Y NU is a graph 


QS hei, BS ile ueaeU ye" = phe sea) 


with h € C'(U’) and dh(0) = 0. The differential of h at 2’ is the composite of the 
projection of C? x {0} on Ty (27 n(zy) along {0} x C"~? and of the second projection 
C” — C"?. Hence dh(z’) is C-linear at every point and h is holomorphic. 


§ 8. Exercises 


§ 8.1. Let QC C” be an open set such that 
zE€Q, AEC, [Al <l—rAzEQ. 


Show that Q is a union of polydisks of center 0 (with arbitrary linear changes of coordinates) and infer 
that the space of polynomials C[z1,..., zn] is dense in @(Q) for the topology of uniform convergence on 
compact subsets and in 6(Q) 1 C°(Q) for the topology of uniform convergence on 2. 

Hint: consider the Taylor expansion of a function f € @(Q) at the origin, writing it as a series of 
homogeneous polynomials. To deal with the case of 2, first apply a dilation to f. 
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§ 8.2. Let BCC” be the unit euclidean ball, S = 0B and f € @(B)NC°(B). Our goal is to check 
the following Cauchy formula: 


Sail t(2) 
fw) = —— f aoe wr) 


O2n—-1 (w,z))” 


a) By means of a unitary transformation and Exercise 8.1, reduce the question to the case when 
w = (wy,0,...,0) and f(z) is a monomial z°. 


b) Show that the integral [7 2°Z? dA(z) vanishes unless a = (k,0,...,0). Compute the value of the 
remaining integral by the Fubini theorem, as well as the integrals Ie ater do(z). 


c) Prove the formula by a suitable power series expansion. 


§ 8.3. Acurrent T € D,(M) is said to be normal if both T and dT are of order zero, i.e. have measure 
coefficients. 


a) If T is normal and has support contained in a C! submanifold Y C M, show that there exists a 
normal current © on Y such that T = j,©, where j : Y —> M is the inclusion. 
Hint: if v1 =... = %q = O are equations of Y in a coordinate system (x1,...,%n), observe that 
£;T =2x;dT =0 for 1 <j <q and infer that dx; A... A dq can be factorized in all terms of T. 


b) What happens if p > dimY ? 
c) Are a) and b) valid when the normality assumption is dropped ? 


§ 8.4. Let T= ~Mi<j<n Ljdzj be a closed current of bidegree (0,1) with compact support in C” such 
that dT = 0. 


a) Show that the partial convolution S = (1/7z1) *1 Tj is a solution of the equation dS = T. 


b) Let K = SuppT. If n > 2, show that S has support in the compact set K equal to the union of K 
and of all bounded components of C” \ Kk. 
Hint: observe that S is holomorphic on C” \ K and that S vanishes for |zg| + ...+ |zn| large. 


§ 8.5. Alternative proof of the Dolbeault-Grothendieck lemma. Let v = Desa I eZ gol, 


be a smooth form of bidegree (0,q) on a polydisk Q = D(0,R) C C”, such that d’’v = 0, and let 
w= D(0,r) CC w. Let k be the smallest integer such that the monomials dz z appearing in v only 
involve dzZ1, ..., dz,. Prove by induction on k that the equation d’’u = v can be solved on w. 

Hint: set v = f \ dZ, + g where f, g only involve dzZ1, ..., dZ,_1. Then consider v — d’’ F where 


P= So Fydzy,  Fy(2) = (ee) fa) (—). 


|J|=q-1 


where x; denotes the partial convolution with respect to zz, w(z,) is a cut-off function equal to 1 on 
D(O,re +) and f = d)) yig-1 fr dzy. 


§ 8.6. Construct locally bounded non continuous subharmonic functions on C. 
Hint: consider e“ where u(z) = 7551277 log |z — 1/3]. 


§ 8.7. Let w be an open subset of R”, n > 2, and u a subharmonic function which is not locally —oo. 


a) For every open set w CC Q, show that there is a positive measure ys with support in @ and a harmonic 
function h on w such that u= N«xu+thonw. 


b) Use this representation to prove the following properties: u € Lf. for all p < n/(n — 2) and 
du/Ox; € LP. for all p< n/(n—1). 


§ 8.8. Show that a connected open set Q C R” is convex if and only if Q has a locally convex 
exhaustion function y. 

Hint: to show the sufficiency, take a path ¥ : [0, 1] — Q joining two arbitrary points a, b € 2 and consider 
the restriction of y to [a, y(to)] NQ where to is the supremum of all t such that [a, y(u)] C Q for u € [0, t]. 
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§ 8.9. Let ri,r2 € ]1, +o0[. Consider the compact set 

K = {lal <ri, |zal < UU {lal <1, [22] <r2} CC’. 
Show that the holomorphic hull of K in C? is 

Ke {lzi| <ri, lze| < ra, jerft/ 18" |zg|t/ 872 < e}. 


Hint: to show that K is contained in this set, consider all holomorphic monomials fies eee 
To show the converse inclusion, apply the maximum principle to the domain |z1| < 11, |z2| < r2 on 


suitably chosen Riemann surfaces z['! 253? =. 


§ 8.10. Compute the rank of the Levi form of the ellipsoid |z1|? + |z3|4 + |z3|® < 1 at every point of 
the boundary. 


§ 8.11. Let X be a complex manifold and let u(z) = jen \fj|?, f7 € O(X), be a series converging 
uniformly on every compact subset of X. Prove that the limit is real analytic and that the series remains 
uniformly convergent by taking derivatives term by term. ee 

Hint: since the problem is local, take X = B(0,r), a ball in C”. Let g;(z) = g;(Z) be the conjugate 
function of f; and let U(z, w) = yen fj (z)gj(w) on X x X. Using the Cauchy-Schwarz inequality, show 
that this series of holomorphic functions is uniformly convergent on every compact subset of X x X. 


§ 8.12. Let Q CC” be a bounded open set with C? boundary. 


a) Let a € OQ be a given point. Let e, be the outward normal vector to Tgo,, (€1,---,€n—1) an 
orthonormal basis of ”T,(0Q) in which the Levi form is diagonal and (z1,...,2n) the associated 
linear coordinates centered at a. Show that there is a neighborhood V of a such that OQ) V is 
the graph Re zn = —(21,---, 2n—1, Im zn) of a function y such that y(z) = O(|z|?) and the matrix 
07—p/0z;0Z%%(0), 1 < j,k <n—1 is diagonal. 


b) Show that there exist local analytic coordinates w1 = 21,...,Wn—1 = Zn—1, Wn = Zn + >> Cjk24 Zk 
on a neighborhood V’ of a = 0 such that 


QNV! =V'N{Rewn + S-> dj lw; |? + o(|w|?) < 0}, A; ER 
1<j<n 


and that A, can be assigned to any given value by a suitable choice of the coordinates. 


Hint: Consider the Taylor expansion of order 2 of the defining function p(z) = (Re zn + y(z))(1 + 
Re >> cjz;) where c; € C are chosen in a suitable way. 


c) Prove that OQ is strongly pseudoconvex at a if and only if there is a neighborhood U of a and a 
biholomorphism © of U onto some open set of C” such that ®(Q MU) is strongly convex. 


d) Assume that the Levi form of 0Q is not semipositive. Show that all holomorphic functions f € @(Q) 
extend to some (fixed) neighborhood of a. 
Hint: assume for example 1 < 0. For ¢ > 0 small, show that ] contains the Hartogs figure 


{e/2 < |wi| < €} x {|wj| < ehrcjen X {lwn| < 69/7, Rewn < 9} U 


{Iwi| <€} x {lws] < e?}rcjen x {lwn] < 9/2, Rewn < —e7}. 


§ 8.13. Let 2 C C” be a bounded open set with C? boundary and p € C?(Q,R) such that p < 0 on 
Q, p =0 and dp £0 on OQ. Let f € C!(OQ,C) be a function satisfying the tangential Cauchy-Riemann 
equations 


1 
é’.f=0, VvEETon, "= 5b + id). 
a) Let fo be a C! extension of f to Q. Show that d’ fo A dp = 0 on OO and infer that v = Igd” fo is 
a d’’-closed current on C”. 


b) Show that the solution u of d’u = v provided by Cor. 3.27 is continuous and that f admits an 
extension f € 6(Q) N C°(Q) if OQ is connected. 
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§ 8.14. Let Q C C” be a bounded pseudoconvex domain with C? boundary and let 5(z) = d(z, CQ) 
be the euclidean distance to the boundary. 


a) Use the plurisubharmonicity of — log 6 to prove the following fact: for every € > 0 there is a constant 
Ce > 0 such that 
~H6.(€) | _|d’5z.€)? 


eS Leer a, 2 
ie) 7° yaar FORE 70° 


for € € C” and z near 02. 
b) Set ~(z) = —log6(z) + K|z|?. Show that for K large and a small the function 


p(z) = — exp ( - av(z)) = - (eI 5(2))" 
is plurisubharmonic. 


c) Prove the existence of a plurisubharmonic exhaustion function u : Q — [—1, 0[ of class C? such that 
|u(z)| has the same order of magnitude as 6(z)* when z tends to 02. 
Hint: consult [Diederich-Fornaess 1976]. 


§ 8.15. Let Q =w+iR” be a connected tube in C” of base w. 


a) Assume first that n = 2. Let T C R? be the triangle 2; > 0, v2 >0, 21 +22 <1, and assume that 
the two edges [0, 1] x {0} and {0} x [0, 1] are contained in w. Show that every holomorphic function 
f € @(Q) extends to a neighborhood of T + iR?. 
Hint: let 7 : C? —+ R? be the projection on the real part and M- the intersection of 7~!((1+.¢)T) 
with the Riemann surface z1 + z2 — $(z7 + 23) = 1 (a non degenerate affine conic). Show that M- 
is compact and that 


m(OM-) C ([0,1 +] x {O}) U ({0O} x [0,1 +¢]) Cw, 
m({0,1)-Me) DT 


for « small. Use the Cauchy formula along 0M, (in some parametrization of the conic) to obtain an 
extension of f to [0,1]-M-+iR”. 


b) In general, show that every f € G(Q) extends to the convex hull Q. 
Hint: given a,b € w, consider a polygonal line joining a and 6b and apply a) inductively to obtain an 
extension along [a, b] + iR”. 


§ 8.16. For each integer v > 1, consider the algebraic variety 


Xy = {(z,w,) EC; we=p(z)}, p= JT] -1/8), 


1l<k<v 


and the map jy : X, — Xv+1 such that 


ju(2,w,t) = («. ws (2 an) 


a) Show that X, is a Stein manifold, and that j, is an embedding of Xz, onto an open subset of X)+1. 


b) Define X = lim(Xz, jv), and let my : X, > C? be the projection to the first two coordinates. Since 
Ty+4+1 0 jy = Ty, there exists a holomorphic map 7: X — C2,  =lim7z,. Show that 


C2 \a(X) = {(z,0) E€C?;z41/v, WEN, v >i}, 


and especially, that (0,0) ¢ 7(X). 


c) Consider the compact set 
R= a ({(z,w) EC?; |z| <1, |w| = Uy 


By looking at points of the forms (1/v,w,0), |w| = 1, show that m—1(1/v,1/v) € Kecx)- Conclude 
from this that X is not holomorphically convex (this example is due to [Fornaess 1977]). 
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§ 8.17. Let X be a complex manifold, and let 7 : X > X bea holomorphic unramified covering of X 
(X and X are assumed to be connected). 


a) 


b) 


d) 


Let g be a complete riemannian metric on X, and let d be the geodesic distance on X associated 
to g = m*g (see VIII-2.3 for definitions). Show that g is complete and that do(x) := d(x,xo) is a 
continuous exhaustion function on X, for any given point xp € X. 


Let (Ua) be a locally finite covering of X by open balls contained in coordinate open sets, such 
that all intersections U2 1 Ug are diffeomorphic to convex open sets (see Lemma IV-6.9). Let 64 
be a partition of unity subordinate to the covering (Ua), and let 5. be the convolution of 69 with 
a regularizing kernel pz, on each piece of t~!(Uq) which is mapped biholomorphically onto Ua. 
Finally, set 6 = S>(@,07)de,. Show that if (€q) is a collection of sufficiently small positive numbers, 
then 6 is a smooth exhaustion function on X. 


Using the fact that 69 is 1-Lipschitz with respect to d, show that derivatives 0!”|5(x)/Ox” of a given 
order with respect to coordinates in Ua are uniformly bounded in all components of m~1(Uq), at 
least when x lies in the compact subset Supp6.. Conclude from this that there exists a positive 
hermitian form with continuous coefficients on X such that Hé >—7*y on X. 


If X is strongly pseudoconvex, show that X is also strongly pseudoconvex. 
Hint: let ~ be a smooth strictly plurisubharmonic exhaustion function on X. Show that there exists 
a smooth convex increasing function vy : R — R such that 6+ yo y is strictly plurisubharmonic. 
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Chapter II 


Coherent Sheaves and Analytic Spaces 


The chapter starts with rather general and abstract concepts concerning sheaves and ringed spaces. 
Introduced in the decade 1950-1960 by Leray, Cartan, Serre and Grothendieck, sheaves and ringed 
spaces have since been recognized as the adequate tools to handle algebraic varieties and analytic spaces 
in a unified framework. We then concentrate ourselves on the theory of complex analytic functions. 
The second section is devoted to a proof of the Weierstrass preparation theorem, which is nothing but 
a division algorithm for holomorphic functions. It is used to derive algebraic properties of the ring 
@, of germs of holomorphic functions in C”. Coherent analytic sheaves are then introduced and the 
fundamental coherence theorem of Oka is proved. Basic properties of analytic sets are investigated 
in detail: local parametrization theorem, Hilbert’s Nullstellensatz, coherence of the ideal sheaf of an 
analytic set, analyticity of the singular set. The formalism of complex spaces is then developed and 
gives a natural setting for the proof of more global properties (decomposition into global irreducible 
components, maximum principle). After a few definitions concerning cycles, divisors and meromorphic 
functions, we investigate the important notion of normal space and establish the Oka normalization 
theorem. Next, the Remmert-Stein extension theorem and the Remmert proper mapping theorem on 
images of analytic sets are proved by means of semi-continuity results on the rank of morphisms. As an 
application, we give a proof of Chow’s theorem asserting that every analytic subset of P” is algebraic. 
Finally, the concept of analytic scheme with nilpotent elements is introduced as a generalization of 
complex spaces, and we discuss the concepts of bimeromorphic maps, modifications and blowing-up. 


§ 1. Presheaves and Sheaves 


§1.A. Main Definitions. 


Sheaves have become a very important tool in analytic or algebraic geometry as 
well as in algebraic topology. They are especially useful when one wants to relate global 
properties of an object to its local properties (the latter being usually easier to establish). 
We first introduce the axioms of presheaves and sheaves in full generality and give some 
basic examples. 


(1.1) Definition. Let X be a topological space. A presheaf A on X consists of the 
following data: 


a) a collection of non empty sets A(U) associated with every open set U Cc X, 


b) a collection of maps pu,y : A(V) —+ A(U) defined whenever U C V and satisfying 
the transitivity property 


c) pu,v °pv.w =puw for UCV CW, pu,y =Idy for every U. 


The set A(U) is called the set of sections of the presheaf 1 over U. 
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Most often, the presheaf Sf is supposed to carry an additional algebraic structure. 
For instance: 


(1.2) Definition. A presheaf 1 is said to be a presheaf of abelian groups (resp. rings, R- 
modules, algebras) if all sets A(U) are abelian groups (resp. rings, R-modules, algebras) 
and if the maps pu,v are morphisms of these algebraic structures. In this case, we always 
assume that si(0) = {0}. 


(1.3) Example. If we assign to each open set U C X the set @(U) of all real valued 
continuous functions on U and let py,y be the obvious restriction morphism “é(V) — 
‘é(U), then © is a presheaf of rings on X. Similarly if X is differentiable (resp. complex 
analytic) manifold, there are well defined presheaves of rings ‘é" of functions of class ‘é" 
(resp. @) of holomorphic functions) on X. Because of these examples, the maps py,y in 
Def. 1.1 are often viewed intuitively as “restriction homomorphisms”, although the sets 
sA(U) are not necessarily sets of functions defined over U. For the simplicity of notation 
we often just write pu.v(f) = fru whenever f € A(V), V DU. 


For the above presheaves “€, ‘", G, the properties of functions under consideration 
are purely local. As a consequence, these presheaves satisfy the following additional 
gluing axioms, where (U,) and U = JU, are arbitrary open subsets of X : 


(1.4’) If Fy € M(UQ) are such that py.nug,ua (Fa) = PUanUsUe (Fs) 
for all a, G, there exists F € (U) such that py, u(F) = Fa; 


(4) If F,G € A(U) and pu, u(F) = pu,,u(G) for all a, then F = G; 


in other words, local sections over the sets U, can be glued together if they coincide in 
the intersections and the resulting section on U is uniquely defined. Not all presheaves 
satisfy (1.4’) and (1.4”): 


(1.5) Example. Let E be an arbitrary set with a distinguished element 0 (e.g. an abelian 
group, a R-module, ...). The constant presheaf Ex on X is defined to be Ex(U) = E 
for all@ AU C X and Ex(0) = {0}, with restriction maps py,y = Idg if 0 A U C V and 
pu,y = 0 if U =. Then axiom (1.4’) is not satisfied if U is the union of two disjoint 
open sets U;, Uz and E contains a non zero element. 


(1.6) Definition. A presheaf Sl is said to be a sheaf if it satisfies the gluing axioms 
(1.4’) and (1.4”). 


If sd, B are presheaves of abelian groups (or of some other algebraic structure) on 
the same space X, a presheaf morphism y : 1 — & is a collection of morphisms yy : 
A(U) — ABU) commuting with the restriction morphisms, i.e. such that for each pair 
U CV there is a commutative diagram 

(Vv) 2% BV) 
puvi Let 
a(u) £2 BU). 
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We say that sf is a subpresheaf of &% in the case where yy : M(U) C B(V) is the inclusion 
morphism; the commutation property then means that poy (A(V)) Cc s(U) for all U, 
V, and that Pv coincides with Poy on S(V). If sf is a subpresheaf of a presheaf BH of 
abelian groups, there is a presheaf quotient “6 = BH/si defined by E(U) = B(U)/A(U). 
In a similar way, one defines the presheaf kernel (resp. presheaf image, presheaf cokernel) 
of a presheaf morphism y : 4 — B® to be the presheaves 


Ue Ker gy, UrImgy, U + Cokeryy. 


The direct sum 91 @ & of presheaves of abelian groups 1, B is the presheaf U + (U) @ 
B(U), the tensor product sf © B of presheaves of R-modules is U +> A(U) @rR BV), 
etc... 


(1.7) Remark. The reader should take care of the fact that the presheaf quotient of 
a sheaf by a subsheaf is not necessarily a sheaf. To give a specific example, let X = S1 
be the unit circle in R?, let “€ be the sheaf of continuous complex valued functions and 
the subsheaf of integral valued continuous functions (i.e. locally constant functions to 
Z). The exponential map 


yp = exp(27ie) : 6 — €* 


is a morphism from © to the sheaf ‘é* of invertible continuous functions, and the kernel 
of ~ is precisely &. However yy is surjective for all U # X but maps “é(X) onto the 
multiplicative subgroup of continuous functions of “€*(X) of degree 0. Therefore the 
quotient presheaf “é/Z is not isomorphic with “é*, although their groups of sections 
are the same for all U # X. Since “€* is a sheaf, we see that “6/ZF does not satisfy 
property (1.4’). 


In order to overcome the difficulty appearing in Example 1.7, it is necessary to intro- 
duce a suitable process by which we can produce a sheaf from a presheaf. For this, it is 
convenient to introduce a slightly modified viewpoint for sheaves. 


(1.8) Definition. Jf si is a presheaf, we define the set An of germs of A at a point 
x € X to be the abstract inductive limit 


Se a lim (sl(U), pu,v). 
U2d2 


More explicitely, Sl, is the set of equivalence classes of elements in the disjoint union 
Llus, “(U) taken over all open neighborhoods U of x, with two elements F, € A(U1), 
Fy € A(U2) being equivalent, Fy ~ F2, if and only if there is a neighborhood V Cc U,, U2 
such that Fiyy = Fayv, t.e., pvu, (Fi) = pvu.(f2). The germ of an element F € A(U) 
at a point x © U will be denoted by Fy. 


Let Sf be an arbitrary presheaf. The disjoint union of = I] SM, can be equipped 


with a natural topology as follows: for every F' € si(U), we set 


cEx 


Qrv ={Fr; ceU} 


and choose the Qyy to be a basis of the topology of oA: note that this family is stable 
by intersection: Ory NQ¢G,v = QH,w where W is the (open) set of points x Ee UNV at 
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which F, = G, and H = pw (F). The obvious projection map 7 : of + X which sends 
sl, to {x} is then a local homeomorphism (it is actually a homeomorphism from Qpy 
onto U). This leads in a natural way to the following definition: 


(1.9) Definition. Let X and & be topological spaces (not necessarily Hausdorff), and 
let 7: S —> X be a mapping such that 


a) m maps Sf onto X ; 


b) a is a local homeomorphism, that is, every point in S has an open neighborhood which 
is mapped homeomorphically by m onto an open subset of X. 


Then & is called a sheaf-space on X and 7x is called the projection of S on X. Ifx EX, 
then Sy, = 1 *(x) is called the stalk of F at x. 


If Y is a subset of X, we denote by I'(Y,Y) the set of sections of F on Y, i.e. the set 
of continuous functions F': Y — & such that 7 o F = Idy. It is clear that the presheaf 
defined by the collection of sets S’/(U) := T(U, YF) for all open sets U Cc X together with 
the restriction maps py,v satisfies axioms (1.4’) and (1.4”), hence J” is a sheaf. The set 
of germs of Y at x is in one-to-one correspondence with the stalk S, = 7~1(x), thanks 
to the local homeomorphism assumption 1.9 b). This shows that one can associate in a 
natural way a sheaf Y’ to every sheaf-space FY, and that the sheaf-space (F’)~ can be 
considered to be identical to the original sheaf-space . Since the assignment Fr J 
from sheaf-spaces to sheaves is an equivalence of categories, we will usually omit the 
prime sign in the notation of FS’ and thus use the same symbols for a sheaf-space and its 
associated sheaf of sections; in a corresponding way, we write [(U, SY) = F(U) when U 
is an open set. 


Conversely, given a presheaf si on X, we have an associated sheaf-space of and an 
obvious presheaf morphism 


(1.10) A(U) 3 A'(U) =T(U, A), Fre F=(UstHF,). 


This morphism is clearly injective if and only if 9 satisfies axiom (1.4”), and it is not 
difficult to see that (1.4’) and (1.4”) together imply surjectivity. Therefore 1 > sf’ is 
an isomorphism if and only if sf is a sheaf. According to the equivalence of categories 
between sheaves and sheaf-spaces mentioned above, we_will use from now on the same 
symbol sf for the sheaf-space and its associated sheaf 1’; one says that fis the sheaf 
associated with the presheaf A. If sf itself is a sheaf, we will again identify 1 and 1, but 
we will of course keep the notational difference for a presheaf sf which is not a sheaf. 


(1.11) Example. The sheaf associated to the constant presheaf of stalk E over X is 
the sheaf of locally constant functions X — E. This sheaf will be denoted merely by Ex 
or F if there is no risk of confusion with the corresponding presheaf. In Example 1.7, 
we have & = Zx and the sheaf (€/Zx)~ associated with the quotient presheaf “6/Zx 
is isomorphic to “é* via the exponential map. 


In the sequel, we usually work in the category of sheaves rather than in the category 
of presheaves themselves. For instance, the quotient %/s of a sheaf B by a subsheaf sf 
generally refers to the sheaf associated with the quotient presheaf: its stalks are equal 
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to Bz /Ax, but a section G of B/si over an open set U need not necessarily come from 
a global section of Z(U); what can be only said is that there is a covering (U,) of U 
and local sections F, € B(U.) representing Gry, such that (Fg — Fa) ju.nu,z belongs to 
A(U,_ Ug). A sheaf morphism y : 4 — S&B is said to be injective (resp. surjective) if 
the germ morphism ¢, : Sl, — By is injective (resp. surjective) for every x € X. Let us 
note again that a surjective sheaf morphism y does not necessarily give rise to surjective 
morphisms yy : M(U) > BU). 


§ 1.B. Direct and Inverse Images of Sheaves 


Let X, Y be topological spaces and let f : X — Y be a continuous map. If 4 isa 
presheaf on X, the direct image f,M is the presheaf on Y defined by 


(1.12) f.A(U) = A(f-*(U)) 


for all open sets U C Y. When “ is a sheaf, it is clear that f,S also satisfies axioms 
(1.4) and (1.4”), thus f,91 is a sheaf. Its stalks are given by 


(1.13) (fy = lim of(f~(V)) 
V5y 


where V runs over all open neighborhoods of y € Y. 


Now, let &% be a sheaf on Y, viewed as a sheaf-space with projection map 7: BY. 
We define the inverse image f~'B by 


(1.14) f'B=Brxy X={(s,z)€e Bx X; ns) =f(ayt 


with the topology induced by the product topology on Bx X. It is then easy to see 
that the projection 7’ = pr. : f-'B— X is a local homeomorphism, therefore f~'R is 
a sheaf on X. By construction, the stalks of f~'DB are 


(1.15) (Bis = B f(x); 


and the sections o € f~'R(U) can be considered as continuous mappings s:U — B 
such that 700 = f. In particular, any section s € B(V) on an open set V C Y hasa 
pull-back 


(1.16) fts=sof € f'B(f(V)). 
There are always natural sheaf morphisms 
(1.17) fvcfsd —- of, Bof,f'DB 


defined as follows. A germ in (f~'f,9), = (f, 4) ¢(a) is defined by a local section 
s € (f,M)(V) = M(f-1(V)) for some neighborhood V of f(x); this section can be 
mapped to the germ s;, € M,. In the opposite direction, the pull-back f*s of a section 
s € B(V) can be seen by (1.16) as a section of f, f~'B(V). It is not difficult to see that 
these natural morphisms are not isomorphisms in general. For instance, if f is a finite 
covering map with q sheets and if we take i = Ex, B= Ey to be constant sheaves, 
then f,Ex ~ EY and f—~'Ey = Ex, thus f-'f, Ex ~ E% and f,f~'Ey ~ E}. 
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§1.C. Ringed Spaces 


Many natural geometric structures considered in analytic or algebraic geometry can 
be described in a convenient way as topological spaces equipped with a suitable “struc- 
ture sheaf” which, most often, is a sheaf of commutative rings. For instance, a lot of 
properties of ‘€* differentiable (resp. real analytic, complex analytic) manifolds can be 
described in terms of their sheaf of rings “€% of differentiable functions (resp. “€% of 
real analytic functions, ©x of holomorphic functions). We first recall a few standard 
definitions concerning rings, referring to textbooks on algebra for more details (see e.g. 
[Lang 1965]). 


(1.18) Some definitions and conventions about rings. All our rings R are supposed 
implicitly to have a unit element 1p (if R = {0}, we agree that lp = OR), and a ring 
morphism R — R' is supposed to map 1g to lg. In the subsequent definitions, we 
assume that all rings under consideration are commutative. 


a) An ideal I C R is said to be prime if xy € I implies x € I ory € TI, «e., if the 
quotient ring R/I is entire. 


b) An ideal I C R is said to be maximal if I 4 R and there are no ideals J such that 
ICJCR (equivalently, if the quotient ring R/I is a field). 


c) The ring R is said to be a local ring if R has a unique maximal ideal m (equivalently, 
if R has an ideal m such that all elements of R \ m are invertible). Its residual field 
is defined to be the quotient field R/m. 


d) The ring R is said to be Noetherian if every ideal I C R is finitely generated (equiva- 
lently, if every increasing sequence of ideals I, C Ig C ... is stationary). 


e) The radical VI of an ideal I is the set of all elements x € R such that some power 
xz™, m EN*, lies in in I. Then vI is again an ideal of R. 


f) The nilradical N(R) = \/{0} is the ideal of nilpotent elements of R. The ring R is 
said to be reduced if N(R) = {0}. Otherwise, its reduction is defined to be the reduced 
ring R/N(R). 


We now introduce the general notion of a ringed space. 


(1.19) Definition. A ringed space is a pair (X,Rx) consisting of a topological space 
X and of a sheaf of rings Rx on X, called the structure sheaf. A morphism 
FF: (X,&x) - (Y, Ry) 
of ringed spaces is a pair (f, F*) where f : X > Y is a continuous map and 
F* > ff "Gy oy, FF : Ry (2) > Axe 


a homomorphism of sheaves of rings on X, called the comorphism of F. 


If F : (X,Rx) - (Y, Ay) and G: (Y,Ry) — (Z,Rz) are morphisms of ringed 
spaces, the composite Go F' is the pair consisting of the map go f : X — Z and of the 
comorphism (Go F)* = F* o f~!G*: 


-lq* 
(1.20) Fro fla: fog hz OR pay 2 ay, 
FROG a) 1 Ra,gof(e) ——> Ry,f(2) —F Rx,2- 
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We say of course that F’ is an isomorphism of ringed spaces if there exists G such that 
Gof =TIdyx and FoG=Idy. 


If (X, Rx) is a ringed space, the nilradical of Rx defines an ideal subsheaf Vx 
of Rx, and the identity map Idx : X — X together with the ring homomorphism 
Rx > Rx/N x defines a ringed space morphism 


(1.21) (X, Rx / Nx) > (X, Rx) 


called the reduction morphism. Quite often, the letter X by itself is used to denote the 
ringed space (X, Rx); we then denote by Xreq = (X, Rx /N x) its reduction. The ringed 
space X is said to be reduced if Nx = 0, in which case the reduction morphism X;eq — X 
is an isomorphism. In all examples considered later on in this book, the structure sheaf 
Rx will be a sheaf of local rings over some field k. The relevant definition is as follows. 


(1.22) Definition. 


a) A local ringed space is a ringed space (X,Rx) such that all stalks Rx» are local 
rings. The maximal ideal of Rx, will be denoted by mx,,. A morphism F = (f, F*): 
(X,Rx) — (Y,Ry) of local ringed spaces is a morphism of ringed spaces such that 
Fe (my, f(z) C Mx,x at any point x € X (i.e., FX is a “local” homomorphism of 
rings). 


b) A local ringed space over a field k is a local ringed space (X, Ax) such that all rings 
Rx. are local k-algebras with residual field Rx «/Mx ~k. A morphism F between 
such spaces is supposed to have its comorphism defined by local k-homomorphisms 
Ee : Ry, f(x) —7 are 


If (X, x) is a local ringed space over k, we can associate to each section s € Rx (U) 
a function 
s:U—Sk, LH s(x) CK = Rx o/Mx,2, 


and we get a sheaf morphism Ry — Rx onto a subsheaf of rings Rx of the sheaf of 
functions from X to k. We clearly have a factorization 


Rx ~ Rx/Nx 9 Ax, 


and thus a corresponding factorization of ringed space morphisms (with Idx as the 
underlying set theoretic map) 


Kgieved _- Kea — xX 


where X¢t-rea = (X, Rx) is called the strong reduction of (X,Rx). It is easy to see that 
Xst-red iS actually a reduced local ringed space over k. We say that X is strongly reduced 
if Rx — Rx is an isomorphism, that is, if Rx can be identified with a subsheaf of 
the sheaf of functions X — k (in our applications to the theory of algebraic or analytic 
schemes, the concepts of reduction and strong reduction will actually be the same; in 
general, these notions differ, see Exercise ??.??). It is important to observe that reduction 
(resp. strong reduction) is a fonctorial process: 
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if F = (f, F*) : (X, Rx) — (Y, Ry) is a morphism of ringed spaces (resp. of local ringed 
spaces over k), there are natural reductions 


r r 


Fit-rea = (f, f*) : Xst-rea > Yat-vea, f* : Ry pny 7 Axe, TGF 


Prea = (f, Fea) : Xred Yrea; HA : Ry, p(x) / Ny, f(x) aes Risen l N xn, 


where f* is the usual pull-back comorphism associated with f. Therefore, if (X, Rx) 
and (Y,Ry) are strongly reduced, the morphism F' is completely determined by the 
underlying set-theoretic map f. Our first basic examples of (strongly reduced) ringed 
spaces are the various types of manifolds already defined in Chapter I. The language of 
ringed spaces provides an equivalent but more elegant and more intrinsic definition. 


(1.23) Definition. Let X be a Hausdorff separable topological space. One can define 
the category of €*, k € NU {co,w}, differentiable manifolds (resp. complex analytic 
manifolds) to be the category of reduced local ringed spaces (X, Rx) over R (resp. over C), 
such that every point x € X has a neighborhood U on which the restriction (U,Rx jy) is 
isomorphic to a ringed space (Q, €8) where Q CR” is an open set and “€§, is the sheaf 
of “€* differentiable functions (resp. (Q,@q), where Q C C” is an open subset, and Gg 
is the sheaf of holomorphic functions on Q). 


We say that the ringed spaces (Q,€%) and (Q,Gg) are the models of the category 
of differentiable (resp. complex analytic) manifolds, and that a general object (X, Rx) 
in the category is locally isomorphic to one of the given model spaces. It is easy to see 
that the corresponding ringed spaces morphisms are nothing but the usual concepts of 
differentiable and holomorphic maps. 


§1.D. Algebraic Varieties over a Field 


As a second illustration of the notion of ringed space, we present here a brief intro- 
duction to the formalism of algebraic varieties, referring to [Hartshorne 1977] or [EGA 
1967] for a much more detailed exposition. Our hope is that the reader who already has 
some background of analytic or algebraic geometry will find some hints of the strong 
interconnections between both theories. Beginners are invited to skip this section and 
proceed directly to the theory of complex analytic sheaves in §,2. All rings or algebras 
occurring in this section are supposed to be commutative rings with unit. 


§1.D.1. Affine Algebraic Sets. Let k be an algebraically closed field of any characteristic. 
An affine algebraic set is a subset X C kN of the affine space k% defined by an arbitrary 
collection S C k[T,,..., In] of polynomials, that is, 


XS VS) =H{ Gi tegen ek FP eis an) 0, VP Sst. 


Of course, if J C k[T),...,Tn] is the ideal generated by S, then V(S) = V(J). As 
k{(T,..., Zn] is Noetherian, J is generated by finitely many elements (P),..., Pm), thus 
X =V({Pi,...,Pm}) is always defined by finitely many equations. Conversely, for any 
subset Y Ck, we consider the ideal I(Y) of k[T,,..., Tn], defined by 


1(Y) ={PeEk[N,...,Tw]; P(z) =0, Vz €Y}. 


Of course, if Y c k% is an algebraic set, we have V(I(Y)) = Y. In the opposite direction, 
we have the following fundamental result. 
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(1.24) Hilbert’s Nullstellensatz (see [Lang 1965]). If J C k[Ti,...,Tn] is an ideal, 
then I(V(J)) = VJ. 


If X = V(J) C k* is an affine algebraic set, we define the (reduced) ring @(X) of 
algebraic functions on X to be the set of all functions X — k which are restrictions of 
polynomials, i.e., 


(1.25) 6(X) =k[Ti,...,Tw]/I(X) =k/T,...,Tn]/VI. 


This is clearly a reduced k-algebra. An (algebraic) morphism of affine algebraic sets 
X=V(J) CkN,Y =V(J’) C kX isamap f : Y — X which is the restriction of a 
polynomial map k% tok’. We then get a k-algebra homomomorphism 


fi: GOX) OY), srsof, 
called the comorphism of f. In this way, we have defined a contravariant fonctor 
(1.26) XH G(X), fr f* 
from the category of affine algebraic sets to the category of finitely generated reduced 


k-algebras. 


We are going to show the existence of a natural fonctor going in the opposite direction. 
In fact, let us start with an arbitrary finitely generated algebra A (not necessarily reduced 
at this moment). For any choice of generators (g1,...,gn) of A we get a surjective 
morphism of the polynomial ring k|T1,..., Tv] onto A, 


k[T,,...,Tn] — A, Tae 


and thus A ~ k|T,...,7Zn]/J with the ideal J being the kernel of this morphism. It is 
well-known that every maximal ideal m of A has codimension 1 in A (see [Lang 1965]), so 
that m gives rise to a k-algebra homomorphism A — A/m =k. We thus get a bijection 


Homaig(A, k) — Spm(A), ut Keru 


between the set of k-algebra homomorphisms and the set Spm(A) of maximal ideals 
of A. In fact, if A = k[T),...,Tn]/J, an element » € Homai,(A,k) is completely 
determined by the values z; = y(Z; mod J), and the corresponding algebra homomor- 
phism k[T,,...,Tnw] — k, P+ P(z1,...,zn) can be factorized mod J if and only if 
z=(z,...,2v) € kN satisfies the equations 


Pigs en) =U; VP eé J. 
We infer from this that 
Spm(A) ~ V(J) = {(21,...,2N) € k™. P(z,...,zn) =0, VP € J} 


can be identified with the affine algebraic set V(J) C kN. If we are given an algebra 
homomorphism ®: A — B of finitely generated k-algebras we get a corresponding map 
Spm(®) : Spm(B) — Spm(A) described either as 

Spm(B) > Spm(A), mre &71(m)_ or 

Homaig(B,k) + Homaig(A,k), vrevo®. 
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If B = k(T{,...,T4]/J’ and Spm(B) = V(J’) ck", it is easy to see that Spm(®) : 
Spm(B) — Spm(A) is the restriction of the polynomial map 


fikN kN, we f(w) =(Pi(w),...,Pw(w)), 


where P; € k[Tj,..., Ty] are polynomials such that P; = ®(T;) mod J’ in B. We have 
in this way defined a contravariant fonctor 


(1.27) At Spm(A), ® +> Spm(®) 


from the category of finitely generated k-algebras to the category of affine algebraic sets. 


Since A = k[T,...,Tn]/J and its reduction A/N(A) = k[T,,...,Ty]/VJ give rise 
to the same algebraic set 


V(J) = Spm(A) = Spm(A/N(A)) = V(VJ), 


we see that the category of affine algebraic sets is actually equivalent to the subcategory 
of reduced finitely generated k-algebras. 


(1.28) Example. The simplest example of an affine algebraic set is the affine space 
kN = Spm(k[T),...,Tn]), 


in particular Spm(k) = k® is just one point. We agree that Spm({0}) = 0 (observe that 
V(J) =@ when J is the unit ideal in k[T),...,T]). 


§ 1.D.2. Zariski Topology and Affine Algebraic Schemes. Let A be a finitely generated 
algebra and X = Spm(A). To each ideal a C A we associate the zero variety V(a) C X 
which consists of all elements m € X = Spm(A) such that m D a; if 


Awk[T1,...,Tw]/J and X ~V(J) CRN, 


then V(a) can be identified with the zero variety V(Ja) C X of the inverse image Ja of 
ain k[T),...,7~]. For any family (a.) of ideals in A we have 


vO" Ces) => () V(da), V(az) U V (az) = V(aya2), 


hence there exists a unique topology on X such that the closed sets consist precisely of 
all algebraic subsets (V(a))aca of X. This topology is called the Zariski topology. The 
Zariski topology is almost never Hausdorff (for example, if X = k is the affine line, the 
open sets are J and complements of finite sets, thus any two nonempty open sets have 
nonempty intersection). However, X is a Noetherian space, that is, a topological space 
in which every decreasing sequence of closed sets is stationary; an equivalent definition 
is to require that every open set is quasi-compact (from any open covering of an open 
set, one can extract a finite covering). 


We now come to the concept of affine open subsets. For s € A, the open set D(s) = 
X ~\ V(s) can be given the structure of an affine algebraic variety. In fact, if A = 
k{T,,...,Tn|/J and s is represented by a polynomial in k[T),..., Ty], the localized ring 
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A{1/s] can be written as A[1/s] = k[T1,...,Tn, Tn4i]/Js where Js = J[Tn41]+(sTw4i- 
1), thus 
V(Js) = {(z,w) € V(J) x k; s(z) w = 1} ~ V(T) \ 8~*(0) 


and D(s) can be identified with Spm(A[1/s]). We have D(s1) NM D(s2) = D(sis2), and 
the sets (D(s))sc4 are easily seen to be a basis of the Zariski topology on X. The open 
sets D(s) are called affine open sets. Since the open sets D(s) containing a given point 
x € X form a basis of neighborhoods, one can define a sheaf space ©x such that the ring 
of germs Gx, is the inductive limit 


Ox, = lim A{1/s] = {fractions p/q; p,q € A, q(x) # O}. 
D(s)3a 


This is a local ring with maximal ideal 


tx,2 = {p/¢; p,q € A, p(x) = 0, g(x) F O}, 


and residual field @x,./mx,, =k. In this way, we get a ringed space (X,@x) over k. It 
is easy to see that IX, @x) coincides with the finitely generated k-algebra A. In fact, 
from the definition of @x, a global section is obtained by gluing together local sections 
p,;/8; on affine open sets D(s;) with U D(s;) = X,1<j <m. This means that the ideal 
a = (S1,..-,5m) C A has an empty zero variety V(a), thus a = A and there are elements 
uj € A with })uj;s; = 1. The compatibility condition p;/s; = px/s, implies that these 
elements are induced by 


S ujp;/ dus; =) ugp; € A, 


as desired. More generally, since the open sets D(s) are affine, we get 
I(D(s), @x) = A[1/s]. 


It is easy to see that the ringed space (X, @x) is reduced if and only if A itself is reduced; 
in this case, X is even strongly reduced as Hilbert’s Nullstellensatz shows. Otherwise, 
the reduction X,-q can obtained from the reduced algebra Ayeq = A/N(A). 


Ringed spaces (X,@x) as above are called affine algebraic schemes over k (although 
substantially different from the usual definition, our definition can be shown to be equiv- 
alent in this special situation; compare with |Hartshorne 1977]); see also Exercise ??.??). 
The category of affine algebraic schemes is equivalent to the category of finitely generated 
k-algebras (with the arrows reversed). 


§ 1.D.3. Algebraic Schemes. Algebraic schemes over k are defined to be ringed spaces 
over k which are locally isomorphic to affine algebraic schemes, modulo an ad hoc sepa- 
ration condition. 


(1.29) Definition. An algebraic scheme over k is a local ringed space (X,@x) over k 
such that 


a) X has a finite covering by open sets Uy such that (Ua,@xju,,) 18 isomorphic as a 
ringed space to an affine algebraic scheme (Spm(Aq), Gspm(A,)): 
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b) X satisfies the algebraic separation axiom, namely the diagonal Ax of X x X is closed 
for the Zariski topology. 


A morphism of algebraic schemes is just a morphism of the underlying local ringed spaces. 
An (abstract) algebraic variety is the same as a reduced algebraic scheme. 


In the above definition, some words of explanation are needed for b), since the product 
X x Y of algebraic schemes over k is not the ringed space theoretic product, i.e., the 
product topological space equipped with the structure sheaf pr{@x ®, pr3@y. Instead, 
we define the product of two affine algebraic schemes X = Spm(A) and Y = Spm(B) to 
be X x Y = Spm(A @, B), equipped with the Zariski topology and the structural sheaf 
associated with A ®@, B. Notice that the Zariski topology on X x Y is not the product 
topology of the Zariski topologies on X, Y, as the example k? = k x k shows; also, the 
rational function 1/(1 — 2 — zz) € @x2,(0,0) is not in ©x,9 @% Gx,o. In general, if X, Y 
are written as X = JU, and Y = UVz with affine open sets Ua, Vg, we define X x Y 
to be the union of all open affine charts U. x Vg with their associated structure sheaves 
of affine algebraic varieties, the open sets of X x Y being all unions of open sets in the 
various charts U, x V3. The separation axiom b) is introduced for the sake of excluding 
pathological examples such as an affine line kU {0’} with the origin changed into a double 
point. 


§ 1.D.4. Subschemes. If (X,@x) is an affine algebraic scheme and A = [(X, ©x) is 
the associated algebra, we say that (Y, @y) is a subscheme of (X,@x) if there is an ideal 
a of A such that Y — X is the morphism defined by the algebra morphism A — A/a 
as its comorphism. As Spm(A/a) — Spm(A) has for image the set V(a) of maximal 
ideals m of A containing a, we see that Y = V(a) as a set; let us introduce the ideal 
subsheaf § = a@x C Gx. Since the structural sheaf Gy is obtained by taken localizations 
A/al1/s], it is easy to see that ©y coincides with the quotient sheaf ©x /¥ restricted to Y. 
Since a has finitely many generators, the ideal sheaf ¥ is locally finitely generated (see 
§ 2 below). This leads to the following definition. 


(1.30) Definition. [f (X,@x) is an algebraic scheme, a (closed) subscheme is an alge- 
braic scheme (Y,@y) such that Y is a Zariski closed subset of X, and there is a locally 
finitely generated ideal subsheaf $ C ©x such that Y = V(fF) and Oy = (Gx/F)ty. 


If (Y, Gy), (Z, @z) are subschemes of (X, @x) defined by ideal subsheaves f, f’ C Gx, 
there are corresponding subschemes YM Z and Y U Z defined as ringed spaces 


(YNZ Cah ss); (Y UZ,@x/FF'). 


§ 1.D.5. Projective Algebraic Varieties. A very important subcategory of the cate- 
gory of algebraic varieties is provided by projective algebraic varieties. Let py be the 
projective N-space, that is, the set kN*+! \ {0$/k* of equivalence classes of (N + 1)- 
tuples (zo,...,2n) € kN ++ \ {0} under the equivalence relation given by (z0,...,2N) ~ 
X(z0,--.,2N); AX € k*. The corresponding element of PY will be denoted [zo : 21: ...: 
zy]. It is clear that P&, can be covered by the (N +1) affine charts U., 0 < a < N, such 
that 


Ua = {[z0:21:---: zw] € Pe ae Ae 
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The set U, can be identified with the affine N-space k% by the map 


(= ZI Za-1 atl x) 
; * ; ee ; 


N 
Ug —k", [Zo : Z1:-..: Zn] Seis 
Za ma Za Za Za 


With this identification, G(U,,) is the algebra of homogeneous rational functions of degree 
O in z,...,2nN which have just a power of z, in their denominator. It is easy to see that 
the structure sheaves ©y, and Gy, coincide in the intersections U, Ug; they can 
be glued together to define an algebraic variety structure (P’, @py), such that Opn 2] 


consists of all homogeneous rational functions p/q of degree 0 (i.e., deg p = deg q), such 
that q(z) # 0. 


(1.30) Definition. An algebraic scheme or variety (X,@x) is said to be projective if it 
is isomorphic to a closed subscheme of some projective space (PX , Gp). 


We now indicate a standard way of constructing projective schemes. Let S be a 
collection of homogeneous polynomials P; € k[zo,..., zn], of degree d; € N. We define 
an associated projective algebraic set 


V(S) = {[zo:...: zw] € PY; P(z) =0, VP € S}. 


Let J be the homogeneous ideal of k[zo,..., zn] generated by S' (recall that an ideal J is 
said to be homogeneous if J = @Q J is the direct sum of its homogeneous components, 
or equivalently, if J is generated by homogeneous elements). We have an associated 
graded algebra 


B=k[2,.-.,2n//J=€CD Bm, Bm = k[205-- + 2 |m/ Im 


such that B is generated by B,; and B,, is a finite dimensional vector space over k for 
each k. This is enough to construct the desired scheme structure on V(J) := (\)V(Jm), 
as we see in the next subsection. 


§ 1.D.6. Projective Scheme Associated with a Graded Algebra. Let us start with a 
reduced graded k-algebra 
B= @ Bn 


meEN 


such that B is generated by Bp and B, as an algebra, and Bo, By, are finite dimensional 
vector spaces over & (it then follows that B is finitely generated and that all B,, are 
finite dimensional vector spaces). Given s € By,,, m > 0, we define a k-algebra A, to be 
the ring of all fractions of homogeneous degree 0 with a power of s as their denominator, 
i.e., 


(1.31) A, = {p/s*; p€ Bam, d€ N}. 
Since A, is generated by Br over Bo, As is a finitely generated algebra. We define 
U, = Spm(A,) to be the associated affine algebraic variety. For s € Bm and s’ € By, 


we clearly have algebra homomorphisms 


As aie Ags’, Ag) car Aga’, 
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since A,, is the algebra of all 0-homogeneous fractions with powers of s and s’ in the 
denominator. As A,,’ is the same as the localized ring A,[s™ /s’™], we see that U,,, can 
be identified with an affine open set in U,, and we thus get canonical injections 


Use! <2 Oss Uss! a Us. 


(1.32) Definition. [f B = @,,,cn Bm is a reduced graded algebra generated by its finite 
dimensional vector subspaces By and By, we associate an algebraic scheme (X,@x) = 
Proj(B) as follows. To each finitely generated algebra A, = {p/s* ; p€ Bam, d€ N} we 
associate an affine algebraic variety U; = Spm(A,). We let X be the union of all open 
charts U, with the identifications U,;\Us: = Uss ; then the collection (U;) is a basis of the 
topology of X, and @©x is the unique sheaf of local k-algebras such that [(U;, Gx) = Ag 
for each Ug. 


The following proposition shows that only finitely many open charts are actually 
needed to describe X (as required in Def. 1.29 a)). 


(1.33) Lemma. If 50,..., sn is a basis of By, then Proj(B)= UU U,,. 


Proof. In fact, if « € X is contained in a chart U, for some s € By, then U, = 
Spm(A,) 4 @, and therefore A, #4 {0}. As A, is generated by 4B, we can find a 
fraction f = s,;,...8,,,/s representing an element f € ©(U,) such that f(x) 4 0. Then 
a €U,\ f~*(0), and U,~\ f~*(0) = Spm(A,[1/f]) = UsNUs,,N...9Us,,,. In particular 
ze JU. 


Siy * 


(1.34) Example. One can consider the projective space py to be the algebraic scheme 


PN = Proj(k[To,..-, Ty]). 


The Proj construction is fonctorial in the following sense: if we have a graded ho- 
momorphism ® : B — B’ (i.e. an algebra homomorphism such that ©(B,,) C B/,, then 
there are corresponding morphisms A, — Ag(s) U. 5(s) — U,, and we thus find a scheme 
morphism 

F : Proj(B’) — Proj(B). 


Also, since p/s? = ps'/s¢*', the algebras A, depend only on components B,, of large 
degree, and we have A, = A,:. It follows easily that there is a canonical isomorphism 


Proj(B) ~ Proj (®@ Bim). 


Similarly, we may if we wish change a finite number of components B,, without af- 
fecting Proj(B). In particular, we may alway assume that Bo = k1lg. By selecting 
finitely many generators go,...,gn in By, we then find a surjective graded homomor- 
phism k|T7o,...,Tnw] — B, thus B ~ k[To,...,Tn|/J for some graded ideal J C B. 
The algebra homomorphism k/To,...,T] — B therefore yields a scheme embedding 
Proj(B) — P*® onto V(J). 
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We will not pursue further the study of algebraic varieties from this point of view; 
in fact we are mostly interested in the case k = C, and algebraic varieties over C are a 
special case of the more general concept of complex analytic space. 
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§ 2.A. The Weierstrass Preparation Theorem 


Our first goal is to establish a basic factorization and division theorem for analytic 
functions of several variables, which is essentially due to Weierstrass. We follow here a 
simple proof given by C.L. Siegel, based on a clever use of the Cauchy formula. Let g 
be a holomorphic function defined on a neighborhood of 0 in C”, g # 0. There exists a 
dense set of vectors v € C”\ {0} such that the function C 5 t +> g(tv) is not identically 
zero. In fact the Taylor series of g at the origin can be written 


where g“*) is a homogeneous polynomial of degree k on C” and g‘*°) 4 0 for some index 
ko. Thus it suffices to select v such that g‘°)(v) 4 0. After a change of coordinates, we 
may assume that v = (0,...,0,1). Let s be the vanishing order of z, +— g(0,...,0, Zn) 
at Z, = 0. There exists r, > 0 such that g(0,...,0, 2.) #4 0 when 0 < |z,| < rn. By 
continuity of g and compactness of the circle |z,,| = rn, there exists r’ > 0 and « > 0 
such that 


62 2070. forz eC Wier, re =e< velit, 


For every integer k € N, let us consider the integral 


1 1 Og 
52) = 9 (7) an) 2 dey: 
os 2m lzn|=Tn g(2', 2n) Ben ne )%n ‘ 


Then S; is holomorphic in a neighborhood of |z’| < r’. Rouché’s theorem shows that 
So(z’) is the number of roots z, of g(z’, zn) = 0 in the disk |z,| < ry, thus by continuity 
So(z’) must be a constant s. Let us denote by wi(z’),...,ws(z’) these roots, counted 
with multiplicity. By definition of r,, we have w)(0) = ... = ws(0) = 0, and by the 
choice of r’, € we have |w;(z’)| < Tn —€ for |z’| <r’. The Cauchy residue formula yields 


S,(2') = dows (2)". 


Newton’s formula shows that the elementary symmetric function c,(z’) of degree & in 
w1(z’),..., Ws(z’) is a polynomial in $)(z’),...,.S%(z’). Hence cx(z’) is holomorphic in a 
neighborhood of |z’| <r’. Let us set 


P(z2', 2m) = 2 — cy (2’)28-) +--+ + (-1)8e,(2’) = Il (Zn — w;(z')). 


80 Chapter II. Coherent Sheaves and Analytic Spaces 


For |z’| < r’, the quotient f = g/P (resp. f = P/g) is holomorphic in z, on the disk 
lZn| < T+, because g and P have the same zeros with the same multiplicities, and 
f(z’, Zn) is holomorphic in 2’ for rz — € < |Zn| < rn + €. Therefore 


1 f(z, Wn) dwn 
F(Z, 20) = fea 
" ?n) a 


271 Wn — Zn 


is holomorphic in z on a neighborhood of the closed polydisk A(r’,rn) = {|2’| < r’} x 
{|Zn| < Tn}. Thus g/P is invertible and we obtain: 


(2.1) Weierstrass preparation theorem. Let g be holomorphic on a neighborhood of 
0 in C”, such that g(0, 2n)/z% has a not zero finite limit at z, = 0. With the above choice 
of r’ and rn, one can write g(z) = u(z)P(2’,2n) where u is an invertible holomorphic 
function in a neighborhood of the polydisk A(r’,rn), and P is a Weierstrass polynomial 
in Zn, that is, a polynomial of the form 


P(z', 2m) = 2, tar(z))en > ++--+as(z’),  ax(0) = 0, 
with holomorphic coefficients ay(z') on a neighborhood of |z'| <r’ in C™-?. 


(2.2) Remark. If g vanishes at order m at 0 and v € C” \ {0} is selected such that 
g’™(v) #0, then s = m and P must also vanish at order m at 0. In that case, the 
coefficients az(z’) are such that az(z’) = O(|z'|*), l<k<s. 


(2.3) Weierstrass division theorem. Every bounded holomorphic function f on A = 
A(r’, Tn) can be represented in the form 


(2.4) f(z) = g(z)a(z) + RZ, zn); 
where q and R are analytic in A, R(z', Zn) is a polynomial of degree < s—1 in Zn, and 


(2.5) supa CAT sup Fels Camp) 


for some constant C > 0 independent of f. The representation (2.4) is unique. 
Proof (Siegel). It is sufficient to prove the result when g(z) = P(z’, z,) is a Weierstrass 
polynomial. 


Let us first prove the uniqueness. If f = Pq; + Ry = Pqo + Ro, then 
P(q2—q1) + (Ro —- Ri) = 0. 


It follows that the s roots z, of P(z’,e) = 0 are zeros of R2—R,. Since deg,, (R2—Ri) < 
s—1, we must have Rp — R, = 0, thus qo — q, = 0. 


In order to prove the existence of (q, R), we set 


1 f(z Wa) 


QZ. 2) = lim. —= NO 
P(2',Wn)(Wn — Zn) 


dw zEA; 
60+ 271 si ‘ 


|Wnl=Tn—-€ 
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observe that the integral does not depend on € when € < ry, — |Zn| is small enough. Then 
q is holomorphic on A. The function R = f — Pq is also holomorphic on A and 


ip Flew) SS as 


Heys ii — 
(2) e0+ Imi Pla! wy) (Wn — Zn) 


|wn|=Tn—-€ 


The expression in brackets has the form 
ap )+ Dat aor zn?) / (wn — Zn) 


hence is a polynomial in z, of degree < s — 1 with coefficients that are holomorphic 
functions of z’. Thus we have the asserted decomposition f = Pq +R and 


uP IR) < Cy sup |f| 
where C; depends on bounds for the a;(z’) and on u = min|P(z’, z,,)| on the compact 


set {|z’| < r’} x {|2n| = rn}. By the maximum principle applied to q = (f — R)/P on 
each disk {z’} x {|zn| < Tn — €}, we easily get 


sup |q| < w7'(1 + C1) sup |]. 
A A 


§ 2.B. Algebraic Properties of the Ring ©, 


We give here important applications of the Weierstrass preparation theorem to the 
study of the ring of germs of holomorphic functions in C”. 


(2.6) Notation. We let ©, be the ring of germs of holomorphic functions on C” at 0. 
Alternatively, ©, can be identified with the ring C{z1,...,2n} of convergent power series 
UW By 0-8 45 SAe 


(2.7) Theorem. The ring ©, is Noetherian, i.e. every ideal FS of ©, is finitely generated. 


Proof. By induction on n. For n = 1, ©, is principal: every ideal . 4 {0} is generated 
by z°, where s is the minimum of the vanishing orders at 0 of the non zero elements of 
JF. Let n>2 and $C ©,, F# {0}. After a change of variables, we may assume that .F 
contains a Weierstrass polynomial P(z’, z,,). For every f € .f, the Weierstrass division 
theorem yields 


tZ) =P eee Reena. Re) > Cle 


and we have R € .f. Let us consider the set .l of coefficients (cg,...,¢€s—1) in 695, 
corresponding to the polynomials R(z’,z,) which belong to .f. Then Ml is a G,_1- 
submodule of 6®*,. By the induction hypothesis @,,_1 is Noetherian; furthermore, every 
submodule of a finitely generated module over a Noetherian ring is finitely generated 
({Lang 1965], Chapter VI). Therefore MM is finitely generated, and -f is generated by P 
and by polynomials R,,..., Ry associated with a finite set of generators of M. 
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Before going further, we need two lemmas which relate the algebraic properties of ©, 
to those of the polynomial ring @,_1 [Zn]. 


(2.8) Lemma. Let P, F € G,_1|2n] where P is a Weierstrass polynomial. If P divides 
Fin, then P divides F in- 6,4 Zn\: 


Proof. Assume that F(z’, zn) = P(2’, 2n)h(z), h € ©,. The standard division algorithm 
of F by P in ©, _1[Zn] yields 


F=PQ+R, Q,REG,_1[z,], deg R< deg P. 


The uniqueness part of Th. 2.3 implies h(z) = Q(z’, z,) and R= 0. 


(2.9) Lemma. Let P(z’, z,) be a Weierstrass polynomial. 


a) If P= P,...Py with Pj € @n_-1|2n], then, up to invertible elements of @,_1, all P; 
are Weierstrass polynomials. 


b) P(2', Zn) is irreducible in G, if and only if it is irreducible in ©p_1[Zn]. 


Proof. a) Assume that P = P,...Pyx with polynomials P; € ©, _1|z,] of respective 
degrees s,, i<j<n s; = 8s. The product of the leading coefficients of P,,...,Py in 
©, -1 is equal to 1; after normalizing these polynomials, we may assume that P},..., Px 
are unitary and s; > 0 for all 7. Then 


PO 24) =e SP wee (0, en) 


n 


hence’ P3027.) = z,) and therefore P; is a Weierstrass polynomial. 


b) Set s = deg P and P(0, z,) = z%. Assume that P is reducible in ©, with P(z’, z,) = 
gi(z)g2(z) for non invertible elements g1,g2 € @n. Then gi(0,2n) and g2(0, z,) have 
vanishing orders s1, $2 > 0 with s; + s2 = s, and 


9; = uj P;, deg P; = 8), Yl ee 


where P; is a Weierstrass polynomial and u; € ©, is invertible. Therefore P,P, = uP 
for an invertible germ u € ©,. Lemma 2.8 shows that P divides P; Pz in ©,_1[Zn] ; since 
P,, P. are unitary and s = s; + s2, we get P = P,P», hence P is reducible in ©,_;[Zn]. 
The converse implication is obvious from a). 


(2.10) Theorem. ©, is a factorial ring, i.e. G, is entire and: 


a) every non zero germ f € ©, admits a factorization f = f,... fn in irreducible 
elements ; 


b) the factorization is unique up to invertible elements. 


Proof. The existence part a) follows from Lemma 2.9 if we take f to be a Weierstrass 
polynomial and f = f;... fn be a decomposition of maximal length N into polynomials 
of positive degree. In order to prove the uniqueness, it is sufficient to verify the following 
statement: 
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bif g is an irreducible element that divides a product fi fz, then g divides either fy, or 
fa. 


By Th. 2.1, we may assume that f1, fo, g are Weierstrass polynomials in z,. Then g is 
irreducible and divides fi fo in Gn—1[zn] thanks to Lemmas 2.8 and 2.9 b). By induction 
on n, we may assume that ©,,_, is factorial. The standard Gauss lemma (|Lang 1965], 
Chapter V) says that the polynomial ring A[T] is factorial if the ring A is factorial. Hence 
©,—1|2n] is factorial by induction and thus g must divide f; or fg in ©,_1[Zn]. 


(2.11) Theorem. /f f,g € ©, are relatively prime, then the germs f., gz at every point 
z €C” near 0 are again relatively prime. 


Proof. One may assume that f = P, g = Q are Weierstrass polynomials. Let us recall 
that unitary polynomials P,Q € S[X] ( = a factorial ring) are relatively prime if and 
only if their resultant R € sf is non zero. Then the resultant R(z’) € ©,_1 of P(z’, Zn) 
and Q(z’, zn) has a non zero germ at 0. Therefore the germ R,; at points 2’ € C"~? near 
O is also non zero. 
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§ 3.1. Locally Free Sheaves and Vector Bundles 


Section 9 will greatly develope this philosophy. Before introducing the more general 
notion of a coherent sheaf, we discuss the notion of locally free sheaves over a sheaf a 
ring. All rings occurring in the sequel are supposed to be commutative with unit (the non 
commutative case is also of considerable interest, e.g. in view of the theory of %-modules, 
but this subject is beyond the scope of the present book). 


(3.1) Definition. Let 91 be a sheaf of rings on a topological space X and let F a sheaf 
of modules over Sl (or briefly a sl-module). Then & is said to be locally free of rank r 
over A, if Ff is locally isomorphic to A®” on a neighborhood of every point, i.e. for every 
xo € X one can find a neighborhood Q and sections F,,...,F, € S(Q) such that the 
sheaf homomorphism 


F: A Sin, AGS (wi,...,ur) 9 SO wi Fhe € Se 
1l<j<r 


is an isomorphism. 


By definition, if & is locally free, there is a covering (U.)aer by open sets on which 
YF admits free generators Fl,...,F™ € S(Uq). Because the generators can be uniquely 
expressed in terms of any other system of independent generators, there is for each pair 
(a, 3) ar xr matrix 


Gap = (Ge )i<ikces Ge € A(U,.N Uz), 
such that 


B=) FOG. son. UsinUs. 


1<j<r 
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In other words, we have a commutative diagram 


® 
Att, Us Fy. Siu. , 


It follows easily from the equality Gag = Fy! o Fg that the transition matrices Gag are 
invertible matrices satisfying the transition relation 


(3.2) Gas = GopG py on UgnUgnv, 


for all indices a, 3,y € I. In particular Gag = Id on Uy and en =Gee on. Ua liUp: 


Conversely, if we are given a system of invertible r x r matrices Gag with coefficients 
in A(U,. 1 Ug) satisfying the transition relation (3.2), we can define a locally free sheaf 
SF of rank r over of by taking FY ~ sf®” over each Ug, the identification over U.N Ug 
being given by the isomorphism G'gg. A section H of ‘f over an open set (2. C X can 
just be seen as a collection of sections Hy = (H2,...,H™) of A®"(QANU,) satisfying the 
transition relations Hy = GagHg over YNUgN Ug. 


The notion of locally free sheaf is closely related to another essential notion of dif- 
ferential geometry, namely the notion of vector bundle (resp. topological, differentiable, 
holomorphic ..., vector bundle). To describe the relation between these notions, we as- 
sume that the sheaf of rings 91 is a subsheaf of the sheaf “6x of continous functions on 
X with values in the field K = R or K = C, containing the sheaf of locally constant 
functions X — K. Then, for each x € X, there is an evaluation map 


A, — K, wre w(z) 


whose kernel is a maximal ideal m, of M,, and ,/m, = K. Let & be a locally free sheaf 
of rank r over Si. To each x € X, we can associate a K-vector space Ey, = Sz/mMyS x: 
since Sf, ~ M®", we have E, ~ (,/m,)©" = K". The set E = Ll.cx Fe is equipped 
with a natural projection 


wr: BEX, £€ Rk, oO 17(E):=2, 


and the fibers E, = m~1(x) have a structure of r-dimensional K-vector space: such 
a structure FE is called a K-vector bundle of rank r over X. Every section s € S(U) 
gives rise to a section of E over U by setting s(x) = s, mod m,. We obtain a function 
(still denoted by the same symbol) s : U — E such that s(a) € E, for every x € U, ice. 
mos =Idy. It is clear that S(U) can be considered as a 9i(U)-submodule of the K-vector 
space of functions U — E mapping a point x € U to an element in the fiber E,. Thus we 
get a subsheaf of the sheaf of E-valued sections, which is in a natural way a s-module 
isomorphic to S. This subsheaf will be denoted by sf(£) and will be called the sheaf of 
sd-sections of E. If we are given a K-vector bundle E over X and a subsheaf Sf = sf(E) 
of the sheaf of all sections of & which is in a natural way a locally free si-module of 
rank r, we say that E (or more precisely the pair (£,(£))) is a si-vector bundle of 
rank r over X. 
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(3.3) Example. In case sf = €x,x is the sheaf of all K-valued continuous functions 
on X, we say that E is a topological vector bundle over X. When X is a manifold and 
A = EX x, we say that E is a C?-differentiable vector bundle; finally, when X is complex 
analytic and sf = @ x, we say that EF is a holomorphic vector bundle. 


Let us introduce still a little more notation. Since S(£) is a locally free sheaf of rank 
r over any open set U, in a suitable covering of X, a choice of generators (Fi,...,F”) 
for (E)\u,, yields corresponding generators (e4,(x),...,e%,(a)) of the fibers E, over K. 
Such a system of generators is called a Sl-admissible frame of E over U,. There is a 
corresponding isomorphism 


(3.4) 6a: Evy, = 0 '(Ua) — Ue, x K" 


a 


which to each € € Ey, associates the pair (x, (€1,...,€")) € Ua x K” composed of x 


and of the components (€2)i<j<, of € in the basis (e},(z),...,e%,(x)) of E,. The bundle 
E is said to be trivial if it is of the form X x K", which is the same as saying that 
oM(E) = A®". For this reason, the isomorphisms 0, are called trivializations of E over Ug. 


The corresponding transition automorphisms are 


Dap = 9o005° : (Ua Ug) x KX — (Ua Ug) x K’, 
Oag(x,€) = (2, gae(2)-€), (a, €) € (Ua N Ug) x K’, 


where (gag) € GL,(M)(Ua MN Ug) are the transition matrices already described (except 
that they are just seen as matrices with coefficients in K rather than with coefficients in 
a sheaf). Conversely, if we are given a collection of matrices gag = (92.3) € GL,(4)(Uan 
Ug) satisfying the transition relation 


Jay = JaBIBy on UgnUgnJU,, 


we can define a M-vector bundle 


E=([[U.xK’)/~ 


by gluing the charts U. x K” via the identification (%q,fa) ~ (xg,&g) if and only if 
tate =f 6 Uy Ug and €4 = gaa h)* C4. 


(3.5) Example. When X is a real differentiable manifold, an interesting example of 
real vector bundle is the tangent bundle Ty ; if T, : Ua. — R” is a collection of coordinate 
charts on X, then 6, = 7 x dta: Txju, — Ua x R™ define trivializations of T’y and the 
transition matrices are given by gag(x) = dTag(x?) where Tag = ToT and x8 = T(z). 
The dual T¥ of Tx is called the cotangent bundle of X. If X is complex analytic, then 
Tx has the structure of a holomorphic vector bundle. 


We now briefly discuss the concept of sheaf and bundle morphisms. If ¥ and 
are sheaves of Si-modules over a topological space X, then by a morphism y : S > SW” 
we just mean a S-linear sheaf morphism. If = A(E) and Sf = (E’) are locally 
free sheaves, this is the same as a S-linear bundle morphism, that is, a fiber preserving 
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K-linear morphism y(x) : E, — E’, such that the matrix representing y in any local 
sd-admissible frames of F and E" has coefficients in 91. 


(3.6) Proposition. Suppose that SA is a sheaf of local rings, i.e. that a section of 
is invertible in A if and only if it never takes the zero value in K. Let p: S — SF be 
a S-morphism of locally free A-modules of rank r, r’. If the rank of the r’ x r matrix 
p(x) € M,,(K) is constant for alla € X, then Ker y and Im ¢ are locally free subsheaves 
of FS, FS’ respectively, and Cokerp = F’/Im vy is locally free. 


Proof. This is just a consequence of elementary linear algebra, once we know that non 
zero determinants with coefficients in sf can be inverted. 


Note that all three sheaves éx x, €D x: ©x are sheaves of local rings, so Prop. 3.6 
applies to these cases. However, even if we work in the holomorphic category (sl = @x), 
a difficulty immediately appears that the kernel or cokernel of an arbitrary morphism of 
locally free sheaves is in general not locally free. 


(3.7) Examples. 


a) Take X = C, let S = S’ = @ be the trivial sheaf, and let y : © — © be the morphism 
u(z) + zu(z). It is immediately seen that y is injective as a sheaf morphism (@ 
being an entire ring), and that Cokery is the skyscraper sheaf Co of stalk C at z = 0, 
having zero stalks at all other points z 4 0. Thus Cokery is not a locally free sheaf, 
although y is everywhere injective (note however that the corresponding morphism 
yp: E = E’, (z,€) & (4, 2€) of trivial rank 1 vector bundles EF = E’ = C x C is not 
injective on the zero fiber Eo). 


b) Take X = C?, Ff = 6%, F = @ and 


p: O88 — @, (U1, U2, U3) >= Rj lig (2s 295 23) 
1<j<3 


Since y yields a surjective bundle morphism on C? \ {0}, one easily sees that Ker y 
is locally free of rank 2 over C* \ {0}. However, by looking at the Taylor expansion 
of the u,;’s at 0, it is not difficult to check that Ker y is the @-submodule of 6%? 
generated by the three sections (—z2, 21,0), (—23, 0, 21) and (0, z3, —z2), and that any 
two of these three sections cannot generate the 0-stalk (Ker y)o. Hence Ker y is not 
locally free. 


Since the category of locally free ©-modules is not stable by taking kernels or cok- 
ernels, one is led to introduce a more general category which will be stable under these 
operations. This leads to the notion of coherent sheaves. 


§ 3.2. Notion of Coherence 


The notion of coherence again deals with sheaves of modules over a sheaf of rings. 
It is a semi-local property which says roughly that the sheaf of modules locally has a 
finite presentation in terms of generators and relations. We describe here some general 
properties of this notion, before concentrating ourselves on the case of coherent © x- 
modules. 
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(3.8) Definition. Let 91 be a sheaf of rings on a topological space X and F a sheaf of 
modules over A (or briefly a S-module). Then & is said to be locally finitely generated 
if for every point x9 € X one can find a neighborhood Q and sections F\,..., Fg € S(Q) 
such that for every x € Q the stalk Sz, is generated by the germs F\.z,...,F 4,2 as an 
M,-module. 


(3.9) Lemma. Let ¥ be a locally finitely generated sheaf of sl-modules on X and 
G1,...,Gy sections in S(U) such that Gio,,.--,Gn,o, generate S,, at 9 CU. Then 
Gig is GN, generate. JS, for £ near xy. 


Proof. Take F,,...,F 4 as in Def. 3.8. As Gj,...,Gy generate ,,, one can find a 
neighborhood 9’ C Q of zp and H;, € si(Q’) such that F; = >> Hj,G, on 0’. Thus 
Gijsz,-.--,Gn,x generate &, for all x € ’. 


§ 3.2.1. Definition of Coherent Sheaves. If U is an open subset of X, we denote by Sry 
the restriction of & to U, i.e. the union of all stalks Y, for  € U. If Fi,..., Fy e SU), 
the kernel of the sheaf homomorphism F' : sai} — fru defined by 


(3.10) A213 (g',...,9) 3 So Fic Sx, CEU 


1<j<aq 
is a subsheaf R(F\,..., Fy) of sti, called the sheaf of relations between F\,..., Fy. 


(3.11) Definition. A sheaf S of l-modules on X is said to be coherent if: 
a) & is locally finitely generated ; 


b) for any open subset U of X and any F\,...,Fq € S(U), the sheaf of relations 
R(F,,...,F) is locally finitely generated. 


Assumption a) means that every point x € X has a neighborhood 2 such that there 
is a surjective sheaf morphism F' : stg — Fig, and assumption b) implies that the 
kernel of F is locally finitely generated. Thus, after shrinking 2, we see that SY admits 
over 2) a finite presentation under the form of an exact sequence 


(3.12) ee S, yer 7, gy — 0, 


where G is given by a q x p matrix (Gj,) of sections of 94(Q) whose columns (G51), ..., 
(Gp) are generators of R(F),..., Fa). 
It is clear that every locally finitely generated subsheaf of a coherent sheaf is coherent. 


From this we easily infer: 


(3.13) Theorem. Let yp : ¥ —> G be a A-morphism of coherent sheaves. Then Imy 
and ker p are coherent. 


Proof. Clearly Im y is a locally finitely generated subsheaf of “G, so it is coherent. Let 
xo € X, let Fy,..., Fy € F(Q) be generators of ¥ on a neighborhood Q of xo, and 
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G1,...,G, € A(M’)®4 be generators of R(y(Fi),...,y~(F,)) on a neighborhood 0 c 0 
of xg. Then ker y is generated over 2)’ by the sections 


q 
H,=) GER, e FO), 1<j<r. 
k=1 


(3.14) Theorem. Let 0 — ¥ — FY — G— 0 be an exact sequence of A-modules. 
If two of the sheaves ¥,P,G6 are coherent, then all three are coherent. 


Proof. If and G are coherent, then F¥ = ker(SF — %G) is coherent by Th. 3.13. If 
S and F are coherent, then G is locally finitely generated; to prove the coherence, let 
Gi,...,Gq € GU) and x € U. Then there is a neighborhood 2 of xo and sections 
Gi,...,G@q € S(Q) which are mapped to Gi,...,Gq on 9. After shrinking 0, we may 
assume also that F+q is generated by sections Fi,...,F, € F(Q). Then R(G1,..., Gq) 
is the projection on the last q-components of R(Fi,...,Fy,Gi,...,G@q) C f?*4, which 
is finitely generated near x9 by the coherence of . Hence A(G1,...,Gq) is finitely 
generated near xo and % is coherent. 


Finally, assume that ¥ and “G are coherent. Let ro € X be any point, let F\,..., Fp € 
F(Q) and Gy,...,Gq € G(Q) be generators of ¥, G on a neighborhood Q of xo. There 
is a neighborhood ( of zp such that Gi,...,G , admit liftings GiesGs E FM’). 
Then (Fi,..., Fo, Gite, Gi) generate Sq’, so F is locally finitely generated. Now, let 
Si,...,9, be arbitrary sections in S(U) and $1,...,54 their images in ‘“6(U). For any 
ro € U, the sheaf of relations R(S1,..., Sq) is generated by sections P;,..., Ps € s(Q)*4 
on a small neighborhood 2 of xo. Set P; = (PP)ick<e: Uhenshy = PIS; te... t PISq, 
1 <j <5, are mapped to 0 in G so they can be seen as sections of ¥. The coherence of ¥ 
shows that &R(H,,...,H,) has generators Q;,...,Q; € A(’)* on a small neighborhood 
Y’ CQ of ap. Then R(S),...,5,) is generated over 1’ by Rj = > OF Pr € (’), 
1 <j <t, and & is coherent. 


(3.15) Corollary. If ¥ and ‘G are coherent subsheaves of a coherent analytic sheaf Y, 
the intersection F¥ 1G is a coherent sheaf. 


Proof. Indeed, the intersection sheaf ¥ MG is the kernel of the composite morphism 
F — F — F/G, and F/G is coherent. 


§ 3.2.2. Coherent Sheaf of Rings. A sheaf of rings is said to be coherent if it is 
coherent as a module over itself. By Def. 3.11, this means that for any open set U C X 
and any sections F; € M(U), the sheaf of relations R(F,..., Fy) is finitely generated. 
The above results then imply that all free modules 9%? are coherent. As a consequence: 


(3.16) Theorem. [fs is a coherent sheaf of rings, any locally finitely generated subsheaf 
of A®P is coherent. In particular, if F is a coherent sl-module and F,,...,Fy € S(U), 
the sheaf of relations R(F,,..., Fy) C A®4 is also coherent. 


Let ¥ be a coherent sheaf of modules over a coherent sheaf of ring . By an iteration 
of construction (3.12), we see that for every integer m > 0 and every point x € X there 
is a neighborhood Q of x on which there is an exact sequence of sheaves 


(Bit) BP Be (PP ah git: BLS ype TG & 0, 
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where F; is given by a p;—1 X p; matrix of sections in sf(Q). 
§ 3.3. Analytic Sheaves and the Oka Theorem 


Many properties of holomorphic functions which will be considered in this book can 
be expressed in terms of sheaves. Among them, analytic sheaves play a central role. The 
Oka theorem [Oka 1950] asserting the coherence of the sheaf of holomorphic functions 
can be seen as a far-reaching deepening of the noetherian property seen in Sect. 1. The 
theory of analytic sheaves could not be presented without it. 


(3.18) Definition. Let M be a n-dimensional complex analytic manifold and let Gyy be 
the sheaf of germs of analytic functions on M. An analytic sheaf over M is by definition 
a sheaf S of modules over Gy. 


(3.19) Coherence theorem of Oka. The sheaf of rings © yy is coherent for any complex 
manifold M. 


Let Fy,..., Fy € GU). Since @yy,2 is Noetherian, we already know that every stalk 
SOs erates in) ras God | is finitely generated, but the important new fact expressed by 
the theorem is that the sheaf of relations is locally finitely generated, namely that the 
“same” generators can be chosen to generate each stalk in a neighborhood of a given 
point. 


Proof. By induction on n = dimc M. For n = 0, the stalks ©j,,, are equal to C and the 
result is trivial. Assume now that n > 1 and that the result has already been proved in 
dimension n — 1. Let U be an open set of M and F),...,Fy € G@u(U). To show that 
A(F,,...,F 4) is locally finitely generated, we may assume that U = A= A’ x A, isa 
polydisk in C” centered at xp = 0 ; after a change of coordinates and multiplication of 
F,,..., Fg by invertible functions, we may also suppose that F),..., Fy are Weierstrass 
polynomials in z,, with coefficients in ©(A’). We need a lemma. 


(3.20) Lemma. /f x = (a',xz,) € A, the Ga ,-module R(Fi,..., Fy)x is generated by 
those of its elements whose components are germs of analytic polynomials in @a:x'[Zn] 
with a degree in Z, at most equal to 1, the maximum of the degrees of F,,..., Fy. 


Proof. Assume for example that Fy is of the maximum degree pp. By the Weierstrass 
preparation Th. 1.1 and Lemma 1.9 applied at x, we can write Fy, = f’f” where 
f',f" € Ga [Zn], f’ is a Weierstrass polynomial in z, — az, and f"(x) 4 0. Let p’ 
and py” denote the degrees of f’ and f” with respect to z,, so u’ + pw” = p. Now, take 
(g',...,9%) € R(Fi,..., Fy). The Weierstrass division theorem gives 


P@=Fyt tri, jg=l,...,¢-1, 


where t? € Ga. and is € Ga’ x'[Zn| is a polynomial of degree < yu’. For j = q, define 
rt = 99+ WV cjeq-1 VU Fic. We can write 


(3.21) (Ged: So Opeth Fis HB eee josh) 
1<j<q 
where Fy is in the j-th position in the q-tuples of the summation. Since these q-tuples 
are in R(Fi,..., Fy)2, we have (r',...,77) € R(F,,..., Fy)a, thus 
SH BFF TS 0. 


l<j<q-1 
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As the sum is a polynomial in z,, of degree < + py’, it follows from Lemma 1.9 that 
f"r4 is a polynomial in z,, of degree < yz. Now we have 


(rt, aheig ee sp ee a sear) 


where fr) is of degree < py’ + pw” = p. In combination with (3.21) this proves the 
lemma. 


Proof of Theorem 3.19 (end).. If g = (g',...,g%) is one of the polynomials 
of R(F\,...,Fy)x described in Lemma 3.20, we can write 


Ci y use gk wre Onis 
O<k<u 


The condition for (g',...,g%) to belong to R(Fi,..., Fy)« therefore consists of 2u +1 
linear conditions for the germ u = (u/*) with coefficients in @(A’). By the induction 
hypothesis, ©,’ is coherent and Th. 3.16 shows that the corresponding modules of re- 
lations are generated over Gaz, for x’ in a neighborhood 2’ of 0, by finitely many 
(q x w)-tuples Uj,...,Un € G(0')%*. By Lemma 3.20, R(Fi,...,F4)e is generated at 
every point x € Q =’ x A, by the germs of the corresponding polynomials 


BEM, 1h, 


Gilz)=( SO uf eeh 


’ 
io I< 
O0<k<p SIS 


(3.22) Strong Noetherian property. Let F be a coherent analytic sheaf on a complex 
manifold M and let F#, C Fo C... be an increasing sequence of coherent subsheaves of F. 
Then the sequence (Fx) is stationary on every compact subset of M. 


Proof. Since F is locally a quotient of a free module ea, we can pull back the sequence 
to @oa and thus suppose ¥ = @yy, (by easy reductions similar to those in the proof of 
Th. 3.14). Suppose M connected and ¥;,, 4 {0} for some index ko (otherwise, there is 
nothing to prove). By the analytic continuation theorem, we easily see that Fx,,2 # {0} 
for every x € M. We can thus find a non zero Weierstrass polynomial P € ¥;,(V), 
deg, P(2',2n) = ps, in a coordinate neighborhood V = A’ x A, of any point x €¢ M. A 
division by P shows that for k > kp and z € V, all stalks ¥;,, are generated by P, and 
by polynomials of degree < ps in Z, with coefficients in @a’ 2”. Therefore, we can apply 
induction on n to the coherent @a’-module 


F' =FN{Q € Ga[zn]; degQ < pu} 


and its increasing sequence of coherent subsheaves Fj), = Fp. F'. 
k 


§ 4. Complex Analytic Sets. Local Properties 


§ 4.1. Definition. Irreducible Components 


A complex analytic set is a set which can be defined locally by finitely many holo- 
morphic equations; such a set has in general singular points, because no assumption is 
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made on the differentials of the equations. We are interested both in the description of 
the singularities and in the study of algebraic properties of holomorphic functions on an- 
alytic sets. For a more detailed study than ours, we refer to H. Cartan’s seminar [Cartan 
1950], to the books of [Gunning-Rossi 1965], [Narasimhan 1966] or the recent book by 
[Grauert-Remmert 1984]. 


(4.1) Definition. Let M be a complex analytic manifold. A subset A C M is said to 
be an analytic subset of M if A is closed and if for every point x9 € A there exist a 
neighborhood U of xp and holomorphic functions g1,..., gn in G(U) such that 


AAG Hi{zZeU = gis): Sa.4 = gn 2) = OF. 


Then gi,.-.-,gn are said to be (local) equations of A in U. 


It is easy to see that a finite union or intersection of analytic sets is analytic: if (9%), 
/ tt 


(9) are equations of A’, A” in the open set U, then the family of all products (gjg;’) 
and the family (gj) U (g,) define equations of A’U A” and A’ A” respectively. 


(4.2) Remark. Assume that M is connected. The analytic continuation theorem shows 
that either A = M or A has no interior point. In the latter case, each piece ANU = g~1(0) 
is the set of points where the function log |g|? = log(|gi|? +---+ |gn|?) € Psh(U) takes 
the value —oo, hence A is pluripolar. In particular M ~\ A is connected and every function 
f € @(M ~ A) that is locally bounded near A can be extended to a function f € G(M). 


We focus now our attention on local properties of analytic sets. By definition, a germ 
of set at a point x € M is an equivalence class of elements in the power set P(M), 
with A ~ B if there is an open neighborhood V of x such that ANV = BN V. The 
germ of a subset A C M at x will be denoted by (A,x). We most often consider the 
case when A C M is a analytic set in a neighborhood U of x, and in this case we 
denote by .f4,, the ideal of germs f € Gj, which vanish on (A,x). Conversely, if 
F = (g1,---,9N) is an ideal of @y,2, we denote by (V(f),z) the germ at x of the zero 
variety V(¥) ={z EU; gi(z) =...=g9n(z) = 0}, where U is a neighborhood of x such 
that g; € ©(U). It is easy to check that the germ (V(cJ), x) does not depend on the 
choice of generators. Moreover, it is clear that 


(4.3’) for every ideal ¥ in the ring ©y,2, Fv(9),2 > FJ; 
(4.3) for every germ of analytic set (A, x), (Vil aw a) = (Ava): 


(4.4) Definition. A germ (A,x) is said to be irreducible if it has no decomposition 
(A, x) = (Ai, x) U (Ag, x) with analytic sets (A;,x) 4 (A,x), j = 1,2. 


(4.5) Proposition. A germ (A, x) is irreducible if and only if 44,, is a prime ideal of 
the ring ©u,x- 


Proof. Let us recall that an ideal ¥ is said to be prime if fg € ¥ implies f © ¥§ 
or g € ¥. Assume that (A, x) is irreducible and that fg € -F4.,. As we can write 
(A,x) = (Aj, 2) U (Ao, 2) with Ay = AN f—1(0) and Az = ANg71(0), we must have 
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for example (Aj,x) = (A,x) ; thus f € 4, and .F4,, is prime. Conversely, if (A, x) = 
(Ay, xz) U (Ag, x) with (A;,2) # (A,x), there exist f € F4, 2, 9 € Fa,,2 such that 
g ¢ Sa. However fg € S47, thus F4,, is not prime. 


(4.6) Theorem. Every decreasing sequence of germs of analytic sets (Az, x) is station- 
ary. 


Proof. In fact, the corresponding sequence of ideals ¥, = -44,,2 is increasing, thus 
Fx = Fk. for k > ko large enough by the Noetherian property of @y7,,. Hence (Ax, x) = 
(VF ps x) is constant for k > ko. This result has the following straightforward conse- 
quence: 


(4.7) Theorem. Every analytic germ (A, x) has a finite decomposition 


(A, x) = U (Ax, &) 


1<k<N 


where the germs (Aj, x) are irreducible and (A;,x) Z (Ax, x) forj Ak. The decomposi- 
tion is unique apart from the ordering. 


Proof. If (A, x) can be split in several components, we split repeatedly each component 
as long as one of them is reducible. The process must stop by Th. 4.6, whence the 
existence. For the uniqueness, assume that (A,x) = U(Aj, 2), 1 < 1 < N’, is another 
decomposition. Since (Ax, z) = U)(AnN Aj, x), we must have (Ax, 7) = (Ap M Aj, x) for 
some | = I(k), i.e. (Az, x) C (Aig), and likewise (Alay 2) C (A,, x) for some j. Hence 
j =k and (Aj), 2) = (Ak, 2). 


§ 4.2. Local Structure of a Germ of Analytic Set 


We are going to describe the local structure of a germ, both from the holomorphic 
and topological points of view. By the above decomposition theorem, we may restrict 
ourselves to the case of irreducible germs Let # be a prime ideal of ©, = Geno and let 
A= V(f) be its zero variety. We set Jf, = §NC{z1,...,2,} for each k =0,1,...,n 


(4.8) Proposition. There exist an integer d, a basis (€1,...,€n) of C” and associated 
coordinates (Z1,...,2n) with the following properties: $a = {0} and for every integer 
k=d-+1,...,n there 1s a Weierstrass polynomial P, € $x of the form 
(4.9) Pela sz) = =e + S- aj, il gee, Gpale.) — Ori, 

1<j<Sk 
where aj,4(z') = O(|z'|?). Moreover, the basis (€1,...,€n) can be chosen arbitrarily close 
to any preassigned basis (ef,...,e°). 


Proof. By induction on n. If § = F¥, = {0}, then d = n and there is nothing to prove. 
Otherwise, select a non zero element g, € ¥ and a vector e, such that C 3 w +> 
gn(wen) has minimum vanishing order s,. This choice excludes at most the algebraic 


set gr (v ) = 0, so e, can be taken arbitrarily close to e?. Let (21,...,%Zn—1,2n) be 
the coordinates associated to the basis (e9,...,e°_1,en). After multiplication by an 
invertible element, we may assume that g, is a Weierstrass polynomial 

D SA§ Cee ea pa S- Coat oe = 4, Ajn € On-1, 


1<j<sn 
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and a;,n(Z) = O(|2|’) by Remark 2.2. If fn-1 = § NC{Z} = {0} then d= n-—1 and 
the construction is finished. Otherwise we apply the induction hypothesis to the ideal 
$n—1 C Gn_, in order to find a new basis (e€1,...,€n—1) of Vect(ef,...,e%_,), associated 
coordinates (z1,...,2n—1) and Weierstrass polynomials P, € $x, d+1<k<n-1, as 
stated in the lemma. 


(4.10) Lemma. Ifw EC is a root of wé+aywt1+---+ag = 0, a; € C, then 
|w| < 2max |a;|/7. 


Proof. Otherwise |w| > 2\a;|!/2 for all j = 1,...,d and the given equation —1 = a,/w+ 
seep ag/w implies 1 < 2-1+.---+ o-¢. a contradiction. 


(4.11) Corollary. Set z’ = (z1,...,2a), 2” = (Za41,--+,2n), and let A’ in C4, A” in 
C"~4 be polydisks of center 0 and radii r',r” > 0. Then the germ (A,0) is contained in 
a cone |z"| < Clz'|, C = constant, and the restriction of the projection map C” —> C4, 
(z', 2’) ae oe 

nm: AN(A’ x A”) — A’ 
is proper ifr is small enough andr! < r"/C. 


Proof. The polynomials P;,(z1,...,2%—13 2%) vanish on (A,0). By Lemma 4.10 and (4.9), 
every point z € A sufficiently close to 0 satisfies 


lze| < Ce(lzi) +e + lzp-il), d+t1l<k <n, 


thus |z”"| < C|z’| and the Corollary follows. 


Since ¥q = {0}, we have an injective ring morphism 
(4.12) Cag = Clap... Zap > Cus F- 


(4.13) Proposition. ©,,/f¥ is a finite integral extension of Ga. 


Proof. Let f € @,. A division by P, yields f = Prgn + Rn with a remainder R,, € 
Gn—1[2n], deg, Rn < Sn. Further divisions of the coefficients of R, by Pn—1, Pn—2 etc 
... yield 

Rryi = Pra, + Re, Rp € Cel eeigheccce al, 


where deg,. Ry < 8; for 7 > k. Hence 


(4.14) feRat 7 Pik = Ry tod (Pip, PayCF 
d+1<k<n 


Ad4+1 Qn 


and ©,/f is finitely generated as an © g-module by the family of monomials 23/7"... 27 


with a; < Sj. 


As § is prime, ©,/f is an entire ring. We denote by f the class of any germ f € G,, 
in G,/F, by Ma and Mag the quotient fields of ©,,/¥ and @q respectively. Then M4 = 
Ma|Za4+1,--+, Zn] is a finite algebraic extension of Ma. Let q = |Ml4:Ma] be its degree and 
let o1,...,0q be the embeddings of U4 over M, in an algebraic closure M4. Let us recall 
that a factorial ring is integrally closed in its quotient field ([Lang 1965], Chapter IX). 
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Hence every element of lq which is integral over Gq lies in fact in Gg. By the primitive 
element theorem, there exists a linear form u(z2”) = ca41Za41 +++: + CnZn; Ce € C, such 


that M4 = Malu] ; in fact, u is of degree q if and only if o1,..., a % are all distinct, and 
this excludes at most a finite number of vector subspaces in the space C”~¢ of coefficients 
(Cd+1,---;€n). As t € @,/¥ is integral over the integrally closed ring ©g, the unitary 


irreducible polynomial W,, of u over Alg has coefficients in @q : 


W.(2';T) =TI+ S- Q;(Z1,---,24) TU, a; € Ga. 


1l<j<q 


W,, must be a Weierstrass polynomial, otherwise there would exist a factorization W,, = 
W’Q in Ga[T] with a Weierstrass polynomial W’ of degree degW’ < q = deg & and 
Q(0) 4 0, hence W’(t%) = 0, a contradiction. In the same way, we see that Zg41,..-, Zn 
have irreducible equations W;,(z’ ; Z,) = 0 where W;, € @a[T] is a Weierstrass polynomial 
of degree = deg % <q, d+1<k<n. 


(4.15) Lemma. Let 6(z') € Gq be the discriminant of W.,(2';T). For every element g 
of Ma which is integral over Ga (or equivalently over ©,,/F) we have dg € Galt. 


Proof. We have 6(z") = [],2,(onu — oj;u)? £0, and g € M4 = Malti] can be written 


g9= > bf, 0; € Ma, 


O<j<q-1 


where bo,...,ba—1 are the solutions of the linear system ong = > 5b; (oti)? ; the deter- 
minant (of Van der Monde type) is 6!/?. It follows that 6b; € Mg are polynomials in og 
and o;,u, thus 6b; is integral over Gg. As Gq is integrally closed, we must have 6b; € Gq, 
hence 6g € Ga[u]. 


In particular, there exist unique polynomials Basi, ..., Bn € @a[T] with deg By < 
q — 1, such that 


(4.16) Ole n= Bele vate" \y< (aiod Ff), 
Then we have 
(4.17) 5(z')9We(z' 3 Ba(z’ 5 T)/6(z')) € ideal W,,(2’ ; T) Ga[T] ; 


indeed, the left-hand side is a polynomial in @g[T] and admits T = & as a root in ©,/f 
since B,(z'; t)/d(z') = Z and W,(z’; %) = 0. 


(4.18) Lemma. Consider the ideal 
G= (Walz! ;u(z")), 6(z')zn — Belz’ ;u(z"))) CF 


and set m = max{q,(n — d)(q—1)}. For every germ f € Gy, there exists a unique 
polynomial R € Ga|T], degp R < q—1, such that 


6(2’)™ f(z) = R(z’;u(z")) (mod %). 


§4. Complex Analytic Sets. Local Properties 95 


Moreover f € § implies R= 0, hence 6"F CG. 


Proof. By (4.17) and a substitution of z,, we find 6(z’)4W;(z';z,) € G. The analogue 
of formula (4.14) with W; in place of P, yields 


f = Rat » Wreak, Ra€ Galza+1, .. meal 


d+1<k<n 
with deg,, Ra < deg Wy <q, thus 6" f = 6™ Ra mod “G. We may therefore replace f by 
Rq and assume that f € ©g[za41,---, Zn] is a polynomial of total degree < (n—d)(q—1) < 


m. A substitution of z, by By (z’; u(z”))/6(2’) yields G € @g[T] such that 

6(2')™ f(z) = G(z’ ;u(z")) mod (6(z') zn — Be(z’; u(z”))). 
Finally, a division G = W,,Q + R gives the required polynomial R € @q|T]. The last 
statement is clear: if f € ¥ satisfies 6 (z') f(z) = R(z;u(z2”)) mod G for degy R < q, 


then R(z’;u) = 0, and as u € ©,,/f is of degree gq, we must have R = 0. The uniqueness 
of R is proved similarly. 


(4.19) Local parametrization theorem. Let ¥ be a prime ideal of G, and let A = 
V(¥). Assume that the coordinates 


Bee (2s bs eggs eae waa es) 

are chosen as above. Then the ring ©,/¥ is a finite integral extension of Gq; let q be the 
degree of the extension and let 6(z') € ©q be the discriminant of the irreducible polynomial 
of a primitive element u(z") = Dips qcrzr- If A, A” are polydisks of sufficiently small 
radii r',r” and ifr’ < r"/C with C large, the projection map 7: AN (A’ x A”) —> A’ 
is a ramified covering with q sheets, whose ramification locus is contained in S = {z' € 
A’; 6(2') = 0}. This means that: 
a) the open subset Ag = AN ((A’\ S) x A”) is a smooth d-dimensional manifold, dense 

in AN (A’ x A”) ; 
b) t: Ag — A'\ S is a covering ; 
c) the fibers r~(z’) have exactly q elements if z' € S and at most q if z' € S. 


Moreover, Ag is a connected covering of A’. S, and AN (A’ x A”) is contained in a 
cone |z"| <Clz’| (see Fig. 1). 


Zl! E CMe. 


ut 


| 
| 
! 
_ 
S S A! z' © CP 


Fig. II-1 Ramified covering from A to A’ Cc C?. 
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Proof. After a linear change in the coordinates zq41,..., Zn, we may assume u(2”) = za44, 
so W, = Way1 and Bayi(z’;T) = 6(2’)T. By Lemma 4.18, we have 


G = (Way1(2', a1), O(2')Ze - Bulz', 2a+1))psase Cy, 0 Poe, 


We can thus find a polydisk A = A’ x A” of sufficiently small radii r’,r’” such that 
V(f) CV(G) CV(6™F) in A. As V(f) = A and V(6) NA=S x A”, this implies 


ANACcCV(S)NACc (ANA)U(S x A”). 


In particular, the set Ag = AN ((A’\ S) x A”) lying above A’ \ S' coincides with 
V(G)N ((A’\ S) x A”), which is the set of points z € A parametrized by the equations 


(4 20) 3(z’) # 0, Wari l2’, Za41) a 0, 
| Ze = Belz’, za41)/5(2'), d+2<Ek <n. 


As 0(z’) is the resultant of Wa41 and OW441/0T, we have 
OWa41/OT (z', 2a41) #0 on Ag. 


The implicit function theorem shows that zq11 is locally a holomorphic function of z’ on 
Ag, and the same is true for z, = B;,(z’, 2a41)/6(2’), k > d+2. Hence Ag is a smooth 
manifold, and for r’ < r”/C small, the projection map 7: Ag —> A’ \ S is a proper 
local diffeomorphism; by (4.20) the fibers 7~1(z’) have at most g points corresponding to 
some of the g roots w of Wa41(z’;w) = 0. Since A’\ S' is connected (Remark 4.2), either 
Ag = 0 or the map 7 is a covering of constant sheet number q’ < g. However, if w is a 
root of Wa41(z’,w) = 0 with 2’ € A’\ S and if we set zg41 = w, ze = By(2’, w)/6(z’), 
k > d+2, relation (4.17) shows that W;(z’, zx) = 0, in particular |z,| = O(|z’|!/2) by 
Lemma 4.10. For z’ small enough, the qg points z = (z’,z’’) defined in this way lie in 
A, thus q’ = q. Property b) and the first parts of a) and c) follow. Now, we need the 
following lemma. 


(4.21) Lemma. If ¥ C ©, is prime and A=V(f), then Fao = Ff. 


It is obvious that 44,9 D ¥. Now, for any f € .£4,9, Prop. 4.13 implies that f satisfies 
in ©,/.F an irreducible equation 


f" +b(2') f" + +-+5(2) =0 (mod §): 


Then 6,(z’) vanishes on (A,0) and the first part of c) gives b, = 0 on A’\ S. Hence 
b, = 0 and the irreducibility of the equation of f implies r = 1, so f € ¥, as desired. 


Proof of Theorem 4.19 (end).. It only remains to prove that Ag is connected and dense 
in ANA and that the fibers 7~1(z’), z’ € S, have at most q elements. Let Asi,..., As. 
be the connected components of Ag. Then 7: Ag; —> A’ \ S is a covering with q, 
sheets, gi +-:-+qn = q. For every point ¢’ € A’ ~ S, there exists a neighborhood 
U of ¢ such that As; 7271(U) is a disjoint union of graphs 2” = g;,(z’) of analytic 
functions g;, € GU), 1<k <4q,. If A(z”) is an arbitrary linear form in za41,..-, Zn 
and z’ € A’\ S, we set 


Pyj(2’;T) = I] (T = (2")) a I] (T =o 95,4(2")). 


{2!"; (2',2"EAs, 5} PSPS 
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This defines a polynomial in T with bounded analytic coefficients on A’ \ S. These 
coefficients have analytic extensions to A’ (Remark 4.2), thus P,; € @(A’)[Z]. By 
construction, P),;(z’;A(z’)) vanishes identically on Ag,;. Set 


Py. = I] Pip Fest) Pee AG)) 3 


1<j<N 


f vanishes on Ag) U...UAg.y U(S x A”) > ANA. Lemma 4.21 shows that .¥4 0 is 
prime; as 6 ¢ F4,9, we get Py; (z’;A(z”)) € Fao for some j. This is a contradiction if 
N > 2 and if X is chosen in such a way that \ separates the q points 2)’ in each fiber 
nm +(z!), for a sequence z/, — 0 in A’\ S. Hence N = 1, Ag is connected, and for every 
 € (C"~“)* we have P(z', A(z’) € -F(4,0). By construction P)(z', A(z’”)) vanishes on 
Ag, so it vanishes on Ag ; hence, for every z’ € S, the fiber Ag M ~1!(z’) has at most qg 
elements, otherwise selecting 4 which separates gq + 1 of these points would yield q+ 1 
roots A(z") of P\(z';T), a contradiction. Assume now that Ag is not dense in AN A for 
arbitrarily small polydisks A. Then there exists a sequence A 3 z, = (z/,, 2’) + 0 such 


that z/, € S and 2! is not in F, := pr”(As M771(z/,)). The continuity of the roots of 
the polynomial P\(z’;T) as A’\ S53 2’ > 2! implies that the set of roots of P\(z!, ;T) 
is \(F,). Select A such that \(2!’) ¢ A(F_) for all v. Then Py (z/, ; A(2!’)) 4 0 for every v 


and P\(z';X(2")) ¢-Fa,0, a contradiction. 


At this point, it should be observed that many of the above statements completely 
fail in the case of real analytic sets. In R?, for example, the prime ideal § = (x° + y’*) 
defines an irreducible germ of curve (A,0) and there is an injective integral extension 
of rings R{x} —> R{z,y}/¥ of degree 4; however, the projection of (A,0) on the first 
factor, (x, y) + x, has not a constant sheet number near 0, and this number is not related 
to the degree of the extension. Also, the prime ideal § = (x? + y”) has an associated 
variety V(f) reduced to {0}, hence F449 = (x,y) is strictly larger than ¥, in contrast 
with Lemma 4.21. 


Let us return to the complex situation, which is much better behaved. The result 
obtained in Lemma 4.21 can then be extended to non prime ideals and we get the following 
important result: 


(4.22) Hilbert’s Nullstellensatz. For every ideal ¥ C ©, 


FV (9),0 => VE, 


where \/f is the radical of F, i.e. the set of germs f € Gp, such that some power f* lies 
in §. 

Proof. Set B = V(f). If f* € Ff, then f* vanishes on (B,0) and f € Fg. Thus 
V¥F Cc FB,0. Conversely, it is well known that \f is the intersection of all prime ideals 
PD Ff ({Lang 1965], Chapter VI). For such an ideal (B,0) = (V(f),0) D (V(P),0), 
thus F380 C Sv(@),o = # in view of Lemma 4.21. Therefore F3,9 C Ness P= /F and 
the Theorem is proved. 


In other words, if a germ (B,0) is defined by an arbitrary ideal ¥ C ©, and if f € ©, 
vanishes on (B,0), then some power f* lies in f. 
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§ 4.3. Regular and Singular Points. Dimension 


The above powerful results enable us to investigate the structure of singularities of 
an analytic set. We first give a few definitions. 


(4.23) Definition. Let A C M be an analytic set and x € A. We say that x € A is 
a regular point of A if ANQ is a C-analytic submanifold of Q for some neighborhood Q 
of x. Otherwise x is said to be singular. The corresponding subsets of A will be denoted 
respectively Ayeg and Asging- 


It is clear from the definition that A, is an open subset of A (thus Aging is closed), 
and that the connected components of Ayeg are C-analytic submanifolds of M (non 
necessarily closed). 


(4.24) Proposition. [f (A, x) is irreducible, there exist arbitrarily small neighborhoods 
Q of x such that Ayeg NQ is dense and connected in ANY. 


Proof. Take Q = Aas in Th. 4.19. Then Ag C Areg AQ C ANQ, where Ag is connected 
and dense in ANY ; hence Areg MQ has the same properties. 


(4.25) Definition. The dimension of an irreducible germ of analytic set (A, x) is defined 
by dim(A, x) = dim(Areg, 2). If (A, x) has several irreducible components (Aj), x), we set 


dim(A, 7) = max{dim(A;,z)},  codim(A, xz) = n — dim(A, z). 


(4.26) Proposition. Let (B,x) Cc (A, x) be germs of analytic sets. If (A, x) is irreducible 
and (B,x) 4 (A,a), then dim(B, x) < dim(A, x) and BNQ has empty interior in ANQ 
for all sufficiently small neighborhoods Q of x. 


Proof. We may assume x = 0, (A,0) C (C”,0) and (B,0) irreducible. Then .F4,.9 C -F3,0 
are prime ideals. When we choose suitable coordinates for the ramified coverings, we 
may at each step select vectors €n,€n—1,... that work simultaneously for A and B. If 
dim B = dim A, the process stops for both at the same time, i.e. we get ramified coverings 


nm: AN(A’x A") A’, 2: Bn(A’x A") SA’ 


with ramification loci $4, S%. Then BN ((A’\ (S4USz)) x A”) is an open subset of the 
manifold As = AN ((A’ ~SaA)-X AY, therefore BM Ag is an analytic subset of Ag with 
non empty interior. The same conclusion would hold if BMA had non empty interior in 
ANA. As Ag is connected, we get BN Ag = Ag, and as BNA is closed in A we infer 
BNAD As = ANA, hence (B,0) = (A, 0), in contradiction with the hypothesis. 


(4.27) Example: parametrization of curves. Suppose that (A, 0) is an irreducible 
germ of curve (dim(A,0) = 1). If the disk A’ C C is chosen so small that S = {0}, then 
Ag is a connected covering of A’ \ {0} with q sheets. Hence, there exists a covering 
isomorphism between 7 and the standard covering 


CD A(r) \ {0} — A(r2)\ {0}, teet?, r%=radius of A’, 
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ic. amap 7 : A(r) \ {0} — Ag such that 7 0 y(t) = t?. This map extends into a 
bijective holomorphic map y : A(r) —+ ANA with 7(0) = 0. This means that every 
irreducible germ of curve can be parametrized by a bijective holomorphic map defined 
on a disk in C (see also Exercise 10.8). 


§ 4.4. Coherence of Ideal Sheaves 


Let A be an analytic set in a complex manifold M. The sheaf of ideals $4 is the 
subsheaf of @jy consisting of germs of holomorphic functions on M which vanish on A. 
Its stalks are the ideals .¥4,, already considered; note that S42. = Ou, ifa ¢ A. If 
x € A, we let ©4,, be the ring of germs of functions on (A, 7) which can be extended as 
germs of holomorphic functions on (M,). By definition, there is a surjective morphism 
Ou,2 —? Ga, whose kernel is .F4,., thus 


(4.28) OA i On a) J Ags Vie A, 


ie. G4 = (Gm/JFa4) a. Since F4,.2 = Ou, for x ¢ A, the quotient sheaf ©),/.F,4 is zero 
on MA. 


(4.29) Theorem ([Cartan 1950]). For any analytic set A C M, the sheaf of ideals F4 
is a coherent analytic sheaf. 


Proof. It is sufficient to prove the result when A is an analytic subset in a neighborhood 
of 0 in C”. If (A,0) is not irreducible, there exists a neighborhood 2 such that AN 
Q = A; U...U Ay where A, are analytic sets in 9 and (Ax,0) is irreducible. We 
have Fang = ()-Fa,, so by Cor. 3.15 we may assume that (A,0) is irreducible. Then 
we can choose coordinates 2’, 2”, polydisks A’, A” and a primitive element u(z”) = 
Ca$12Zd$1 + +++ + CnZn such that Th. 4.19 is valid. Since 6(2’) = [],<, (ont — ojt)*, we 
see that 5(z’) is in fact a polynomial in the c;’s with coefficients in Gy. The same is true 
for the coefficients of the polynomials W,,(z’;T) and B;,(z';T) which can be expressed 
in terms of the elementary symmetric functions of the o,i’s. We suppose that A’ is 
chosen small enough in order that all coefficients of these @a|ca41,..., Cn] polynomials 
are in @(A’). Let dg € G(A’) be some non zero coefficient appearing in 6™ = S> dac®. 
Also, let Gi,...,Gy € @(A’)[z"] be the coefficients of all monomials c® appearing in the 
expansion of the functions W,,(z’; u(z”)) or 6(2’)zp — Br(z’ 3 u(z”)). Clearly, Gi,...,Gn 
vanish on AM A. We contend that 


(4.30) Ae = { f € Ou,x } baf S (G12, : renee 


This implies that the sheaf .f4 is the projection on the first factor of the sheaf of relations 
R(ba,Gi,-..-,Gn) C Gee which is coherent by the Oka theorem; Theorem 4.29 then 
follows. 

We first prove that the inclusion .44, D {...} holds in (4.30). In fact, if d.f € 
(Gij2,---,Gn,x), then f vanishes on A \ {dg = 0} in some neighborhood of x. Since 
(ANA) \ {bq = 0} is dense in AMA, we conclude that f € .F4,2. 

To prove the other inclusion .f4,, C {...}, we repeat the proof of Lemma 4.18 with 
a few modifications. Let x € A be a given point. At x, the irreducible polynomials 
W.(2';T) and W,(2’;T) of & and % in @yy9/-F4,9 split into 

Wulz’ ;T) = Wae(2’ ;T - u(2")) Que (25 T — u(x")), 
Wr (2! ;T) = Wa,o(2’ 3 T — te) Qe,o(2’;T — 2a), 
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where W,,,2(z’ ;T) and Wz,2(z’;T) are Weierstrass polynomials in T and Qy,2(2’,0) £0, 
Qzk,x(z’,0) #0. For all z’ € A’, the roots of W,,(z’;T) are the values u(z”) at all points 
z€ AN }(z'). As A is closed, any point z € AN7~+(z’) with z’ near x’ has to be ina 
small neighborhood of one of the points y € AN a +(x"). Choose Cq41,---;Cn Such that 
the linear form u(z”) separates all points in the fiber ANa~1(z’). Then, for a root u(z”) 
of Wie (2’;T —u(x")), the point z must be in a neighborhood of y = x, otherwise u(z”) 
would be near u(y”) # u(x”) and the Weierstrass polynomial W,,,,,(z’;7T) would have a 
root away from 0, in contradiction with (4.10). Conversely, if z € AN a71(z’) is near 
z, then Qux (2; u(z”) — u(x”)) £0 and u(z”) is a root of Wu,2(2’;T — u(x”)). From 
this, we infer that every polynomial P(z’;T) € Ga’,x[T] such that P(z’;u(z”’)) = 0 on 
(A, x) is a multiple of W,,.(2’;T — u(x”), because the roots of the latter polynomial 
are simple for z’ in the dense set (A’ \ S,a). In particular deg P < deg W,,,, implies 
P=0 and 
6(2z')9Wr,a(z’; Be(z’ ;u(2”))/5(2") — te) 


is a multiple of W,,,. (z’;T—u(2”)). If we replace W,,, Wi, by Wu,e, Wi,x respectively, the 
proof of Lemma 4.18 shows that for every f € ©, there is a polynomial R € Ga: »/[T] 
of degree deg R < deg Wy, such that 


6(2')™ f(z) = R(z’;u(z")) modulo the ideal 
( Wiue (2 ; u(z") a u(a")), O(2')zx — By (a ;u(z"’)) i; 


and f € .£4,, implies R = 0. Since W,,, differs from W,, only by an invertible element 
in ©y,2, we conclude that 


(tac") Fag Oa CGigi ni Gne). 


This is true for a dense open set of coefficients cq41,...,Cn, therefore by expressing the 
coefficients dg through interpolation of }> 6c at suitable points c we infer 


Ont Aw Ch Gig inieg Gung) forall.o; 


(4.31) Theorem. Aging is an analytic subset of A. 


Proof. The statement is local. Assume first that (A, 0) is an irreducible germ in C”. Let 
g1,---,gn be generators of the sheaf .£,4 on a neighborhood 2 of 0. Set d= dim A. Ina 
neighborhood of every point x € Areg 12, A can be defined by holomorphic equations 
ui(z) = ... = Un—a(z) = O such that duz,...,dun—q are linearly independant. As 
U1,-++,Un—d are generated by g1,..-,gNn, one can extract a subfamily g;,,...,9;,,_, that 
has at least one non zero Jacobian determinant of rank n —d at x. Therefore Aging NQ 
is defined by the equations 


09; = aijehe 


Assume now that (A,0) = U(A:,0) with (A), 0) irreducible. The germ of an analytic 
set at a regular point is irreducible, thus every point which belongs simultaneously to at 
least two components is singular. Hence 


(Aga 0) = (J(Aasings 0)U U (Ay Aj, 0), 
kfl 


§5. Complex Spaces 101 


and Aging is analytic. 


Now, we give a characterization of regular points in terms of a simple algebraic pro- 
perty of the ring © 4. 


(4.32) Proposition. Let (A, x) be a germ of analytic set of dimension d and let m4. C 
Oy. be the maximal ideal of functions that vanish at x. Then m,,, cannot have less 
than d generators and ma, has d generators if and only if x is a regular point. 


Proof. If A Cc C” is a d-dimensional submanifold in a neighborhood of x, there are 
local coordinates centered at x such that A is given by the equations zg41 =... = Zn 
near z = 0. Then ©4, ~ @qg and m,,, is generated by 2,...,2%q. Conversely, assume 
that m4, has s generators gi(z),...,9s(Z) in G42 = Ocn,2/SF4,2. Letting « = 0 for 
simplicity, we can write 


4 = Do usnl2)gn(2) + Fiz), Ue © On, fp Fao, 1<j <n. 
1<k<s 


Then we find dz; = )> c;x(0)dgx(0)+df;(0), so that the rank of the system of differentials 
(4f;(0)) scien is at least equal to n — s. Assume for example that dfi(0),...,dfn—s(0) 
are linearly independent. By the implicit function theorem, the equations f(z) =... 


fn—s(z) = 0 define a germ of submanifold of dimension s containing (A,0), thus s > d 
and (A, 0) equals this submanifold if s = d. 


(4.33) Corollary. Let AC M be an analytic set of pure dimension d and let B C A be 
an analytic subset of codimension > p in A. Then, as an @4,,-module, the ideal Fp x 
cannot be generated by less than p generators at any point x € B, and by less than p+1 
generators at any point x € Breg a) Asses 


Proof. Suppose that .43,, admits s-generators (g1,...,gs) at x. By coherence of Fz 
these germs also generate pg in a neighborhood of x, so we may assume that x is a 


regular point of B. Then there are local coordinates (21,...,2,) on M centered at x 
such that (B,2x) is defined by z,41 = ... = 2n = 0, where k = dim(B,z). Then the 
maximal ideal mg, = m4,7/-F8,2 is generated by 21,...,2,%, so that m4,, is generated 


by (21,--+5 2k; 915--+;9s). By Prop. 4.32, we get k +s >d, thus s >d—k > p, and we 
have strict inequalities when x € Aging. 


§5. Complex Spaces 


Much in the same way a manifold is constructed by piecing together open patches 
isomorphic to open sets in a vector space, a complex space is obtained by gluing together 
open patches isomorphic to analytic subsets. The general concept of analytic morphism 
(or holomorphic map between analytic sets) is first needed. 


§ 5.1. Morphisms and Comorphisms 


Let ACQ CC" and BC’ CC? be analytic sets. A morphism from A to B is by 
definition a map F': A —~ B such that for every x € A there is a neighborhood U of x 
and a holomorphic map F : U —> C? such that Fyanqu = Franu. Equivalently, such a 
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morphism can be defined as a continuous map F’': A —> B such that for all x € A and 
g € OB F(x) we have go F € G,,,. The induced ring morphism 


x 


(5.1) BS Op F(z) 297 G9 FE Gas 
is called the comorphism of F at point x. 


§ 5.1. Definition of Complex Spaces 


(5.2) Definition. A complex space X is a locally compact Hausdorff space, countable 
at infinity, together with a sheaf Gx of continuous functions on X, such that there exists 
an open covering (Ux) of X and for each X a homeomorphism Fy : Ux — A) onto 
an analytic set A, CQ, C C™ such that the comorphism FY : @4, —> Ox ju, ts an 
isomorphism of sheaves of rings. Gx is called the structure sheaf of X. 


By definition a complex space X is locally isomorphic to an analytic set, so the 
concepts of holomorphic function on X, of analytic subset, of analytic morphism, etc ... 
are meaningful. If X is a complex space, Th. 4.31 implies that Xsing is an analytic subset 
of X. 


(5.3) Theorem and definition. For every complex space X, the set Xreg is a dense 
open subset of X, and consists of a disjoint union of connected complex manifolds X/,. 
Let Xq be the closure of X/, in X. Then (XQ) is a locally finite family of analytic subsets 
of X, and X =()Xqa. The sets Xq are called the global irreducible components of X. 


(—1,0) (0, 0) 


Fig. II-2 The irreducible curve y? = x?(1+ 2) in C?. 


Observe that the germ at a given point of a global irreducible component can be reducible, 
as shows the example of the cubic curve [': y? = x?(1+-2) ; the germ (I,0) has two 
analytic branches y = +2 /1+ 2, however I \ {0} is easily seen to be a connected 
smooth Riemann surface (the real points of y corresponding to —1 < x < 0 form a path 
connecting the two branches). This example shows that the notion of global irreducible 
component is quite different from the notion of local irreducible component introduced 
in (4.4). 


Proof. By definition of X;eg, the connected components X/ are (disjoint) complex man- 
ifolds. Let us show that the germ of Xg = x. at any point x € X is analytic. We may 


§5. Complex Spaces 103 


assume that (X,x) is a germ of analytic set A in an open subset of C”. Let (Aj, x), 
1<1<N, be the irreducible components of this germ and U a neighborhood of x such 
that X NU = YA; NU. Let Q; C U be a neighborhood of x such that Aj reg 9 
is connected and dense in A; 1) (Prop. 4.24). Then A} := Xreg MN Ay NM Qi equals 
(Ajreg 1 O1) \ Urzi Ajreg 191M Ag. However, Ajreg 107M Ag is an analytic subset 
of Aj reg 1Q1, distinct from Aj reg M7, otherwise Aj reg MQ); would be contained in Ax, 
thus (A;,z) C (Ag, x) by density. Remark 4.2 implies that A} is connected and dense 
in Aj reg 1, hence in AyN MQ). Set Q = (Qi and let (Xa)aeyz be the family of global 
components which meet ( (i.e. such that X,NQ 4). As XrgNQ = YANN, 
each X/, a € J, meets at least one set A}, and as A} C Xreg is connected, we have in 
fact A; C X/. It follows that there exists a partition (La)aey of {1,...,N} such that 
XQNQ= Ver, API, a € J. Hence J is finite, card J < N, and 


Xand=X,NN= LJ) Ang= VU 4aina 
lELa lELa 


is analytic for alla € J. 


(5.4) Corollary. Jf A,B are analytic subsets in a complex space X, then the closure 
ANB is an analytic subset, consisting of the union of all global irreducible components 
Ay of A which are not contained in B. 


Proof. Let C = UA) be the union of these components. Since (A)) is locally finite, 
C is analytic. Clearly AX B= C\ B= UA) B. The regular part A) of each 
A) is a connected manifold and A, B is a proper analytic subset (otherwise A, C B 
would imply A, Cc B). Thus A \ (A, B) is dense in A which is dense in A), so 
Ay, B=VUAp=C: 


(5.5) Theorem. For any family (A) of analytic sets in a complex space X, the inter- 
section A =(]A) is an analytic subset of X. Moreover, the intersection is stationary on 
every compact subset of X. 


Proof. It is sufficient to prove the last statement, namely that every point x € X has a 
neighborhood 2 such that AM. is already obtained as a finite intersection. However, 
since @x , is Noetherian, the family of germs of finite intersections has a minimum 
element (B,x), B=()Ay,;,1 <3 < N. Let B be the union of the global irreducible 


components B, of B which contain the point x ; clearly (B,x) = (B,x). For any set Ay 
in the family, the minimality of B implies (B,x) C (Ay, x). Let B’, be the regular part of 
any global irreducible component B, of B. Then BI! Ay is a closed analytic subset of 
B!, containing a non empty open subset (the intersection of B!, with some neighborhood 
of x), so we must have B.A, = Bi. Hence By = B, C Ay for all By C B and all Ay, 


thus BC A=() A). We infer 


(Bay = (B, x) C (Are) C (Be), 


and the proof is complete. 


As a consequence of these general results, it is not difficult to show that a com- 
plex space always admits a (locally finite) stratification such that the strata are smooth 
manifolds. 
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(5.6) Proposition. Let X be a complex space. Then there is a locally stationary in- 
creasing sequence of analytic subsets Y, C X, k € N, such that Yo is a discrete set and 
such that Yp \ Yp_1 1s a smooth k-dimensional complex manifold for k > 1. Such a 
sequence is called a stratification of X, and the sets Y, \ Yz—1 are called the strata (the 
strata may of course be empty for some indices k < dim X). 


Proof. Let F be the family of irreducible analytic subsets Z C X which can be obtained 
through a finite sequence of steps of the following types: 


a) Z is an irreducible component of X ; 


b) Z is an irreducible component of the singular set Z/.., of some member Z’ € F; 


sing 


c) Z is an irreducible component of some finite intersection of sets Z; € F. 


Since X has locally finite dimension and since steps b) or c) decrease the dimension of 
our sets Z, it is clear that F is a locally finite family of analytic sets in X. Let Y; be the 
union of all sets Z € F of dimension < k. It is easily seen that UY, = X and that the 
irreducible components of (Y;,)sing are contained in Y;,_, (these components are either 
intersections of components Z; C Y; or parts of the singular set of some component 
Z C Yx, so there are in either case obtained by step b) or c) above). Hence Y, \ Yx-1 
is a smooth manifold and it is of course k-dimensional, because the components of Y; of 
dimension < k are also contained in Y,_, by definition. 


(5.7) Theorem. Let X be an irreducible complex space. Then every non constant 
holomorphic function f on X defines an open map f : X —C. 


Proof. We show that the image f(Q) of any neighborhood (Q of x € X contains a neigh- 
borhood of f(a). Let (X7, x) be an irreducible component of the germ (X,x) (embedded 
in C”) and A = A’ x A” CQ a polydisk such that the projection 7: X,; 1 A — A’ isa 
ramified covering. The function f is non constant on the dense open manifold Xyeg, so 
we may select a complex line L Cc A’ through 0, not contained in the ramification locus 
of 7, such that f is non constant on the one dimensional germ 7~!(L). Therefore we can 
find a germ of curve 
(C,0) >t y(t) € (X, 2) 


such that f oy is non constant. This implies that the image of every neighborhood of 
0 € C by f 07 already contains a neighborhood of f(z). 


(5.8) Corollary. If X is a compact irreducible analytic space, then every holomorphic 
function f € ©(X) is constant. 


In fact, if f € ©(X) was non constant, f(X) would be compact and also open in C 
by Th. 5.7, a contradiction. This result implies immediately the following consequence. 


(5.9) Theorem. Let X be a complex space such that the global holomorphic functions 
in ©(X) separate the points of X. Then every compact analytic subset A of X is finite. 


Proof. A has a finite number of irreducible components A) which are also compact. 
Every function f € ©(X) is constant on Ay, so A, must be reduced to a single point. 
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§ 5.2. Coherent Sheaves over Complex Spaces 


Let X be a complex space and @x its structure sheaf. Locally, X can be identified 
to an analytic set A in an open set 2 C C”, and we have Gx = ©e/F,4. Thus 6x 
is coherent over the sheaf of rings Gg. It follows immediately that @x is coherent over 
itself. Let Sf be a ©x-module. If Y denotes the extension of f;4 to Q obtained by setting 
Y, =OforrEe Ny A, then S isa @g-module, and it is easily seen that S;,4 is coherent 
over ©xy;, if and only if Y is coherent over Og. If Y is an analytic subset of X, then Y 
is locally given by an analytic subset B of A and the sheaf of ideals of Y in @x is the 
quotient Sy = Fp/Fa4 ; hence Fy is coherent. Let us mention the following important 
property of supports. 


(5.10) Theorem. If is a coherent Gx -module, the support of S, defined as Supp S = 
{xe X; Sf, #0} is an analytic subset of X. 


Proof. The result is local, thus after extending Y by 0, we may as well assume that X is 
an open subset 2 Cc C”. By (3.12), there is an exact sequence of sheaves 


eo? 2568 29550 


in a neighborhood U of any point. If G : G2? —+ @©4 is surjective it is clear that the 
linear map G(x) : C? —+ C% must be surjective; conversely, if G(x) is surjective, there 
is a qg-dimensional subspace E Cc C? on which the restriction of G(x) is a bijection onto 
C4 ; then Gye : Gy @®c E — ons is bijective near x and G is surjective. The support 
of Fy is thus equal to the set of points x € U such that all minors of G(a) of order q¢ 
vanish. 


§6. Analytic Cycles and Meromorphic Functions 


§ 6.1. Complete Intersections 


Our goal is to study in more details the dimension of a subspace given by a set of 
equations. The following proposition is our starting point. 


(6.1) Proposition. Let X be a complex space of pure dimension p and A an analytic 
subset of X with codimy A > 2. Then every function f € G(X ~ A) is locally bounded 
near A. 


Proof. The statement is local on X, so we may assume that X is an irreducible germ 
of analytic set in (C”,0). Let (Axz,0) be the irreducible components of (A,0). By a 
reasoning analogous to that of Prop. 4.26, we can choose coordinates (z1,..., Zn) on C” 
such that all projections 


TEES ete en <p =I, 


Tht Zt (21,---,2p,), Pk = dim A, , 


define ramified coverings 7: XM A —> A’, my : Ay NA — Aj. By construction 
m(A;) C A’ is contained in the set B;, defined by some Weierstrass polynomials in the 
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variables Zp,+41,---,;%p and codimy’ By = p — py > 2. Let S be the ramification locus of 
mand B=) By. We have 7(AN A) CB. For z’ € A’\ (SUB), we let 


o,(z') = elementary symmetric function of degree k in f(z’, 2’), 


where (z’, 2’) are the q points of X projecting on z’. Then o, is holomorphic on A’ ~ 
(SUB) and locally bounded near every point of S \ B, thus ox, extends holomorphically 
to A’ \ B by Remark 4.2. Since codim B > 2, a, extends to A’ by Cor. 1.4.5. Now, f 
satisfies {4 —o,f?-1+...+(—1)%0q = 0, thus f is locally bounded on X NA. 


(6.2) Theorem. Let X be an irreducible complex space and f € ©(X), f #0. Then 
f—'(0) is empty or of pure dimension dim X — 1. 


Proof. Let A = f~'(0). By Prop. 4.26, we know that dim A < dim X — 1. If A had an 
irreducible branch A; of dimension < dim X — 2, then in virtue of Prop. 6.1 the function 
1/f would be bounded in a neighborhood of Aj \ U,z; Ax, a contradiction. 


(6.3) Corollary. If f,..., fp are holomorphic functions on an irreducible complex space 
X, then all irreducible components of f,'(0)N...9 soa), have codimension > p. 


(6.4) Definition. Let X be a complex space of pure dimension n and A an analytic 
subset of X of pure dimension. Then A is said to be a local (set theoretic) complete 
intersection in X if every point of A has a neighborhood Q such that 


AS) face ths Fe oe) OF 
with exactly p= codim A functions f; € @(Q). 


(6.5) Remark. As a converse to Th. 6.2, one may ask whether every hypersurface A 
in X is locally defined by a single equation f = 0. In general the answer is negative. 
A simple counterexample for dim X = 3 is obtained with the singular quadric X = 
{z122 + 23z4 = 0} C C4 and the plane A = {z1 = z3 = 0} C X. Then A cannot be 
defined by a single equation f = 0 near the origin, otherwise the plane B = {zg = z4 = 0} 
would be such that 


f (OO BSAAB=4Oy, 


in contradiction with Th. 6.2 (also, by Exercise 10.11, we would get the inequality 
codimx AN B < 2). However, the answer is positive when X is a manifold: 


(6.6) Theorem. Let M be a complex manifold with dimc M =n, let (A, x) be an ana- 
lytic germ of pure dimension n—1 and let Aj, 1 <j <N, be its irreducible components. 


a) The ideal of (A, x) is a principal ideal 54.. = (g) where g is a product of irreducible 
germs g; such that 54, = (gj). 


b) For every f € Ou, such that f~'(0) C (A,2), there is a unique decomposition 
f =ug{"...gy™ where u is an invertible germ and m, is the order of vanishing of 


frat any point. 2.6 Ay res Une; Ak. 


Proof. a) In a suitable local coordinate system centered at x, the projection 7: C” —> 
C"~! realizes all A; as ramified coverings 


mi: A;NA—-A'C C"-! ramification locus = Sea 
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The function 
93(2', Zn) =< II (2x _ Wn), Be 5; 
wEeAjnn—1(z') 


extends into a holomorphic function in @,/|z,,] and is irreducible at x. Set g = [[ 9; € 
Fax For any f € S42, the Weierstrass division theorem yields f = gQ + R with 
R€ Gy_-1[2n] and deg R < deg g. As R(z’, Zn) vanishes when zp, is equal to w,, for each 
point w € AN!(z’), R has exactly deg g roots when 2’ € A’. (US; UU 7(A;NAz)), 
so R=0. Hence .F4,2 = (g) and similarly 54,2 = (g;). Since F,4, is coherent, g; is also 
a generator of S4,,, for z near x and we infer that g; has order 1 at any regular point 
ZE Ag Vee: 

b) As @yz, is factorial, any f € ©y7,2 can be written f = ugi"...gx;% where u is either 
invertible or a product of irreducible elements distinct from the g;’s. In the latter case 
the hypersurface u~!(0) cannot be contained in (A, 7), otherwise it would be a union of 
some of the components A; and u would be divisible by some g;. This proves b). 


(6.7) Definition. Let X be an complex space of pure dimension n. 


a) An analytic q-cycle Z on X is a formal linear combination S>A;A; where (A;) is 
a locally finite family of irreducible analytic sets of dimension q in X and A; € Z. 
The support of Z is |Z| = U,, 40 A;. The group of all q-cycles on X is denoted 
Cycl4(X). Effective q-cycles are elements of the subset Cycl4 (X) of cycles such that 
all coefficients A; are > 0 ; rational, real cycles are cycles with coefficients A; € Q, R. 


b) An analytic (n — 1)-cycle is called a (Weil) divisor, and we set 


Div(X) = Cycl”"*(X). 


c) Assume that dim Xsing < n— 2. If f € G(X) does not vanish identically on any 
irreducible component of X, we associate to f a divisor 


div(f) = 5° mj A; € Div;(X) 


in the following way: the components A; are the irreducible components of f—'(0) 
and the coefficient m; is the vanishing order of f at every regular point in Xyeg M 
Asien Uns; A,,. It is clear that we have 


div( fg) = div(f) + div(g). 


d) A Cartier divisor is a divisor D = 5° X,A; that is equal locally to a Z-linear combi- 
nation of divisors of the form div(f). 


It is easy to check that the collection of abelian groups Cycl‘(U) over all open sets 
U Cc X, together with the obvious restriction morphisms, satisfies axioms (1.4) of sheaves; 
observe however that the restriction of an irreducible component A; to a smaller open 
set may subdivide in several components. Hence we obtain sheaves of abelian groups 
Cycl? and Div = Cycl”~! on X. The stalk Cycl!? is the free abelian group generated by 
the set of irreducible germs of g-dimensional analytic sets at the point x. These sheaves 
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carry a natural partial ordering determined by the subsheaf of positive elements Cycl4. 
We define the sup and inf of two analytic cycles Z = }>,;A;, Z’ = D> uj; A; by 


(6.8) sup{Z, Z'} =} /sup{rj, uy} Aj, inf{Z,Z’} =) 0 inffA;, wy} Aj; 


it is clear that these operations are compatible with restrictions, i.e. they are defined as 
sheaf operations. 


(6.9) Remark. When X is a manifold, Th. 6.6 shows that every effective Z-divisor is 
locally the divisor of a holomorphic function; thus, for manifolds, the concepts of Weil 
and Cartier divisors coincide. This is not always the case in general: in Example 6.5, 
one can show that A is not a Cartier divisor (exercise 10.?). 


§ 6.2. Divisors and Meromorphic Functions 


Let X be a complex space. For x € X, let Mlx,, be the ring of quotients of ©x,,, i.e. 
the set of formal quotients g/h, g,h € @x,,, where h is not a zero divisor in @x,,, with 
the identification g/h = g'/h' if gh' = g'h. We consider the disjoint union 


(6.10) Mx = [J Mx. 


cEx 


with the topology in which the open sets open sets are unions of sets of the type 
{G,/Hz;x € V} C Mx where V is open in X and G,H € @x(V). Then Mx is 
a sheaf over X, and the sections of lx over an open set U are called meromorphic 
functions on U. By definition, these sections can be represented locally as quotients of 
holomorphic functions, but there need not exist such a global representation on U. 


A point x € X is called a pole of a meromorphic function f on X if fp ¢ Ox... 
Clearly, the set Py of poles of f is a closed subset of X with empty interior: if f = g/h 
on U, then h # 0 on any irreducible component and Pp NU Cc h7'(0). For x ¢ Py, 
one can speak of the value f(a). If the restriction of f to Xyeg \ Py does not vanish 
identically on any irreducible component of (X,), then 1/f is a meromorphic function 
in a neighborhood of x ; the set of poles of 1/f will be denoted Zy and called the zero set 
of f. If f vanishes on some connected open subset of Xyeg \ Pr, then f vanishes identically 
(outside Py) on the global irreducible component Xq containing this set; we agree that 
these components Xq are contained in Zs. For every point x in the complement of 
Zs Pr, we have either fr € Ox, or (1/f)z € Ox,2, thus f defines a holomorphic map 
X\ (ZO P¢) —+ CU {oo} = P' with values in the projective line. In general, no value 
(finite or infinite) can be assigned to f at a point « € Z;M Py, as shows the example of 
the function f(z) = z2/z1 in C?. The set Zp Py is called the indeterminacy set of f. 


(6.11) Theorem. For every meromorphic function f on X, the sets Ps, Zp and the 
indeterminacy set Z» Py are analytic subsets. 


Proof. Let ¥, be the ideal of germs u € @x,, such that uf, € Gx... Let us write f = g/h 
on a small open set U. Then ¥;y appears as the projection on the first factor of the 
sheaf of relations R(g,h) C Gy x Gy, so F is a coherent sheaf of ideals. Now 


Pr = {x eX; J. = Ox} = Supp Ox/f, 
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thus Py is analytic by Th. 5.10. Similarly, the projection of R(g, h) on the second factor 
defines a sheaf of ideals ¥' such that Zp = Supp ©x/ fF’. 


When X has pure dimension n and dim Xging < n — 2, Def. 6.7 c) can be extended 
to meromorphic functions: if f = g/h locally, we set 


(6.12) div(f) = div(g) — div(h). 


By 6.7 c), we immediately see that this definition does not depend on the choice of the 
local representant g/h. Furthermore, Cartier divisors are precisely those divisors which 
are associated locally to meromorphic functions. 


Assume from now on that M is a connected n-dimensional complex manifold. Then, 
for every point x € M, the ring Oy. ~ ©, is factorial. This property makes the study 
of meromorphic functions much easier. 


(6.13) Theorem. Let f be a non zero meromorphic function on a manifold M, with 
dimc M =n. Then the sets Z;, Py are purely (n—1)-dimensional, and the indeterminacy 
set Zp Py is purely (n — 2)-dimensional. 


Proof. For every point a € M, the germ f, can be written ga/ha where ga,ha € Guia 
are relatively prime holomorphic germs. By Th. 1.12, the germs gz, hy are still relatively 
prime for x in a neighborhood U of a. Thus the ideal ¥ associated to f coincides with 
(h) on U, and we have 


P,QU = Supp Gy /(h) =h-1(0), Zp NU =g7*(0). 
Th. 6.2 implies our contentions: if g, and h, are the irreducible components of g, h, then 


Zp Ps =Uagx' (0) h7,'(0) is (n — 2)-dimensional. As we will see in the next section, 
Th. 6.13 does not hold on an arbitrary complex space. 


Let (A;), resp. (B;), be the global irreducible components of Z;, resp. Py. In a 
neighborhood V; of the (n — 1)-dimensional analytic set 


Al, = A; \ (Pp U LJ An) 
kAj 
f is holomorphic and Vn f~1(0) = A’. As A’... is connected, we must have div(fjv,) = 
m,A/, for some constant multiplicity mj equal to the vanishing order of f along Aj .o,- 
Similarly, 1/f is holomorphic in a neighborhood W;, of 


BY = By \ (Zp U LJ Br) 
kAj 
and we have div(f}v) = —p;B; where p; is the vanishing order of 1/f along Bj... At 
a point « € M the germs A;,, and B,;, may subdivide in irreducible local components 
Aj,y,2 and B; 7. If g;,, and hj, are local generators of the corresponding ideals, we 
may a priori write 


jc oh where e= lo n= |e 
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and where wu is invertible. Then necessarily mj;,, = mj; and p;,, = p; for all A, and we 
see that the global divisor of f on M is 


(6.14) div(f) = Sm; A; = SBF 


Let us denote by .Wl* the multiplicative sheaf of germs of non zero meromorphic functions, 
and by ©* the sheaf of germs of invertible holomorphic functions. Then we have an exact 
sequence of sheaves 


(6.15) ($C S34 “Ss piv =s6: 


Indeed, the surjectivity of div is a consequence of Th. 6.6. Moreover, any meromorphic 
function that has a positive divisor must be holomorphic by the fact that ©, is factorial. 
Hence a meromorphic function f with div(f) = 0 is an invertible holomorphic function. 


§ 7. Normal Spaces and Normalization 


§ 7.1. Weakly Holomorphic Functions 


The goal of this section is to show that the singularities of X can be studied by en- 
larging the structure sheaf ©x into a sheaf ©x of so-called weakly holomorphic functions. 


(7.1) Definition. Let X be a complex space. A weakly holomorphic function f on X 
is a holomorphic function on Xyeg such that every point of Xsing has a neighborhood V 
for which f is bounded on Xreg AV. We denote by Ox.x the ring of germs of weakly 
holomorphic functions over neighborhoods of x and ©x the associated sheaf. 


Clearly, © x, is a ring containing @x,,. If (X,;,) are the irreducible components of 
(X,x), there is a fundamental system of neighborhoods V of x such that Xreg NV is a 
disjoint union of connected open sets 


Xe seet Vo Met ees VV 
kAj 


which are dense in Xj reg 1V. Therefore any bounded holomorphic function on Xyeg VV 
extends to each component Xj reg 1 V and we see that 


Ox» = B Ox, x 


The first important fact is that weakly holomorphic functions are always meromorphic 
and possess “universal denominators”. 


(7.2) Theorem. For every point x € X, there is a neighborhood V of x andh € ©x(V) 
such that h~'(0) is nowhere dense in V and hy@x,y C Gx, for ally € V ; such a 
function h is called a universal denominator on V. In particular @x is contained in the 
ring Mx of meromorphic functions. 


Proof. First assume that (X,x) is irreducible and that we have a ramified covering 
mt: XM A —> A’ with ramification locus $. We claim that the discriminant 6(z’) of a 
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primitive element u(z”) = ca412a41 +°+*+CnZn is a universal denominator on X 0 A. 
To see this, we imitate the proof of Lemma 4.15. Let f € Oxy, y € XNA. Then we 
solve the equation 

f(z) = D5 bj(z’)u(z”)? 


O<7 <4 


in a neighborhood of y. For z’ € A’ \ S, let us denote by (z’, 2’), 1 <a <q, the points 
in the fiber X N2~1+(z’). Among these, only q’ are close to y, where q’ is the sum of the 
sheet numbers of the irreducible components of (X,y) by the projection 7. The other 
points (2’, 2”), say q' < a < q, are in neighborhoods of the points of t~!(y’) \ {y}. We 
take (b;(z’)) to be the solution of the linear system 


S > b;(z’)u(2h)? = i a) ESO 


f : <n. 
hee 0 or gd <acn 


The solutions b;(z’) are holomorphic on A’\ S' near y’. Since the determinant is 5(z’)!/?, 


we see that 6b; is bounded, thus 6b; € @a’y and dy f € Ox.y. 


Now, assume that (X,x) C (C”,0) has irreducible components (X;,7). We can find 
for each j a neighborhood 2; of 0 in C” and a function 6; € @,(Q,;) which is a universal 
denominator on X;1,;. After adding to 6; a function which is identically zero on 
(X;,x) and non zero on (X;, x), k # j, we may assume that 5; *(0) AX, Q is nowhere 
dense in X;, for all 7 and & and some small 2 C (0. Then 6 = [[6; is a universal 
denominator on each component X; 1. For some possibly smaller Q, select a function 
vj € ©,(Q) such that vj vanishes identically on U,2; X_N and v;*(0) is nowhere dense 
in X;NQ, and set h = 6)¢ vg. For any germ f € Gx,, y € X OQ, there is a germ 
9; € Gay with Of = g; on (Xj,y). We have h = dv; on X;Q, so h~1(0) is nowhere 
dense in X 12 and 


hf = 070 = 079; So ungK on each (X;,y). 


Since )> vrgr € Gay, we get hOx.y © Oxy 


(7.3) Theorem. If (X,x) is irreducible, Ox.e is the integral closure of Gx, in its 
quotient field Mx .. Moreover, every germ f € Gx, admits a limit 


lim = f(z). 


Xreg DZ x 


Observe that ©x,, is an entire ring, so the ring of quotients Mx, is actually a 
field. A simple illustration of the theorem is obtained with the irreducible germ of curve 
X : 23 = 23 in (C?,0). Then X can be parametrized by z; = t?, z2 = t?, t € C, and 
Oxo = C{z, 22}/(2} — 23) = C{t?,t?} consists of all convergent series ant” with 
a; = 0. The function z2/z; = t is weakly holomorphic on X and satisfies the integral 
equation t? — z; = 0. Here we have Oxo = Cit. 


Proof. a) Let f = g/h be an element in Mx, satisfying an integral equation 


f tafe i +...+am=0, ap € Oxe. 
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Set A =h71(0). Then f is holomorphic on X \ A near x, and Lemma 4.10 shows that f 
is bounded on a neighborhood of x. By Remark 4.2, f can be extended as a holomorphic 
function on Xyeg in a neighborhood of x, thus f € Gx. 


b) Let f € Ox.» and let 7: X MA —> A’ be a ramified covering in a neighborhood of z, 
with ramification locus S. As in the proof of Th. 6.1, f satisfies an equation 


ft —oiftt+---+(-l)fog=0, on € OA) ; 


indeed the elementary symmetric functions o;(z') are holomorphic on A’ \ S and boun- 
ded, so they extend holomorphically to A’. Hence Gx, is integral over @x,, and we 
already know that @x,2 C Mx. 


c) Finally, the cluster set ()y5, f(Xreg 9 V) is connected, because there is a fundamental 
system of neighborhoods V of x such that Xyeg 1 V is connected, and any intersection of 
a decreasing sequence of compact connected sets is connected. However the limit set is 
contained in the finite set of roots of equation b) at point x’ € A’, so it must be reduced 
to one element. 


§ 7.2. Normal Spaces 


Normal spaces are spaces for which all weakly holomorphic functions are actually 
holomorphic. These spaces will be seen later to have “simpler” singularities than general 
analytic spaces. 


(7.4) Definition. A complex space X is said to be normal at a point x if (X,x) is 
irreducible and Ox. = ©x,2, that is, Ox, is integrally closed in its field of quotients. 
The set of normal (resp. non-normal) points will be denoted Xnorm (resp. Xn-n). The 
space X itself is said to be normal if X is normal at every point. 


Observe that any regular point x is normal: in fact ©x,. ~ ©, is then factorial, hence 
integrally closed. Therefore Xy-n C Xsing. 


(7.5) Theorem. The non-normal set Xy-» is an analytic subset of X. In particular, 
Xnorm 28 open in X. 


Proof. We give here a beautifully simple proof due to [Grauert and Remmert 1984]. Let 
h be a universal denominator on a neighborhood V of a given point and let .4 = /h@x 
be the sheaf of ideals of h~(0) by Hilbert’s Nullstellensatz. Finally, let ¥ = home(.F, .F) 
be the sheaf of ©x-endomorphisms of -f. Since .¥ is coherent, so is ¥ (cf. Exercise 10.7). 
Clearly, the homotheties of .F give an injection ©x C F over V. We claim that there 
is a natural injection F¥ C @x. In fact, any endomorphism of .¥ yields by restriction a 
homomorphism h@x — @x, and by ©x-linearity such a homomorphism is obtained by 
multiplication by an element in h~!@x. Thus ¥ C h~!Gx C Alyx. Since each stalk .F,, is 
a finite @x ,-module containing non-zero divisors, it follows that that any meromorphic 
germ f such that f.F, C .F, is integral over Gx, ([Lang 1965], Chapter IX, § 1), hence 
Fa C Ox.» Thus we have inclusions Gy C FC Gx. Now, we assert that 


XpnNV ={H£ EV; Fe F Ox} = F/Ex. 
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This will imply the theorem by 5.10. To prove the equality, we first observe that ¥, 4 
©x , implies Ox.» # Ox, thus « € Xy,». Conversely, assume that x is non normal, 
that is, Ox. # Ox. Let k be the smallest integer such that FECX. C Gx, ; such 
an integer exists since SG Xe C hG X,c C ©x., for | large. Then there is an element 
we Disa Grae such that w ¢ Gx,2. We have w.S, C Gx, ; moreover, as w is locally 
bounded near Xsing, any germ wg in w.F, satisfies lim w(z)g(z) = 0 when z € Xyeg tends 
to a point of the zero variety h~'(0) of .F,. Hence w.F C Fx, i.e. w € Fx, but w ¢ Gx,x, 
SOF gee Ox: 


(7.6) Theorem. [fx € X is a normal point, then (Xsing, £) has codimension at least 2 
on (Xm). 


Proof. We suppose that = Xging has codimension 1 in a neighborhood of « and try 
to get a contradiction. By restriction to a smaller neighborhood, we may assume that 
X itself is normal and irreducible (since Xporm is open), dim X = n, that 4 has pure 
dimension n — 1 and that the ideal sheaf .fy has global generators (g1,...,g%). Then 
Yel) g; (0) ; both sets have pure dimension n — 1 and thus singular sets of dimension 
<n-—2. Hence there is a point a € © that is regular on © and on U g; (0), in particular 
there is a neighborhood V of a such that gp '(0) NV =... = 9, (0)NV ==UNV is 
a smooth (n — 1)-dimensional manifold. Since codimy © = 1 and a is a singular point 
of X, .45,4 cannot have less than 2 generators in @x,_ by Cor. 4.33. Take (g1,..., 91), 
| > 2, to be a minimal subset of generators. Then f = g2/gi cannot belong to ©x.<, 
but f is holomorphic on V \ %&. We may assume that there is a sequence ay € V\ & 
converging to a such that f(a,) remains bounded (otherwise reverse g; and gz and pass 
to a subsequence). Since g) '(0) WV = UNV, Hilbert’s Nullstellensatz gives an integer 
m such that SS a C gi@x,a, hence fa FS a C ©x 4. We take m to be the smallest 
integer such that the latter inclusion holds. Then there is a product g* = gf'...g)" 
with |a| =m —1 such that fg* ¢ ©x,4 but fg%g; € ©x.q for each j. Since the sequence 
f(a_) is bounded we conclude that fgg; vanishes at a. The zero set of this function 
has dimension n — 1 and is contained in Ug, '(0) AV = NV so it must contain the 
germ (Xa). Hence fg%g; € Fn and fg* Ina C Ina. As -F5,¢ is a finitely generated 
©x a-module, this implies fg® € Ox.a = ©x.q, a contradiction. 


(7.7) Corollary. A complex curve is normal if and only if it is regular. 


(7.8) Corollary. Let X be a normal complex space and Y an analytic subset of X such 
that dim(Y, x) < dim(X, x) —2 for any x € X. Then any holomorphic function on X \Y 
can be extended to a holomorphic function on X. 


Proof. By Cor. 1.4.5, every holomorphic function f on Xyeg \ Y extends to Xyeg. Since 
codim Xsing > 2, Th. 6.1 shows that f is locally bounded near Xing. Therefore f extends 
to X by definition of a normal space. 


§ 7.3. The Oka Normalization Theorem 


The important normalization theorem of [Oka 1950] shows that ©x can be used to 
define the structure sheaf of a new analytic space X which is normal and is obtained by 
“simplifying” the singular set of X. More precisely: 
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(7.9) Definition. Let X be a complex space. A normalization (Y,7) of X is a normal 
complex space Y together with a holomorphic map 7 : Y —> X such that the following 
conditions are satisfied. 


a) 7: Y —>+ X is proper and has finite fibers; 


b) if © is the set of singular points of X and A= 1~1(X), then Y \ A is dense in Y 
andm:Y \A—> X\U= Xreg is an analytic isomorphism. 


It follows from b) that Y \ A C Yreg. Thus Y is obtained from X by a suitable 
“modification” of its singular points. Observe that Y,.¢ may be larger than Y ~ A, as is 
the case in the following two examples. 


(7.10) Examples. 


a) Let X = Cx {0}U{0}xC be the complex curve z1z2 = 0 in C?. Then the normalization 
of X is the disjoint union Y = C x {1,2} of two copies of C, with the map a(t,) = (t1, 0), 
m(t2) = (0, t2). The set A = 7~1(0,0) consists of exactly two points. 


b) The cubic curve X : 2? = 22 is normalized by the map 7 : C —> X, t r= (#?,#°). 
Here 7 is a homeomorphism but 77! is not analytic at (0,0). 


We first show that the normalization is essentially unique up to isomorphism and 
postpone the proof of its existence for a while. 


(7.11) Lemma. /f (Y,,71) and (Y2,72) are normalizations of X, there is a unique 
analytic isomorphism p : Y; —> Y2 such that 7m, = 720 yp. 


Proof. Let & be the set of singular points of X and A; = ne); pao MDs Ct 
yp’: ¥, \ Ay —> Yo Az be the analytic isomorphism oa o 71. We assert that y’ can 
be extended into a map y : Y; —> Y2. In fact, let a € A, and s = m(a) € &. Then 
1 (8) consists of a finite set of points y; € Yo. Take disjoint neighborhoods U; of y; 
such that U; is an analytic subset in an open set 2; CC C%. Since 7 is proper, there 
is a neighborhood V of s in X such that 73'(V) C UU; and by continuity of 7 a 
neighborhood W of a such that 71(W) C V. Then y’ = fi om, maps W \ A, into 
JU; and can be seen as a bounded holomorphic map into C’ through the embeddings 
U; © 2; cc CN. Since Y; is normal, y’ extends to W, and the extension takes values 
in UU, which is contained in Y2 (shrink U; if necessary). Thus y’ extends into a map 
yp: Y; — Y2 and similarly y’—* extends into a map w : Yy —> Y;. By density of Y;\ Aj, 
we have wo yp = Idy,, pow = Idy,. 


(7.12) Oka normalization theorem. Let X be any complex space. Then X has a 
normalization (Y,7). 


Proof. Because of the previous lemma, it suffices to prove that any point x € X has a 
neighborhood U such that U admits a normalization; all these local normalizations will 
then glue together. Hence we may suppose that X is an analytic set in an open set of 
C”. Moreover, if (X,a) splits into irreducible components (X,,x) and if (Y;,7;) is a 
normalization of X;U, then the disjoint union Y = [[ Y; with a = [[7; is easily seen 
to be a normalization of X 7 U. We may therefore assume that (X,2) is irreducible. 
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Let h be a universal denominator in a neighborhood of x. Then 6 X,x 18 isomorphic to 
its image hOx.x C ©x.z, So it is a finitely generated @x,,-module. Let (f1,..-, fm) bea 
finite set of generators of @x,,. After shrinking X again, we may assume the following 
two points: 


e X isan analytic set in an open set 2 C C”, (X, 2) is irreducible and Xyeg is connected; 


e f; is holomorphic in Xyeg, can be written fj; = g;/h on X with gj,h in ©,(Q) and 
satisfies an integral equation P;(z; f;(z)) = 0 where P;(z; T) is a unitary polynomial 
with holomorphic coefficients on X. 


Set X’ = X \ h71(0). Consider the holomorphic map 
Bt Xe SOM. (A: fi@)sexitin@)) 


and the image Y’ = F(X’). We claim that the closure Y of Y’ in 2 x C™ is an analytic 
set. In fact, the set 


Z = {(z,w) €2xC™; zEX, h(z)w; =9;(z)} 


is analytic and Y’ = Z \ {h(z) = 0}, so we may apply Cor. 5.4. Observe that Y’ is 
contained in the set defined by P;(z;w,;) = 0, thus so is its closure Y. The first projection 
Q x C™ —> 2 gives a holomorphic map 7 : Y —> X such that 70 F = Id on X’, hence 
also on Xyeg. If U = Xging and A = 7~1(X), the restriction 7: Y\ A —> X\U= Xeeg is 
thus an analytic isomorphism and F is its inverse. Since (X, x) is irreducible, each f; has 
a limit @; at x by Th. 7.3 and the fiber 7~'(x) is reduced to the single point y = (2, @). 
The other fibers 7~'(z) are finite because they are contained in the finite set of roots 
of the equations P;(z; w,;) = 0. The same argument easily shows that 7 is proper (use 
Lemma 4.10). 

Next, we show that Y is normal at the point y = 1~1+(x). In fact, for any bounded 
holomorphic function u on (Yreg, y) the function uo F is bounded and holomorphic 
on (Xyog, 2). Hence uo F € Ox» = Gx 2[f1,---; fm] and we can write uo F(z) = 
Q(z; filz),.-.,fm(z)) = Qo F(z) where Q(z; w) = >) aq(z)w®% is a polynomial in w 
with coefficients in ©x,,. Thus u coincides with Q on (Yreg, y), and as @ is holomorphic 

n (X,az) x C™ D (Y,y), we conclude that u € @y.,. Therefore Oyy = Oy». 

Finally, by Th. 7.5, there is a neighborhood V C Y of y such that every point of V 
is normal. As 7 is proper, we can find a neighborhood U of x with m~1(U) Cc V. Then 
n:m +(U) —+ U is the required normalization in a neighborhood of x. 


The proof of Th. 7.12 shows that the fiber 7~'(x) has exactly one point y; for each ir- 
reducible component (X,;, x) of (X, a). As a one-to-one proper map is a homeomorphism, 
we get in particular: 


(7.13) Corollary. If X is a locally irreducible complex space, the normalization mt : 
Y — X is a homeomorphism. 


(7.14) Remark. In general, for any open set U C X, we have an isomorphism 


(7.15) m™ :Ox(U) => Gy(m7*(U)), 
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whose inverse is given by the comorphism of 77! : Xreg —> Y ; note that Gy (U) = Gy (U) 
since Y is normal. Taking the direct limit over all neighborhoods U of a given point 
x € X, we get an isomorphism 


(7.15’) m* 6 Ox. = B Ov ipa 


yjen—*(a) 


In other words, @x is isomorphic to the direct image sheaf 7,@y,, see (1.12). We will prove 
later on the deep fact that the direct image of a coherent sheaf by a proper holomorphic 
map is always coherent ({Grauert 1960], see 9.?.1). Hence Gx = 7,@y is a coherent sheaf 
over Gx. 


§ 8. Holomorphic Mappings and Extension Theorems 
§ 8.1. Rank of a Holomorphic Mapping 


Our goal here is to introduce the general concept of the rank of a holomorphic map 
and to relate the rank to the dimension of the fibers. As in the smooth case, the rank is 
shown to satisfy semi-continuity properties. 


(8.1) Lemma. Let F : X —+ Y be a holomorphic map from a complex space X to a 
complex space Y. 


a) If F is finite, i.e. proper with finite fibers, then dim X < dimY. 
b) If F is finite and surjective, then dim X = dimY. 


Proof. a) Let x € X, (X;,x) an irreducible component and m = dim(X,,x). If (Yz, y) 
are the irreducible components of Y at y = F(x), then (Xj, 2) is contained in U F~1(Y;), 
hence (Xj, x) is contained in one of the sets F—~'(Y,). If p = dim(Yx, y), there is a ramified 
covering 7 from some neighborhood of y in Y, onto a polydisk in A’ Cc C?. Replacing 
X by some neighborhood of x in X; and F by the finite map 70 Fx, : X; —> A’, we 
may suppose that Y = A’ and that X is irreducible, dim X = m. Let r = rankdF,, 
be the maximum of the rank of the differential of F on Xyeg. Then r < min{m,p} and 
the rank of dF is constant equal to r on a neighborhood U of xo. The constant rank 
theorem implies that the fibers F~1(y) VU are (m—r)-dimensional submanifolds, hence 
m—-r=Oandm=r <p. 


b) We only have to show that dim X > dimY. Fix a regular point y € Y of maximal 
dimension. By taking the restriction F : F~'(U) —> U to a small neighborhood U of y, 
we may assume that Y is an open subset of C?. If dim X < dimY, then X is a union 
of analytic manifolds of dimension < dimY and Sard’s theorem implies that F(X) has 
zero Lebesgue measure in Y, a contradiction. 


(8.2) Proposition. For any holomorphic map F : X —> Y, the fiber dimension 
dim (F~!(F(x)),x) is an upper semi-continuous function of x. 


Proof. Without loss of generality, we may suppose that X is an analytic set in Q C C”, 
that F(X) is contained in a small neighborhood of F(a) in Y which is embedded in C%, 
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and that « = 0, F(x) =0. Set A = F~1(0) and s = dim(A,0). We can find a linear form 
€; on C” such that dim(AN€;'(0), 0) = s—1; in fact we need only select a point x; 4 0 
on each irreducible component (A,;,0) of (A,0) and take €,(x;) 4 0. By induction, we 
can find linearly independent forms €,,...,€, on C” such that 


dim (AN €7*(0)N...N€F*(0),0) = 8-5 


for all 7 = 1,...,s ; in particular 0 is an isolated point in the intersection when 7 = s. 
After a change of coordinates, we may suppose that €;(z) = z;. Fix r” so small that 
the ball B’ Cc C”~S of center 0 and radius r” satisfies AN ({0} x BY’) = {O}. Then 
A is disjoint from the compact set {0} x 0B”, so there exists a small ball B’ Cc C* 
of center 0 such that AM (B x 0B") = @, i.e. F does not vanish on the compact set 
kK=xXn (B’ x OB"). Set ¢ = ming |F|. Then for |y| < € the fiber F~!(y) does not 
intersect B x 0B". This implies that the projection map 7 : F-l(y)n(B’ x B”) — B' 
is proper. The fibers of 7 are then compact analytic subsets of B’’, so they are finite 
by 5.9. Lemma 8.1 a) implies 


dim F~'(y) N (B’ x B") < dim B’ = s = dim(A,0) = dim(F~'(0), 0). 


Let X be a pure dimensional complex space and F': X — Y a holomorphic map. 
For any point x € X, we define the rank of F at x by 


(8.3) pr(x) = dim(X, x) — dim (F~'(F(z)), x). 


By the above proposition, pr is a lower semi-continuous function on X. In particular, 
if pr is maximum at some point xo, it must be constant in a neighborhood of x. The 
maximum p(F’) = maxx pp is thus attained on Xyeg or on any dense open subset X’ C 
Xreg. If X is not pure dimensional, we define p(F’) = max, p(Frx,) where (Xq) are 
the irreducible components of X. For a map F : X —> CN, the constant rank theorem 
implies that p(F’) is equal to the maximum of the rank of the jacobian matrix dF at 
points of X+eg (or of X’). 


(8.4) Proposition. [f F : X —>+ Y is a holomorphic map and Z an analytic subset of 
X, then p(Fiz) < pF). 


Proof. Since each irreducible component of Z is contained in an irreducible component 
of X, we may assume X irreducible. Let  : X —>+ X be the normalization of X and 
Z= nm +(Z). Since 7 is finite and surjective, the fiber of Fo at point x has the same 
dimension than the fiber of F' at 1(x) by Lemma 8.1 b). Therefore p(F' o 7) = p(F’) and 
P(F'o mz) = p(F\z), so we may assume X normal. By induction on dimX, we may 
also suppose that Z has pure codimension | in X (every point of Z has a neighborhood 
V Cc X such that 71 V is contained in a pure one codimensional analytic subset of V). 
But then Zreg MN Xreg is dense in Zreg because codim Xing > 2. Thus we are reduced to 
the case when X is a manifold and Z a submanifold, and this case is clear if we consider 
the rank of the jacobian matrix. 


(8.5) Theorem. Let F : X —> Y be a holomorphic map. If Y is pure dimensional and 
P(E) < dimY, then F(X) has empty interior inY. 


118 Chapter II. Coherent Sheaves and Analytic Spaces 


Proof. Taking the restriction of F' to F Ih des) we may assume that Y is a manifold. 
Since X is a countable union of compact sets, so is F'(X), and Baire’s theorem shows 
that the result is local for X. By Prop. 8.4 and an induction on dim X, F(Xging) has 
empty interior in Y. The set Z C Xyeg of points where the jacobian matrix of F has rank 
< p(F) is an analytic subset hence, by induction again, F(Z) has empty interior. The 
constant rank theorem finally shows that every point x € Xyeg \ Z has a neighborhood V 
such that F'(V) is a submanifold of dimension f(F’) in Y, thus F'(V) has empty interior 
and Baire’s theorem completes the proof. 


(8.6) Corollary. Let F : X —-+ Y be a surjective holomorphic map. Then dimY = 
PF). 


Proof. By the remark before Prop. 8.4, there is a regular point x) € X such that the 
jacobian matrix of F' has rank p( Ff’). Hence, by the constant rank theorem dim Y > p(F). 
Conversely, let Y, be an irreducible component of Y of dimension equal to dim Y, and 
Z =F -1(¥,) C X. Then F(Z) = Y, and Th. 8.5 implies p(F) > p(Fyz) > dimY,. 


§ 8.2. Remmert and Remmert-Stein Theorems 


We are now ready to prove two important results: the extension theorem for analytic 
subsets due to [Remmert and Stein 1953] and the theorem of [Remmert 1956, 1957| which 
asserts that the image of a complex space under a proper holomorphic map is an analytic 
set. These will be obtained by a simultaneous induction on the dimension. 


(8.7) Remmert-Stein theorem. Let X be a complex space, A an analytic subset of 
X and Z an analytic subset of X \ A. Suppose that there is an integer p > 0 such that 
dim A < p, while dim(Z,x) > p for all x € Z. Then the closure Z of Z in X is an 
analytic subset. 


(8.8) Remmert’s proper mapping theorem. Let F': X —> Y be a proper holomor- 
phic map. Then F(X) is an analytic subset of Y. 


Proof. We let (8.7) denote statement (8.7) for dim Z < m and (8.8,,) denote statement 
(8.8) for dim_X < m. We proceed by induction on m in two steps: 


Step 1. (8.7m) and (8.8,,-1) imply (8.8,,). 
Step 2. (8.8m—1) implies (8.7,,). 


As (8.8) is obvious for m = 0, our statements will then be valid for all m, i.e. for all 
complex spaces of bounded dimension. However, Th. 8.7 is local on X and Th. 8.8 is 
local on Y, so the general case is immediately reduced to the finite dimensional case. 


Proof of step 1. The analyticity of F(X) is a local question in Y. Since F : F~!(U) —+ U 
is proper for any open set U C Y and F~!(U) Cc X if U CC Y, we may suppose that 
Y is embedded in an open set QC C” and that X only has finitely many irreducible 
components X,. Then we have F(X) = (J) F(Xq) and we are reduced to the case when 
X is irreducible, dim X = mand Y =. 


First assume that X is a manifold and that the rank of dF’ is constant. The constant 
rank theorem implies that every point in X has a neighborhood V such that F'(V) is 
a closed submanifold in a neighborhood W of F(a) in Y. For any point y € Y, the 
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fiber F~'(y) can be covered by finitely many neighborhoods V; of points 2; € F~'(y) 
such that F(V;) is a closed submanifold in a neighborhood W; of y. Then there is a 
neighborhood of y W C ()W; such that F~'(W) C UVj, so F(X) NW =U F(V;) OW 
is a finite union of closed submanifolds in W and F(X) is analytic in Y. 


Now suppose that X is a manifold, set r = p(F’) and let Z C X be the analytic subset 
of points x where the rank of dF, is < r. Since dimZ < m = dim X, the hypothesis 
(8.8m—1) shows that F(Z) is analytic. We have dim F(Z) = p(Fiz) < r. If F(Z) = 
F(X), then F(X) is analytic. Otherwise A = F~'(F(Z)) is a proper analytic subset of 
X, dF has constant rank on X\ AC X\Z and the morphism F’': X\ A — Y\ F(Z) is 
proper. Hence the image F(X \ A) is analytic in Y\ F(Z). Since dim F(X \ A) =r <m 
and dim F(Z) < r, hypothesis (8.7) implies that F(X) = F(X ~ A) is analytic in Y. 
When X is not a manifold, we apply the same reasoning with Z = Xging in order to be 
reduced to the case of Ff: X . A — Y \ F(Z) where X \ A is a manifold. 


Proof of step 2. Since Th. 8.7 is local on X, we may suppose that X is an open set 
Q c C”. Then we use induction on p to reduce the situation to the case when A is a 
p-dimensional submanifold (if this case is taken for granted, the closure of Z in Q~\ Aging 
is analytic and we conclude by the induction hypothesis). By a local analytic change of 
coordinates, we may assume that 0 € A and that A = QOL where L is a vector subspace 
of C” of dimension p. By writing Z = Upeuen Z, where Z, is an analytic subset of 
(2 Y of pure dimension s, we may suppose that Z has pure dimension s, p < s < m. 
We are going to show that Z is analytic in a neighborhood of 0. 


Let €, be a linear form on C” which is not identically zero on LE nor on any irreducible 
component of Z (just pick a point x, on each component and take €;(z,) 4 0 for all v). 
Then dim Ln €;'(0) = p—1 and the analytic set Z M €;'(0) has pure dimension s — 1. 
By induction, there exist linearly independent forms £),...,&, such that 


dim LN é;*(0)N...N€;"(0)=p-5, 1<5 <p, 
(8.9) dim ZN€é7*(0)N...NEF*(O)=s-j, 1<j<s. 
By adding a suitable linear combination of €1,...,€) to each €;, p < 7 < 8, we may 


take €;;, = 0 for p< j<_s. After a linear change of coordinates, we may suppose that 
b3( 2) = ees = CP X10) and A = Orie 10) )o Deh = (ian tt tt ME eC be 
the projection onto the first s variables. As Z is closed in Q\ A, ZU A is closed in 2. 
Moreover, our construction gives (ZU A) €~1(0) = (ZN €~1(0)) U {0} and the case 
j = s of (8.9) shows that ZN €~1(0) is a locally finite sequence in 2M ({0} x C"~$) \ {0}. 
Therefore, we can find a small ball B” of center 0 in C”~* such that ZN ({0} x 0B”) =9. 
As {0} x 0B” is compact and disjoint from the closed set ZU A, there is a small ball B’ 
of center 0 in C* such that (ZU A) N (B x 0B") =). This implies that the projection 
€:(ZUA)N (B’ x B”) — B’ is proper. Set A’ = B’N (C? x {0}). 
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Fig. II-3 Projection 7: Z((B’ \ A’) x B”) — BINA’. 


Then the restriction 
m=E:Z0(B' x B"\\ (Ax B") OS BAA 


is proper, and Z M(B’ x B”) is analytic in (B’ x B”) \ A, so a has finite fibers by 
Th. 5.9. By definition of the rank we have p(m) = s. Let $1 = Zsing N77 '(B’ \ A’) and 
Si = (51) ; further, let Sj be the set of points x € ZN 2~1(B’ \ (A’US1)) C Zreg such 
that dr, has rank < s and Sj = 7(S2). We have dimS; < s—1< m-—1. Hypothesis 
(8.8)m—1 implies that S$} is analytic in B’ \ A’ and that S4 is analytic in B’ \ (A’U S}). 
By Remark 4.2, B’\ (A'US}US%$) is connected and every bounded holomorphic function 
on this set extends to B’. As 7 is a (non ramified) covering over B’ \ (A’U S} US$), the 
sheet number is a constant q. 


Let A(z) = D0;5,;2; be a linear form on C” in the coordinates of index j > s. For 
Zz’ € B'\ (A'US{ USS), we let o;(2’) be the elementary symmetric functions in the 
q complex numbers A(z) corresponding to z € a~1+(z’). Then these functions can be 
extended as bounded holomorphic functions on B’ and we get a polynomial P,(2z’; T) 
such that P,(z’; A(z’’)) vanishes identically on Z \ 7~1(A’U S{U S$). Since 7 is finite, 
ZOn~*(A’U Si US%) is a union of three (non necessarily closed) analytic subsets of 
dimension < s—1, thus has empty interior in Z. It follows that the closure Z(B’ x B”) 
is contained in the analytic set W Cc B’ x B” equal to the common zero set of all functions 
Py (2/3 Ewe Moreover, by construction, 


A sa (AS O55) = We egnt (A SVS S 
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As in the proof of Cor. 5.4, we easily conclude that ZM(B’ x B”) is equal to the union 
of all irreducible components of W that are not contained in 7~1(A’U $1 U S$). Hence 
Z is analytic. 


Finally, we give two interesting applications of the Remmert-Stein theorem. We 
assume here that the reader knows what is the complex projective space P”. For more 
details, see Sect. 5.15. 


(8.10) Chow’s theorem ([Chow 1949]). Let A be an analytic subset of the complex 
projective space P”. Then A is algebraic, i.e. A is the common zero set of finitely many 
homogeneous polynomials P;(zo,.--;2n), LS j<N. 


Proof. Let 7 : C"+! \ {0} —> P” be the natural projection and Z = 1—!(A). Then 
Z is an analytic subset of C’*! \ {0} which is invariant by homotheties and dim Z = 
dim A +1 > 1. The Remmert-Stein theorem implies that Z = Z U {0} is an analytic 
subset of C”+!. Let f,,..., fx be holomorphic functions on a small polydisk A Cc C”+! 
of center 0 such that ZN A = (1) f; *(0). The Taylor series at 0 gives an expansion 


f= Pn P;,, where P;, is a homogeneous polynomial of degree k. We claim that Z 
coincides with the common zero W set of the polynomials P;,,. In fact, we clearly have 
WwnAcf) Ff; ©) = ZNA. Conversely, for z € ZNA, the invariance of Z by homotheties 
shows that f;(tz) = >> P;.x(z)t® vanishes for every complex number t of modulus < 1, so 
all coefficients P; ,(z) vanish and z € WNA. By homogeneity Z = W ; since C[zo,..., Zn] 
is Noetherian, W can be defined by finitely many polynomial equations. 


(8.11) E.E. Levi’s continuation theorem. Let X be a normal complex space and 
A an analytic subset such that dim(A,x) < dim(X,x) — 2 for all x € A. Then every 
meromorphic function on X \ A has a meromorphic extension to X. 


Proof. We may suppose X irreducible, dim X = n. Let f be a meromorphic function on 
X \ A. By Th. 6.13, the pole set Py has pure dimension (n — 1), so the Remmert-Stein 
theorem implies that Py is analytic in X. Fix a point x € A. There is a connected 
neighborhood V of x and a non zero holomorphic function h € @x(V) such that P» VV 
has finitely many irreducible components Pr; and Pp NV C h71(0). Select a point x; 
in Pri <Cane- Ol (Pp) sing UA). As a; is a regular point on X and on Pe there is a 
local coordinate z1,; at x; defining an equation of Pps; such that Diath € Ox,2, for some 
integer m,;. Since h vanishes along Pr, we have h" f € ©x,,. Thus, form = max{m;}, 
the pole set P, of g = h™ f in V \ A does not contain x;. As Py is (n — 1)-dimensional 
and contained in Py MV, it is a union of irreducible components P+; \ A. Hence P, 
must be empty and g is holomorphic on V \ A. By Cor. 7.8, g has an extension to a 
holomorphic function g on V. Then g/h™ is the required meromorphic extension of f 
on V. 


§9. Complex Analytic Schemes 


Our goal is to introduce a generalization of the notion of complex space given in 
Def. 5.2. A complex space is a space locally isomorphic to an analytic set A in an open 
subset 2 C C”, together with the sheaf of rings ©4 = (©9/-F4);4. Our desire is to enrich 
the structure sheaf @,4 by replacing .£4 with a possibly smaller ideal ¥ defining the same 
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zero variety V(¥) = A. In this way holomorphic functions are described not merely by 
their values on A, but also possibly by some “transversal derivatives” along A. 


§ 9.1. Ringed Spaces 


We start by an abstract notion of ringed space on an arbitrary topological space. 


(9.1) Definition. A ringed space is a pair (X,Rx) consisting of a topological space X 
and of a sheaf of rings Rx on X, called the structure sheaf. A morphism 


Fs (X,Rx) — (Y, Ry) 
of ringed spaces is a pair (f, F*) where f : X —> Y is a continuous map and 
FY: f Sy Rx, FR: (Ry) pe) — (Rx)e 
a homomorphism of sheaves of rings on X, called the comorphism of F. 


If PF: (X,Rx) — (Y,Ry) and G: (Y, Ry) — (Z,Rz) are morphisms of ringed 
spaces, the composite Go F is the pair consisting of the map go f : X —> Z and of the 
comorphism (Go F)* = F* o f~!G*: 


Sarge * 
Pe of iG fog ass f-'Ry as Rx, 


FROG) + (Stz)gos(2) —> (RY) p02) —> x)e- 


(9.2) 


§ 9.2. Definition of Complex Analytic Schemes 


We begin by a description of what will be the local model of an analytic scheme. Let 
Q Cc C” be an open subset, ¥ C Gg a coherent sheaf of ideals and A = V(¥) the analytic 
set in Q defined locally as the zero set of a system of generators of ¥. By Hilbert’s 
Nullstellensatz 4.22 we have .J4 = Vf, but .£, differs in general from ¥. The sheaf of 
rings Gg/¥F is supported on A, i.e. (GQ/f)z = 0 if « ¢ A. Ringed spaces of the type 
(A, Ga/F) will be used as the local models of analytic schemes. 


(9.3) Definition. A morphism 
F = (f,F*) : (A, @o/Fta) > (AY, Go/Fh ar) 


is said to be analytic if for every point x € A there exists a neighborhood W,, of x in Q 
and a holomorphic function ® : W, — Q! such that franw, = ®ranw, and such that 
the comorphism 

FD: (Oa/F) pe) — (Ga/F)x 


is induced by ®* : Og: f(z) DU > UO € Go, with BF’ C F. 


(9.4) Example. Take 2 = C” and ¥ = (22). Then A is the hyperplane C”~! x {0}, 
and the sheaf Gcn/¥ can be identified with the sheaf of rings of functions u + z,u’, 
u,u’ € Gen-1, with the relation z2 = 0. In particular, z, is a nilpotent element of Gen / Ff. 


A morphism F' of (A, @cn/¥) into itself is induced (at least locally) by a holomorphic 
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map ® = (®, ®,,) defined on a neighborhood of A in C” with values in C”, such that 
@(A) C A, ie. ®, 4 = 0. We see that F is completely determined by the data 


EOinemageg as = ® (Sivas erie): fs crt —, cr}, 
O® ; 
fi; .. 2p) = 9B, th 7 natn te Ole 7 : crt = y (Cua 


n 


which can be chosen arbitrarily. 


(9.5) Definition. A complex analytic scheme is a ringed space (X,@x) over a separable 
Hausdorff topological space X, satisfying the following property: there exist an open 
covering (U,) of X and isomorphisms of ringed spaces 


Gy + (Us; Oxiu,) —> (AavCox/ Fates) 


where Ay is the zero set of a coherent sheaf of ideals $y, on an open subset Qy C 
C%, such that every transition morphism Gy o Gi is a holomorphic isomorphism from 
Gu(U,NU,,) C Ay onto gx(U,NU,,) C Ay, equipped with the respective structure sheaves 


©o,,/ Fs tAgr Cox /Far tay: 


We shall often consider the maps G) as identifications and write simply U, = A). 
A morphism F' : (X,@x) —> (Y,@y) of analytic schemes obtained by gluing patches 
(Ay, Ga,/Fata,) and (A, Oo /F iu Ai); respectively, is a morphism F' of ringed spaces 
such that for each pair (A, 1), the restriction of F from A,N f~'(A‘,) C X to Al, CY is 
holomorphic in the sense of Def. 9.3. 
§ 9.3. Nilpotent Elements and Reduced Schemes 


Let (X, ©x) be an analytic scheme. The set of nilpotent elements is the sheaf of ideals 
of ©x defined by 
(9.6) Nx = {ue Gx;u* =0 for some k € N}. 


Locally, we have @x;a, = (@a,/Fr)pa,, thus 


(9.7) Nxpay =(WVFx/Fa) rays 
(9.8) (Ox/Nx)pay ae (Ga, /WV Fn) fA, = (On, [Fay )tAx = @a,- 


The scheme (X,@x) is said to be reduced if Nx = 0. The associated ringed space 
(X, Gx /Nx) is reduced by construction; it is called the reduced scheme of (X,@x). We 
shall often denote the original scheme by the letter X merely, the associated reduced 
scheme by Xyea, and let ©x req = Gx/Nx. There is a canonical morphism Xyeq — X 
whose comorphism is the reduction morphism 


(9.9) Ox(U) — Ox rea(U) = (GOx/Nx)(U), YU open set in X. 
By (9.8), the notion of reduced scheme is equivalent to the notion of complex space 


introduced in Def. 5.2. It is easy to see that a morphism F' of reduced schemes X,Y is 
completely determined by the set-theoretic map f :X —Y. 
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§ 9.4. Coherent Sheaves on Analytic Schemes 


If (X, Gx) is an analytic scheme, a sheaf f of ©x-modules is said to be coherent if it 
satisfies the same properties as those already stated when X is a manifold: 


(9.10) & is locally finitely generated over © x ; 
(9.10’) for any open set U C X and any sections Gj,...,Gq € S(U), the relation 
sheaf R(Gi,...,Gq) C Coy is locally finitely generated. 


Locally, we have G@x;4, = Go, /F , so if i, : Ay > Qy) is the injection, the direct image 
Sy = (4y)+(Fp4,) is a module over GQ, such that F¥,.F, = 0. It is clear that Sie, is 
coherent if and only if S) is coherent as a module over Gg, . It follows immediately that 
the Oka theorem and its consequences 3.16—20 are still valid over analytic schemes. 


§ 9.5. Subschemes 


Let X be an analytic scheme and “6 a coherent sheaf of ideals in @x. The image of 
‘G in ©x rea is a coherent sheaf of ideals, and its zero set Y is clearly an analytic subset 
of X;+eq. We can make Y into a scheme by introducing the structure sheaf 


(9.11) Oy = (Gx/SG)ry, 


and we have a scheme morphism F': (Y,@y) —> (X,@x) such that f is the inclusion 
and F* : f~'@x —> @y the obvious map of Ox }y onto its quotient Gy. The scheme 
(Y, Gy) will be denoted V(%G). When the analytic set Y is given, the structure sheaf of 
V(%) depends of course on the choice of the equations of Y in the ideal “6; in general 
@y has nilpotent elements. 


§ 9.6. Inverse Images of Coherent Sheaves 


Let F : (X,@x) — (Y,G@y) be a morphism of analytic schemes and ¥ a coherent 
sheaf over Y. The sheaf theoretic inverse image f~1S, whose stalks are (f~'S), = Sf Fs 
is a sheaf of modules over f~!@y. We define the analytic inverse image F*S by 


(9.12) E*S = Ox © f-16y rods (F* DS) = Ox,e SGy. (2) S f(a): 


Here the tensor product is taken with respect to the comorphism F* : f~'@y > @x, 
which yields a ring morphism @y, f(z) > ©x,c. If & is given over U C Y by a local 
presentation 

Oytu Ss Oy tu — Fi — 0 
where A is a (q x p)-matrix with coefficients in Gy (U), our definition shows that F**S is 
a coherent sheaf over @x, given over f~!(U) by the local presentation 


(9.13) oe FA, ge 


hf-1(U) xif-r(u) > EF p34) — 9. 


§ 9.7. Products of Analytic Schemes 


Let (X,@x) and (Y,@y) be analytic schemes, and let (A), @0,/Fa), (Bu; Go,/F;,) 
be local models of X, Y, respectively. The product scheme (X x Y,@x xy) is obtained 
by gluing the open patches 


(9.14) (Ay x Bu, Go,x0,/ (pri "Fa + pry 1F),) G20, 
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In other words, if Ay, B,, are the subschemes of 2), Q, defined by the equations g),;(x) = 
0, 9.n(¥) = 0, where (gy,;) and (g/,;,) are generators of F, and ¥/, respectively, then 


A, x B,, is equipped with the structure sheaf Go, x0, /(9r.3 (x), n(Y))- 


Now, let be a coherent sheaf over Gx and let SY’ be a coherent sheaf over Gy. The 
(analytic) external tensor product SRY’ is defined to be 


(9.15) PRP = pr fF @é.3pteT 


If we go back to the definition of the inverse image, we see that the stalks of SRS are 
given by 


(9.15’) (FOS) 2,4) = Oxxy,(a,y) 96x,206ry (Se Bc Fy) 5 


in particular (S BS") (2,4) does not coincide with the sheaf theoretic tensor product ‘Sf, ® 
oe which is merely a module over ©x,,®@y,,. If Ff and " are given by local presentations 


Ou 4, OSiu — Fu 0, By ae Ou — Fi — 9, 


then @% is the coherent sheaf given by 


'@ap' (A(z) @Id,Id @B(y)) ' ; 
OXY [UxU! oe eas 9g oe Oy jUxu! Tat (SBS) puxu — 0. 


§ 9.8. Zariski Embedding Dimension 


If x is a point of an analytic scheme (X, @x), the Zariski embedding dimension of the 
germ (X,2) is the smallest integer N such that (X,x) can be embedded in CN, i.e. such 
that there exists a patch of X near x isomorphic to (A, ©g/¥) where (2 is an open subset 
of C’. This dimension is denoted 


(9.16) embdim(X,z) = smallest such N. 


Consider the maximal ideal mx,, C @x,, of functions which vanish at point x. If (X, 2) 
is embedded in (Q,x7) = (C%,0), then Mx,0/M » is generated by z1,...,zn, sod = 
dim Mx,0/M » < N. Let s1,...,5q be germs in mg, which yield a basis of Mx,0/M » 
Mo,2/(mA, + fr). We can write 


I 


2 3 
a= s Cprsk t+ Uy + fi; cir EC, Uj EMO a, ti € Fa, 1l<j<n. 
1<k<d 


Then we find dz; = >) c;x ds;,(x) + df; (x), so that the rank of the system of differentials 
(df; (x)) is at least N —d. Assume for example that df,(x),...,dfn—a(x) are linearly 
independant. By the implicit function theorem, the equations f; = ... = fv—_q = 0 
define a germ of smooth subvariety (Z, x) C (Q, x) of dimension d which contains (X, x). 
We have @z = @9/(fi,..-, fw—a) in a neighborhood of x, thus 


Ox = Go/F ~ @z/F where Fy) and nea): 
This shows that (X,a) can be imbedded in C%, and we get 


(9.17) embdim(X, x) = dimmy,./my .. 
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(9.18) Remark. For a given dimension n = dim(X,2x), the embedding dimension 
d can be arbitrarily large. Consider for example the curve T Cc C% parametrized by 
Cath (t%,t4*,...,0%—1). Then Gp is the ring of convergent series in C{t} which 
have no terms t,t?,...,t%~!, and mr,o/MP admits precisely z; = t%,...,zy = t?%7! 
as a basis. Therefore n = 1 but d= N can be as large as we want. 


§ 10. Bimeromorphic maps, Modifications and Blow-ups 


It is a very frequent situation in analytic or algebraic geometry that two complex 
spaces have isomorphic dense open subsets but are nevertheless different along some 
analytic subset. These ideas are made precise by the notions of modification and bimero- 
morphic map. This will also lead us to generalize the notion of meromorphic function to 
maps between analytic schemes. If (X, @x) is an analytic scheme, /_x denotes the sheaf 
of meromorphic functions on X, defined at the beginning of § 6.2. 


(10.1) Definition. Let (X,@x), (Y,@y) be analytic schemes. An analytic morphism 
F:X —Y is said to be a modification if F is proper and if there exists a nowhere dense 
closed analytic subset B C Y such that the restriction F: X \ F~'(B) = Y\ B is an 
isomorphism. 


(10.2) Definition. [f F : X — Y is a modification, then the comorphism F* : f*@y — 
©x induces an isomorphism F* : f* My — Mx for the sheaves of meromorphic functions 
on X andY. 


Proof. Let v = g/h be a section of ly on a small open set 2 where u is actually given as 
a quotient of functions g,h € Gy(Q). Then F*u = (go F)/(ho F) is a section of lx on 
F-'(Q), for ho F cannot vanish identically on any open subset W of F~1(Q) (otherwise 
h would vanish on the open subset F(W \ F~'(B)) of Q\ B). Thus the extension of 
the comorphism to sheaves of meromorphic functions is well defined. Our claim is that 
this is an isomorphism. The injectivity of F* is clear: F*u = 0 implies go F = 0, which 
implies g = 0 on .\ B and thus g = 0 on (2 because B is nowhere dense. In order to 
prove surjectivity, we need only show that every section u € ©x(F—1(Q)) is in the image 
of My (Q) by F*. For this, we may shrink (Q into a relatively compact subset 0’ Cc 2 
and thus assume that u is bounded (here we use the properness of F’ through the fact 
that F~'(Q’) is relatively compact in F~!(Q)). Then v = uo F'~! defines a bounded 
holomorphic function on Q\ B. By Th. 7.2, it follows that v is weakly holomorphic for 
the reduced structure of Y. Our claim now follows from the following Lemma. 


(10.3) Lemma. Jf (X,@x) is an analytic scheme, then every holomorphic function v in 
the complement of a nowhere dense analytic subset B C Y which is weakly holomorphic 
on Xyeq 18 meromorphic on X. 


Proof. It is enough to argue with the germ of v at any point x € Y, and thus we may 
suppose that (Y, @y) = (A, Gg/.F) is embedded in C%. Because v is weakly holomorphic, 
we can write v = g/h in Yreq, for some germs of holomorphic functions g,h. Let g and h 
be extensions of g, h to ©g,,. Then there is a neighborhood U of x such that g — vh isa 
nilpotent section of COg(U \ B) which is in F on 
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(10.4) Definition. A meromorphic map F : X --— Y is a scheme morphism F : 
X\A-—Y defined in the complement of a nowhere dense analytic subset AC X, such 
that the closure of the graph of F in X x Y is an analytic subset (for the reduced complex 
space structure of X x Y). 


§11. Exercises 


§ 11.1. Let sf be a sheaf on a topological space X. If the sheaf space of is Hausdorff, show that of 
satisfies the following unique continuation principle: any two sections s,s’ € si(U) on a connected open 
set U which coincide on some non empty open subset V C U must coincide identically on U. Show that 
the converse holds if X is Hausdorff and locally connected. 


§ 11.2. Let of be a sheaf of abelian groups on X and let s € sf(X). The support of s, denoted Supp s, 
is defined to be {x € X; s(x) # 0}. Show that Supp s is a closed subset of X. The support of sf is 
defined to be Supp %@ = {x € X; Sz 4 0}. Show that Supp of is not necessarily closed: if Q is an open 
set in X, consider the sheaf sf such that si(U) is the set of continuous functions f € @(U) which vanish 
on a neighborhood of UN (X \Q). 


§ 11.3. Let sf be a sheaf of rings on a topological space X and let F, G be sheaves of si-modules. 
We define a presheaf #H = Homy(F,G) such that H(U) is the module of all sheaf-homomorphisms 
Fru — Gru which are sf-linear. 


a) Show that Homy(F,G) is a sheaf and that there exists a canonical homomorphism 
pa : Homy(F, Gx —> homy, (Fx, Gx) for every « € X. 


b) If F is locally finitely generated, then yz is injective, and if F has local finite presentations as in 
(3.12), then yz is bijective. 


c) Suppose that sf is a coherent sheaf of rings and that ¥, % are coherent modules over 91. Then 
Homy(F, ‘G) is a coherent sl-module. 
Hint: observe that the result is true if ¥ = W®? and use a local presentation of F to get the 
conclusion. 


§ 11.4. Let f : X — Y be a continuous map of topological spaces. Given sheaves of abelian groups 
son X and & on Y, show that there is a natural isomorphism 


hom x (f~'S%, st) = homy (B, f, 54). 


Hint: use the natural morphisms (2.17). 


§ 11.5. Show that the sheaf of polynomials over C” is a coherent sheaf of rings (with either the 
ordinary topology or the Zariski topology on C”). Extend this result to the case of regular algebraic 
functions on an algebraic variety. 

Hint: check that the proof of the Oka theorem still applies. 


§ 11.6. Let P be a non zero polynomial on C”. If P is irreducible in C[z1,..., Zn], show that the 
hypersurface H = P~1(0) is globally irreducible as an analytic set. In general, show that the irreducible 
components of H are in a one-to-one correspondence with the irreducible factors of P. 

Hint: for the first part, take coordinates such that P(0,...,0,2n) has degree equal to P; if H splits 
in two components Hy, H2, then P can be written as a product P; P2 where the roots of P;(2', Zn) 
correspond to points in H;. 


§ 11.7. Prove the following facts: 


a) For every algebraic variety A of pure dimension p in C”, there are coordinates z’ = (21,...,2p), 
2" = (Zp41,---,2n) such that 7: A — C?, z+ 2" is proper with finite fibers, and such that A is 
entirely contained in a cone 

J2""| < C(|z"| + 1). 
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Hint: imitate the proof of Cor. 4.11. 


b) Conversely if an analytic set A of pure dimension p in C” is contained in a cone |z’’| < C(|z’| + 1), 
then A is algebraic. 
Hint: first apply (5.9) to conclude that the projection 7 : A — C? is finite. Then repeat the 
arguments used in the final part of the proof of Th. 4.19. 


c) Deduce from a), b) that an algebraic set in C” is irreducible if and only if it is irreducible as an 
analytic set. 


§ 11.8. Let I: f(x,y) = 0 be a germ of analytic curve in C? through (0,0) and let (['j,0) be 
the irreducible components of ([',0). Suppose that f(0,y) 4 0. Show that the roots y of f(x,y) = 0 
corresponding to points of [ near 0 are given by Puiseux expansions of the form y = g; (a1/93), where 
9; € Gc,o and where q; is the sheet number of the projection T; — C, (x,y) 2. 

Hint: special case of the parametrization obtained in (4.27). 


§ 11.9. The goal of this exercise is to prove the existence and the analyticity of the tangent cone to 
an arbitrary analytic germ (A,0) in C”. Suppose that A is defined by holomorphic equations fi =... = 
fn =0 ina ball Q = B(0,r). Then the (set theoretic) tangent cone to A at 0 is the set C(A,0) of all 
limits of sequences ty ley with z, € A and C* 5 t, converging to 0. 


a) Let E be the set of points (z,t) € Q x C* such that z € t~!A. Show that the closure F in Q x C is 
analytic. 
Hint: observe that E = A ~ (Q x {0}) where A = {f;(tz) = 0} and apply Cor. 5.4. 


b) Show that C(A,0) is a conic set and that EM (Q x {0}) = C(A,0) x {0} and conclude. Infer from 
this that C(A,0) is an algebraic subset of C”. 


§ 11.10. Give a new proof of Theorem 5.5 based on the coherence of ideal sheaves and on the strong 
noetherian property. 


§ 11.11. Let X be an analytic space and let A, B be analytic subsets of pure dimensions. Show 
that codimx (AM B) < codimx A+ codimx B if A or B is a local complete intersection, but that the 
equality does not necessarily hold in general. 

Hint: see Remark (6.5). 


§ 11.12. Let I be the curve in C? parametrized by C 5 t += (x,y,z) = (t,t*,t5). Show that the 
ideal sheaf .fp is generated by the polynomials xz — y?, x° — yz and x?y — z?, and that the germ (TI, 0) 
is not a (sheaf theoretic) complete intersection. 

Hint: T is smooth except at the origin. Let f(z, y,z) = Yaga era 2 be a convergent power series 
near 0. Show that f € .fp\9 if and only if all weighted homogeneous components 


fr = S> Aapyt yz? 
304+46+5y=k 


are in .Fp,9. By means of suitable substitutions, reduce the proof to the case when f = fx is homogeneous 
with all non zero monomials satisfying a < 2, 8 <1, y <1; then check that there is at most one such 
monomial in each weighted degree < 15 the product of a power of x by a homogeneous polynomial of 
weighted degree < 8. 
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Chapter III 


Positive Currents and Lelong Numbers 


In 1957, P. Lelong introduced natural positivity concepts for currents of pure bidimension (p, p) on 
complex manifolds. With every analytic subset is associated a current of integration over its set of regular 
points and all such currents are positive and closed. The important closedness property is proved here 
via the Skoda-El Mir extension theorem. Positive currents have become an important tool for the study 
of global geometric problems as well as for questions related to local algebra and intersection theory. 
We develope here a differential geometric approach to intersection theory through a detailed study of 
wedge products of closed positive currents (Monge-Ampére operators). The Lelong-Poincaré equation 
and the Jensen-Lelong formula are basic in this context, providing a useful tool for studying the location 
and multiplicities of zeroes of entire functions on C” or on a manifold, in relation with the growth at 
infinity. Lelong numbers of closed positive currents are then introduced; these numbers can be seen as 
a generalization to currents of the notion of multiplicity of a germ of analytic set at a singular point. 
We prove various properties of Lelong numbers (e.g. comparison theorems, semi-continuity theorem of 
Siu, transformation under holomorphic maps). As an application to Number Theory, we prove a general 
Schwarz lemma in C” and derive from it Bombieri’s theorem on algebraic values of meromorphic maps 
and the famous theorems of Gelfond-Schneider and Baker on the transcendence of exponentials and 
logarithms of algebraic numbers. 


§1. Basic Concepts of Positivity 


§1.A. Positive and Strongly Positive Forms 


Let V be a complex vector space of dimension n and (21,...,2n) coordinates on V. 
We denote by (0/021,...,0/0zZn) the corresponding basis of V, by (dz1,...,dz,,) its dual 
basis in V* and consider the exterior algebra 


AVE = BD APIV*, AP IV* = APV* @ AMV, 
We are of course especially interested in the case where V = T;,X is the tangent space 
to a complex manifold X, but we want to emphasize here that our considerations only 


involve linear algebra. Let us first observe that V has a canonical orientation, given by 
the (n,n)-form 


T(Z) =id21- Adz Nise idzy Adz, = 2" day Ady Ax. Ndan A dun 
where z; = x; + iy;. In fact, if (wi,...,W,») are other coordinates, we find 


dw, \...A\dw,y = det(Ow;/Oz,) dz1 A... A dzn, 
Aw) = | det (Aw; /Ozn) |" (2). 
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In particular, a complex manifold always has a canonical orientation. More generally, 
natural positivity concepts for (p, p)-forms can be defined. 


(1.1) Definition. A (p,p)-form u € A??V* is said to be positive if for alla; € V*, 
uNiay AQ, A...A\idg \ Og 


is a positive (n,n)-form. A (q,q)-form v € AV4V* is said to be strongly positive if v is a 
convex combination 


v= "4s 1051 /\ Qs,1 PececdlN 1Q's.q A As.q 
where as; € V* and ys, > 0. 
(1.2) Example. Since iP(=1)P@-1)/2 = iP we have the commutation rules 


jay AM A... Nidp A Bp =? ANG, Va =azA...A Qp € APYV*, 


P BABA y AT = it" BAYABAY, VB € APOV*, Vy A™OVS, 


Take m = q to be the complementary degree of p. Then GAy = Adz, /A...Adzn for some 
A€ Candi” BAYABAY=|Al?7(z). If we set y =a1A...A aq, we find that i? BAB 
is a positive (p, p)-form for every 3 € A?°V~; in particular, strongly positive forms are 
positive. 


The sets of positive and strongly positive forms are closed convex cones, i.e. closed 
and stable under convex combinations. By definition, the positive cone is dual to the 
strongly positive cone via the pairing 


APPV* x AGIV*— C 


(Es) (u,v) tr uAv/t, 


that is, uw € A?:PV™ is positive if and only if u Av > 0 for all strongly positive forms 
v € A@4IV*. Since the bidual of an arbitrary convex cone I is equal to its closure I’, we 
also obtain that v is strongly positive if and only ifv Au =u v is > 0 for all positive 
forms u. Later on, we will need the following elementary lemma. 


(1.4) Lemma. Let (z1,...,2n) be arbitrary coordinates on V. Then AP?V* admits a 
basis consisting of strongly positive forms 


2 
: Pa . =i n 
Bs — 185.1 /\ Bs Pe sietods 1Gs,p \ chee ae ("") 


where each 3,1 1s of the type dz; dz, or dz; Hidz, 1< j,k <n. 


Proof. Since one can always extract a basis from a set of generators, it is sufficient to 
see that the family of forms of the above type generates A???V*. This follows from the 
identities 


Adz; A dz, = (dz; + dzx) (dz; + dzx) = (a2, = dz) (dz; _ dzx) 
+i(dz; + idz,)A(dz; + idz,)—i(dz; — idz,)A(dz; — idz,), 
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day Nex A days A deg NwN dz, => J\ dz;, Ndzp: 
1l<s<p 


(1.5) Corollary. All positive forms u are real, i.e. satisfy% = u. In terms of coordinates, 
TS iP Ses ur,y dz \ dzz, then the coefficients satisfy the hermitian symmetry 
relation Ur,j = WJ, 1- 


Proof. Clearly, every strongly positive (q,q)-form is real. By Lemma 1.4, these forms 
generate over R the real elements of A?7V*, so we conclude by duality that positive 
(p, p)-forms are also real. 


(1.6) Criterion. A formu € A? ?V* is positive if and only if its restriction uss to every 
p-dimensional subspace SC V is a positive volume form on S. 


Proof. If S is an arbitrary p-dimensional subspace of V we can find linear coordinates 
(24j.14;20) 00 V such that S = {2,43 =.= 2, = 0} Then 


urs = Ag idz1 Adz, A... A idzp A dZp 
where Ag is given by 
UNA Oey ils’ SNIGeA IN en — Ag he). 
If u is positive then Ag > 0 so urg is positive for every S. The converse is true because 


the (n —p,n—p)-forms /\ ,.,, idz; \dz; generate all strongly positive forms when S runs 
over all p-dimensional subspaces. 


(1.7) Corollary. A formu = Lek Ujp dz; \dz,, of bidegree (1,1) ts positive if and only 
if Eb SURE ER is a semi-positive hermitian form on C”. 

Proof. If S' is the complex line generated by € and t +> t€ the parametrization of S, then 
Urs = (> UjnejEb) idt A dt. 


Observe that there is a canonical one-to-one correspondence between hermitian forms 
and real (1, 1)-forms on V. The correspondence is given by 


(1.8) h= S° hge(z)dzj @d%rou=i So hyn(z) dey Adz 

l<j,k<en l<j,k<n 
and does not depend on the choice of coordinates: indeed, as lyk = hj, one finds 
immediately 


Moreover, h is > 0 as a hermitian form if and only if u > 0 asa (1,1)-form. A diagonal- 
ization of h shows that every positive (1, 1)-form u € A!+V* can be written 


= y I4gAF;, YEV*, r=rank of u, 
l<j<r 
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in particular, every positive (1, 1)-form is strongly positive. By duality, this is also true 
for (n — 1,n — 1)-forms. 


(1.9) Corollary. The notions of positive and strongly positive (p, p)-forms coincide for 
p=), Lo Lit. 


(1.10) Remark. It is not difficult to see, however, that positivity and strong positivity 
differ in all bidegrees (p, p) such that 2 < p < n—2. Indeed, a positive form P BAB with 
B € AP°V* is strongly positive if and only if 3 is decomposable as a product 31 /A...A Gp. 
To see this, suppose that 

. 2 Dh . 2 —" 

®BAB= a Poy AY; 


1<j<N 


where all y; € A?°V* are decomposable. Take N minimal. The equality can be also 
written as an equality of hermitian forms |3|? = >> |7y;|? if 3,7; are seen as linear forms 
on A?V. The hermitian form |3|? has rank one, so we must have N = 1 and 3 = Ayj;, as 
desired. Note that there are many non decomposable p-forms in all degrees p such that 
2<p<n-2, eg. (dz A dzg + dz3 A dza4) \...\ dzp42: if a p-form is decomposable, 
the vector space of its contractions by elements of /\” “Visa p-dimensional subspace 
of V*; in the above example the dimension is p + 2. 


(1.11) Proposition. [fui,...,u; are positive forms, all of them strongly positive (resp. 
all except perhaps one), then uy A...A Us is strongly positive (resp. positive). 


Proof. Immediate consequence of Def. 1.1. Observe however that the wedge product of 
two positive forms is not positive in general (otherwise we would infer that positivity 
coincides with strong positivity). 


(1.12) Proposition. [f ® : W — V is a complex linear map and u € AP?V* is 
(strongly) positive, then ®*u € AP-PW* is (strongly) positive. 


Proof. This is clear for strong positivity, since 
®*(iay AG A... Aidp A Bp) = i861 A By A... AiBp A Bp 
with 8; = &*a; € W*, for all a; © V*. For u positive, we may apply Criterion 1.6: if S 


is a p-dimensional subspace of W, then urs) and (®*u) +s = (®;S)*ujas) are positive 
when ®)g : S —> ®(S) is an isomorphism; otherwise we get (®*u))g = 0. 


§1.B. Positive Currents 


The duality between the positive and strongly positive cones of forms can be used to 
define corresponding positivity notions for currents. 


(1.13) Definition. A current T © G, ,(X) is said to be positive (resp. strongly positive) 
if (L,u) > 0 for all test forms u € Dp p(X) that are strongly positive (resp. positive) at 
each point. The set of positive (resp. strongly positive) currents of bidimension (p, p) will 
be denoted 


Bit (xX), resp. Bi (xX). 


P»p Pp 
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It is clear that (strong) positivity is a local property and that the sets Sae.4 Ve 
Dk ) are closed convex cones with respect to the weak topology. Another way of 
stating Def. 1.13 is: 


T is positive (strongly positive) if and only if T\u € Ho o(X) is a positive measure for 
all strongly positive (positive) forms u € Ex,(X). 


This is so because a distribution S € &'(X) such that S(f) > 0 for every non-negative 
function f € &%(X) is a positive measure. 


(1.14) Proposition. Every positive current T = gr—p)? > Tr,7 dzzy NdzZz in Di (X) is 
real and of order 0, 1.e. its coefficients T;,; are complex measures and satisfy Ty,7 = Ty, 1 
for all multi-indices |I| = |J| =n—p. Moreover T;,; > 0, and the absolute values |Ty,7| 
of the measures Ty,7 satisfy the inequality 


ArAg|Trs| <2? SY) Mie Tum, INT CM CIUs 
M 


where Ax > 0 are arbitrary coefficients and A; = Her Ak: 


Proof. Since positive forms are real, positive currents have to be real by duality. Let 
us denote by K = CJ and L = CJ the ordered complementary multi-indices of J, J in 
{1,2,...,n}. The distribution 77; is a positive measure because 


Ty,1 T= TAG dz Adin > 0. 
On the other hand, the proof of Lemma 1.4 yields 


Tr,J rH=tT AP dex Adz, = a Eal AYa where 
a€(Z/4Z)P 


ae \\ 4 (dex, + i dz.) A (dze, +i%dz,),  €q = +1, +i. 


l<s<p 


Now, each T/A 7¥q is a positive measure, hence T7,; is a complex measure and 
Thalt< > TA%W=TAY Ye 
a a 


=TA \\ ( ys 1 (dz, +i%ed,) A Er, +i%dx,)) 


1<s<p a,€Z/4Z 


=TA idz,. \ dz. + idzz. A dzZ1_). 
| ( s s s .) 


l<s<p 


The last wedge product is a sum of at most 2? terms, each of which is of the type 
i dzu \dZy with |M|=p and MCKUL. Since TA 7 dzy AdZm =TememT and 
CM > CK NCL=I0J, we find 


rg Tu,M- 
M>INJ 
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Now, consider a change of coordinates (z1,...,2n) = Aw = (A1W1,.-.-,AnWn) with 
A1,--+;An > 0. In the new coordinates, the current T’ becomes A*T and its coefficients 
become A;A.7 T7,;(Aw). Hence, the above inequality implies 


AGA Lrg Se 2 S- Na Dae: 
M>INJ 


This inequality is still true for A, > 0 by passing to the limit. The inequality of Prop. 1.14 
follows when all coefficients A;,, k ¢ UJ, are replaced by 0, so that Ayy = O for M ¢ IUJ. 


(1.15) Remark. If T is of order 0, we define the mass measure of T by ||T\| = S> |Tv,z 
(of course ||7'|| depends on the choice of coordinates). By the Radon-Nikodym theorem, 
we can write T7,; = fr,7||T'|| with a Borel function f7,; such that >>| fr,7| = 1. Hence 


T=||T\|f, where f = 4(r—P)’ Se ft dz; \ dz. 


Then T is (strongly) positive if and only if the form f(a) € A°-?" ?T*X is (strongly) 
positive at ||7'||-almost all points x € X. Indeed, this condition is clearly sufficient. On 
the other hand, if T is (strongly) positive and u; is a sequence of forms with constant 
coefficients in A?*?T*X which is dense in the set of strongly positive (positive) forms, 
then T Au; = ||T|| f A uj, so f(x) Au; has to be a positive (n, n)-form except perhaps 
for x in a set N(u;) of ||Z'|-measure 0. By a simple density argument, we see that f(x) 
is (strongly) positive outside the ||Z’||-negligible set N = J N(u,). 


As a consequence of this proof, T is positive (strongly positive) if and only if T A u 
is a positive measure for all strongly positive (positive) forms u of bidegree (p,p) with 
constant coefficients in the given coordinates (z1,..., Zn). It follows that if T is (strongly) 
positive in a coordinate patch 2, then the convolution T x p, is (strongly) positive in 
O2= {x € 13 d(x, 00) > e}. 


(1.16) Corollary. If T € Hi, ,(X) and v € C2,(X) are positive, one of them (resp. 
both of them) strongly positive, then the wedge product T A v is a positive (resp. strongly 
positive) current. 


This follows immediately from Remark 1.15 and Prop. 1.11 for forms. Similarly, 
Prop. 1.12 on pull-backs of positive forms easily shows that positivity properties of cur- 
rents are preserved under direct or inverse images by holomorphic maps. 


(1.17) Proposition. Let ®: X —+ Y be a holomorphic map between complex analytic 
manifolds. 


a) ie € nx) and ®isuppT as proper, then ®,T € Deol). 


b) If T € DY) and if ® is a submersion with m-dimensional fibers, then ®*T € 
Bit (X). 


p+m,p+m 


Similar properties hold for strongly positive currents. 
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§1.C. Basic Examples of Positive Currents 


We present here two fundamental examples which will be of interest in many circum- 
stances. 


§ 1.18. Current Associated to a Plurisubharmonic Function. Let X be a complex 
manifold and u € Psh(X)/N L}..(X) a plurisubharmonic function. Then 


loc 

T=id'd’u=i OE nae 

=1 UuU=1 AW AL 424 Zk 
eee 0z;0Zk 


is a positive current of bidegree (1,1). Moreover T is closed (we always mean here d- 
closed, that is, dI’ = 0). Assume conversely that © is a closed real (1,1)-current on 
X. Poincaré’s lemma implies that every point x9 € X has a neighborhood {9 such 
that © = dS with S € G(N,R). Write S = Sb° + $1, where $°! = $10. Then 
dS = @°:? = 0, and the Dolbeault-Grothendieck lemma shows that $9! = d’’v on some 
neighborhood Q C Qo, with v € &’(Q, C). Thus 


S=dvu+d'v=dt+d"v, 
@ =dS =d'd"(v—B) = id'd'u, 


where u = 2Rev € G’(Q,R). If © € f",(X), the hypoellipticity of d” in bidegree (p, 0) 
shows that d’u is of class 6°, so u € €°(Q). When 0 is positive, the distribution wu is 
a plurisubharmonic function (Th. 1.3.31). We have thus proved: 

(1.19) Proposition. [f 0 € Dr ni (X) is a Closed positive current of bidegree (1,1), 
then for every point x9 € X there exists a neighborhood Q of xo and u € Psh(Q) such 
that © = id'd’u. 


§ 1.20. Current of Integration on a Complex Submanifold. Let Z Cc X be a closed 
p-dimensional complex submanifold with its canonical orientation and T = [Z]. Then 
T € D(X). Indeed, every (r, s)-form of total degree r+ s = 2p has zero restriction 
to Z unless (r,s) = (p,p), therefore we have [Z] € &,,,(X). Now, if u € Hp p(X) isa 
positive test form, then u;z is a positive volume form on Z by Criterion 1.6, therefore 


([Z], u) = [uz 2 0. 


In this example the current [Z] is also closed, because d|Z] = +[0Z] = 0 by Stokes’ 
theorem. 


§1.D. Trace Measure and Wirtinger’s Inequality 


We discuss now some questions related to the concept of area on complex submani- 
folds. Assume that X is equipped with a hermitian metric h, i.e. a positive definite hermi- 
tian form h = > 7 hjxdz; @dZ, of class 6° ; we denote by w =i) | hjpdzj Adz, € P(X) 
the associated positive (1, 1)-form. 


(1.21) Definition. For every T ¢ Hit,(X), the trace measure of T with respect to w is 


the positive measure 
1 
= Pp 
OT = Ppl TAw?. 
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If (¢1,.--,;¢n) is an orthonormal frame of T* X with respect to h on an open subset 
U Cc X, we may write 


w=i Ss" GAG, w? = iP pl ys Cx ACK, 


1<j<n |K|=p 


‘ a 
T = ir?) S- TraGrAC;, Tr €B'(U), 
\N=lJ}=n—p 


where ¢7 = Gj, A..-Ai,_,- An easy computation yields 


(1.22) Gp = oe > Tr) IAC AieMIG AC. 


|I|=n—p 


For X = C” with the standard hermitian metric h = )¢ dz; ® dz;, we get in particular 


(122)) OT = | >» 1.1) idz1 ix az IN eel idz,, A dZ py. 
|I|=n—p 


Proposition 1.14 shows that the mass measure ||T|| = }>|Z77,7| of a positive current T 
is always dominated by Cor where C' > 0 is a constant. It follows easily that the weak 
topology of H(X) and of H?’(X) coincide on GPF (X), which is moreover a metrizable 
subspace: its weak topology is in fact defined by the collection of semi-norms J’ +> 
\(Z’, fv)| where (f,) is an arbitrary dense sequence in %,(X). By the Banach-Alaoglu 
theorem, the unit ball in the dual of a Banach space is weakly compact, thus: 


(1.23) Proposition. Let 6 be a positive continuous function on X. Then the set of 
currents T € Dit (X) such that J, dT Aw? <1 is weakly compact. 


Proof. Note that our set is weakly closed, since a weak limit of positive currents is 
positive and [, dT Aw? = sup(T,0dw?) when @ runs over all elements of %(X) such 
thatO<é< 1. 


Now, let Z be a p-dimensional complex analytic submanifold of X. We claim that 


(1.24) Oz) = [Z] A w? = Riemannian volume measure on Z. 


2P p! 
This result is in fact a special case of the following important inequality. 


(1.25) Wirtinger’s inequality. Let Y be an oriented real submanifold of class C' and 
dimension 2p in X, and let dVy be the Riemannian volume form on Y associated with 
the metric hyy. Set 
1 
Po 0 
Beg ae aeC (YJ 
Then |a| < 1 and the equality holds if and only if Y is a complex analytic submanifold 
of X. In that case a = 1 if the orientation of Y is the canonical one, a = —1 otherwise. 
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Proof. The restriction w;y is a real antisymmetric 2-form on TY. At any point z € Y, 


we can thus find an oriented orthonormal R-basis (e), €2,...,€2)) of T,Y such that 
1 
=W = S- Ak €5,-1 \e€5, on TY, where 
1<k<p 
1 
Ap = gw (e2k—1, €2k) = + Im h(eo,-1, 2x). 


We have dVy = ej A... A e3,, by definition of the Riemannian volume form. By taking 
the p-th power of w, we get 
iL 


p = % BN fe 
ppl \Tz¥ = 01..-Ape} A... N65) = Q1...ApdVy. 


Since (e;,) is an orthonormal R-basis, we have Re h(e24—-1, e2~) = 0, thus h(e2x~-1, e2k) = 
—ia,. As |e2x—-1| = |e2x| = 1, we get 


< |e2k + Je2p—1|" = 2(1 + Re h( Jeor-1, €2k)) = 2(1 + Ax). 


Therefore 
lag Tle) =a eas) & I 


with equality if and only if a, = +1 for all k, ie. e292, = +Je2,_;. In this case 
T.Y Cc T,X is a complex vector subspace at every point z € Y, thus Y is complex 
analytic by Lemma I.4.23. Conversely, assume that Y is a C-analytic submanifold and 


that (e1, €3,-.-,@2p—1) is an orthonormal complex basis of T,Y. If ea, := Jeox—1, then 
(€1,..-, 2p) is an orthonormal R-basis corresponding to the canonical orientation and 
iL * * 1 p * * 
guy = SS C541 Cdk) appl’ ty =e] /...A€>, = dVy. 
1<k<p os 


Note that in the case of the standard hermitian metric w on X = C”, the form w = 
i desde; = d(i 83 dz;) is globally exact. Under this hypothesis, we are going to see 
that C-analytic submanifolds are always minimal surfaces for the Plateau problem, which 
consists in finding a compact subvariety Y of minimal area with prescribed boundary OY. 


(1.26) Theorem. Assume that the (1,1)-form w is exact, say w = dy with y € 
“ef? (X, R), and let Y,Z Cc X be (2p)-dimensional oriented compact real submanifolds 
of class C! with boundary. If OY = 0Z and Z is complex analytic, then 


Vol(Y) > Vol(Z). 


Proof. Write w = ny Wirtinger’s inequality and Stokes’ theorem imply 


p-1 


p—1 p-1 
Vol(Z) = i ee = - WwW ue wP AY. 
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§ 2. Closed Positive Currents 


§2.A. The Skoda-El Mir Extension Theorem 


We first prove the Skoda-El Mir extension theorem ([Skoda 1982], [El Mir 1984]), 
which shows in particular that a closed positive current defined in the complement of 
an analytic set E can be extended through EF if (and only if) the mass of the current is 
locally finite near &. El Mir simplified Skoda’s argument and showed that it is enough to 
assume FE complete pluripolar. We follow here the exposition of Sibony’s survey article 
[Sibony 1985]. 


(2.1) Definition. A subset E C X is said to be complete pluripolar in X if for every 
point xo € X there exist a neighborhood Q of xo and a function u € Psh(Q) 9 Li. (Q) 
such that ENQ = {z EN; u(z) = —oo}. 


Note that any closed analytic subset A C X is complete pluripolar: if g;) =... = 
gn = O are holomorphic equations of A on an open set 2 C X, we can take u = 
log(|gi|? +... +|gn|?). 


(2.2) Lemma. Let E Cc X be a closed complete pluripolar set. If x9 € X and Q is a 
sufficiently small neighborhood of xo, there exists: 


a) a function v € Psh(Q)N €°(Q\ E) such that v = —oco on END; 


b) an increasing sequence vz € Psh(Q)N 6C%°(Q), O < up <1, converging uniformly to 1 
on every compact subset of Q\ E, such that vz, = 0 on a neighborhood of ENQ. 


Proof. Assume that Q9 CC X is a coordinate patch of X containing xo and that ENO) = 
{z € Qo ; u(z) = —oo}, u € Psh(Qo). In addition, we can achieve u < 0 by shrinking Qo 
and subtracting a constant to u. Select a convex increasing function y € °°((0, 1], R) 
such that x(t) = 0 on [0,1/2] and y(1) = 1. We set 


Up = x( exp(u/k)). 


Then 0 < uz <1, uz is plurisubharmonic on Qo, uz, = 0 in a neighborhood wz of ENO) 
and limuz = 1 on QM \ E. Let 2 CC No be a neighborhood of Zo, let do = d(Q, CQ9) and 
éx € J0, do| be such that e, < d(EN0,2~ w,). Then 


p= max{ Uj * pe, } € Psh(Q) N C°(Q), 
i< 


O < we < 1, we = 0 on a neighborhood of EN Q and wy is an increasing sequence 
converging to 1 on Q\ E (note that wy, > ux). Hence, the convergence is uniform on every 
compact subset of Q \ E by Dini’s lemma. We may therefore choose a subsequence wr, 
such that wz, (z) > 1—27* on an increasing sequence of open sets 04 with JO, =OQNE. 
Then 


+0o 
w(z) = |Z? + > (we, (2) - 
s=0 
is a strictly plurisubharmonic function on 2 that is continuous on Q~ E, and w = —oo on 


ENQ. Richberg’s theorem I.3.40 applied on Q\ E produces v € Psh(Q\ FE)N€%(QN EF) 
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such that w <v < wl. If we set v = —oo on ENQ, then v is plurisubharmonic on Q and 
has the properties required in a). After subtraction of a constant, we may assume v < 0 
on 2. Then the sequence (vg) of statement b) is obtained by letting vg = x(exp(v/k)). 


(2.3) Theorem (El Mir). Let E C X be a closed complete pluripolar set and T € 
Dt \ E) a closed positive current. Assume that T has finite mass in a neighborhood 


of every point of E. Then the trivial extension T € Dos) obtained by extending the 
measures T;,7 by 0 on E is closed on X. 


Proof. The statement is local on X, so we may work on a small open set 2 such that 
there exists a sequence vz € Psh(Q) 9 €°°(Q) as in 2.2 b). Let 6 € °((0,1]) be a 
function such that 0 = 0 on [0,1/3], 6 = 1 on [2/3,1] and0O < 0 < 1. Then dor, =0 
near F£ OQ and 0ov, = 1 for k large on every fixed compact subset of 2 \ FE. Therefore 


T = limp 4.0(80 v,)T and 


d'T = lim TAd'(O 01x) 
k—-+00 


in the weak topology of currents. It is therefore sufficient to check that T A d'(@ 0 ux) 
converges weakly to 0 in &%,_1,,(Q) (note that d”T is conjugate to d’T, thus d’T will 
also vanish). 


Assume first that p = 1. Then TA d’(00 vp) € Ho 4(Q), and we have to show that 
(T Ad’ (O00 vx), @) = (T,O'(vg)d’vp AG) —0, Va € Bio(M). 


As y+ (T,iy 7) is a non-negative hermitian form on %19(Q), the Cauchy-Schwarz 
inequality yields 


|(TiBAAD|? <(LABAB) (T,iyA7), VB,7 € Br 0(Q). 


Let w € H(Q), 0O< wv <1, be equal to 1 in a neighborhood of Supp a. We find 
(7,0 (vp)d'v~ AT)|” < (LT, bid'vy A dl'vp) (T, 0" (v4)?! A @). 


By hypothesis ee T \iaA\@ < +co and 6’(vz,) converges everywhere to 0 on 2, thus 
(T, 6'(v%)2ia A @) converges to 0 by Lebesgue’s dominated convergence theorem. On the 


other hand 
id'd!vzZ = uz id'd!’ vp, + Qid’vz; A d"v_ > 2id'v_ A a’ vp, 


2(T, Wid'vz A d!'vz) < (T, Wid'd’ v2). 
As w € G(Q), vy = 0 near EF and d'T = d’T = 0 on QS E, an integration by parts 
yields 
(Tide vp) = (Trvfid'a"y) <c [||| < +00 
QNE 

where C' is a bound for the coefficients of =. Thus (T, wid'v; Ad” vz) is bounded, and the 
proof is complete when p = 1. 

In the general case, let 6; = i851 A Baa Dore a ea Bie be a basis of forms of 
bidegree (p—1,p—1) with constant coefficients (Lemma 1.4). Then TAG, € DT (QNE) 
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has finite mass near E and is closed on 2. \ E. Therefore d(T A Bs) = (dT) ABs =0 on 
Q for all s, and we conclude that dT’ = 0. 


(2.4) Corollary. [fT € Dx) is closed, if E C X is a closed complete pluripolar set 
and Ig is its characteristic function, then 1gT and 1x 2T are closed (and, of course, 
positive). 


Proof. If we set 0 = T;x \z, then O has finite mass near E and we have ly. ¢T = O 
and lpT =T-—O. 


§ 2.B. Current of Integration over an Analytic Set 


Let A be a pure p-dimensional analytic subset of a complex manifold X. We would 
like to generalize Example 1.20 and to define a current of integration [A] by letting 


(2:5) ([A],v) = i 0; Pe Doo (X}: 


One difficulty is of course to verify that the integral converges near Aging. This follows 
from the following lemma, due to [Lelong 1957]. 


(2.6) Lemma. The current [Areg| € oan e.¢ \ Asing) has finite mass in a neighborhood 
of every point zo € Asing- 


Proof. Set T = [Ayeg| and let 2 5 z be a coordinate open set. If we write the monomials 
dzx \ dz, in terms of an arbitrary basis of A???T*Q consisting of decomposable forms 
Be= 18214 Bsa oaeee Ne orre A Bs (cf. Lemma 1.4), we see that the measures T; 7.7 are 
linear combinations of the positive measures T' A (3,. It is thus sufficient to prove that 
all T A Gs have finite mass near Aging. Without loss of generality, we may assume that 
(A, zo) is irreducible. Take new coordinates w = (w1,..., Wn) such that w; = Bs,;(z—Z0), 
1<j<p. After a slight perturbation of the 3;,;, we may assume that each projection 


ts: AN(A’x A"), weow’ = (u,..., Wp) 


defines a ramified covering of A (cf. Prop. II.3.8 and Th. II.3.19), and that ((@,) remains a 
basis of AP?T*Q. Let S be the ramification locus of 7, and As = AN ((A’\ S) x A”) c 
Aveg. The restriction of 7,: Ags —> A’ \ S is then a covering with finite sheet number 
ds and we find 


| [Ares] A Ba= | idw; \dW, A... ANidw, A dW, 
A’K A” AregM(A’ x A’) 
=i) iduy A dt, ...Adty =as f idw; \dwW,...\ dWp < +o. 
Ag A'NS 


The second equality holds because Ag is the complement in Areg M (A’ x A”) of an 
analytic subset (such a set is of zero Lebesgue measure in Ajeg). 


(2.7) Theorem ([Lelong 1957]). For every pure p-dimensional analytic subset A C X, 
the current of integration | A] € Dit (X) is a Closed positive current on X. 


Proof. Indeed, [Ayes] has finite mass near Aging and [A] is the trivial extension of [A;eg 
to X through the complete pluripolar set E = Aging. Theorem 2.7 is then a consequence 
of El Mir’s theorem. 
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§ 2.C. Support Theorems and Lelong-Poincaré Equation 


Let M Cc X be aclosed C! real submanifold of X. The holomorphic tangent space at 
a point x € M is 


(2.8) T,M =T,M 0 JTyM, 


that is, the largest complex subspace of T,X contained in T;,M. We define the Cauchy- 
Riemann dimension of M at x by CRdim,M = dimc”T,M and say that M is a CR 
submanifold of X if CRdim,M is a constant. In general, we set 


(2.9) CRdim M = max CRdim,M = max dime "T,M. 
rE xEM 


A current © is said to be normal if © and dO are currents of order 0. For instance, 
every closed positive current is normal. We are going to prove two important theorems 
describing the structure of normal currents with support in CR submanifolds. 


(2.10) First theorem of support. Let 0 € Gi, ,,(X) be a normal current. If Supp © 
is contained in a real submanifold M of CR dnienon <p, then O =0. 


Proof. Let x9 € M and let g1,...,9m be real C! functions in a neighborhood 2 of xo 
such that IM =z E02» 91(Z) =...= gmle) = 0} and doy A+ s.Adg, #0 on 2. Then 


"TM =TMOJTM= [) kerdgxMker(dgpoJ) = [() kerd’ge 


l<k<m l<k<m 


because d! gp = + (dg — i(dgx) © di’): As dime "TM < p, the rank of the system of (1, 0)- 
forms (d’g;,) must be > n—p at every point of MNQ. After a change of the ordering, we 
may assume for example that ¢) = d’gi, C2 = d’ga, ---, Gn—pti = @gn—p+1 are linearly 
independent on ( (shrink 2 if necessary). Complete (¢1,..-,¢n—p+1) into a continuous 
frame (¢1,---,¢n) of T*X}q and set 


O= S- Ors GrA Cy om (82: 


|I|=|J|=n—p 


As © and d’® have measure coefficients supported on M and g, = 0 on M, we get 
g¢9 = gxd'O = 0, thus 


d' gx \O = d'(g,9) — gxd'0 =0, 1l<k<m, 
in particular ¢, \ O = 0 for alll < k < n—p+1. When |J| = n — p, the multi-index 


CI contains at least one of the elements 1,...,n —p+1, hence © A pg; A Gg; = 0 and 
O77 = 0. 


(2.11) Corollary. Let 0 © i, ,(X) be a normal current. If Supp © is contained in an 
analytic subset A of dimension < p, then O = 0. 


Proof. As A;yeg is a submanifold of CRdim < p in X \ Aging, Theorem 2.9 shows that 
Supp © C Aging and we conclude by induction on dim A. 
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Now, assume that M CX is a CR submanifold of class C! with CRdim M = p and 
that "TM is an integrable subbundle of TM; this means that the Lie bracket of two 
vector fields in "71M is in "TM. The Frobenius integrability theorem then shows that 
M is locally fibered by complex analytic p-dimensional submanifolds. More precisely, 
in a neighborhood of every point of M, there is a submersion 0g : M —- Y onto a 
real C! manifold Y such that the tangent space to each fiber F, = o1(t), t € Y, is 
the holomorphic tangent space "7'M ; moreover, the fibers F, are necessarily complex 
analytic in view of Lemma 1.7.18. Under these assumptions, with any complex measure 
jt on Y we associate a current O with support in M by 


(2.12) e= fF du(t), i.e. m= f (f u) dy(t) 


for all u € G,,(X). Then clearly © € GH, ,,(X) is a closed current of order 0, for all 
fibers [F;] have the same properties. When the fibers F; are connected, the following 
converse statement holds: 


(2.13) Second theorem of support. Let MC X be a CR submanifold of CR dimen- 
sion p such that there is a submersion o : M —+Y of class C! whose fibers F; = 0~'(t) 
are connected and are the integral manifolds of the holomorphic tangent space "TM. 
Then any closed current 0 € G(X) of order 0 with support in M can be written 
0 = fy [Fil du(t) with a unique complex measure 4 on Y. Moreover © is (strongly) 
positive if and only if the measure | 1s positive. 


Proof. Fix a compact set K C Y and aC’! retraction p from a neighborhood V of M onto 
M. By means of a partition of unity, it is easy to construct a positive form a € Ss plV) 
such that ( a = 1 for each fiber F; with t € K. Then the uniqueness and Hose) 
statements for it follow from the obvious formula 


i f(t) dult) = (0,(fooop)a), Vf eC(Y), Suppf cK. 


Now, let us prove the existence of yz. Let x9 € M. There is a small neighborhood 2 of 
xo and real coordinates (#1, 41,---,;%p, Yp,ti,---,tq,91,---,9m) such that 


ez; = x;+iy;, 1 <j <p, are holomorphic functions on 2 that define complex coordinates 
on all fibers fF: NQ. 


e t1,...,tq restricted to MQ are pull-backs by a : M — Y of local coordinates on an 
open set U C Y such that oq: MQ — U is a trivial fiber space. 


© 9g, =.--=IJm = 0 are equations of M in 2. 


Then TF, = {dt; = dgy = 0} equals "TM = {d'g, = 0} and the rank of (d’g1,...,d'gm) 
is equal to n—p at every point of MMQ. After a change of the ordering we may suppose 
that ¢, = d'qi, ..., Gn—p = d'gn—p are linearly independent on 2. As in Prop. 2.10, we 
get G, \O = ¢, AO = 0 for 1 < k < n—p and infer that © A Cg; A Cgy = 0 unless 
I=J=Lwhere L = {1,2,...,n—p}. Hence 


B= C77 GON NG ph GAL NG» “on DO. 
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Now (1 /.. daa is proportional to dt; \...dtgA\dgi \...A\dgm because both induce a 
volume form on the quotient space TX}m/"TM. Therefore, there is a complex measure 
vy supported on MQ such that 


O=vdt,A...digAdgiA...A\dgm on 9%. 


As © is supposed to be closed, we have 0v/0x; = Ov/Oy; = 0. Hence v is a measure 
depending only on (t, g), with support in g = 0. We may write v = duy(t) ® d9(g) where 
tiy is a measure on U = 0(MMQ) and dg is the Dirac measure at 0. If 7: M — X is 
the injection, this means precisely that O = j,o0* uy on Q, ie. 


o= fF duy(t) on Q. 


The uniqueness statement shows that for two open sets 2,, Q2 as above, the associated 
measures fy, and fry, coincide on 0(M N01, Nz). Since the fibers F; are connected, 
there is a unique measure js which coincides with all measures py. 


(2.14) Corollary. Let A be an analytic subset of X with global irreducible components 
A; of pure dimension p. Then any closed current O € Din p(X) of order 0 with support 
in A is of the form O = 5>A;|A;| where A; € C. Moreover, © is (strongly) positive if 


and only if all coefficients A; are > 0. 


Proof. The regular part M = Ayes is a complex submanifold of X \ Aging and its 
connected components are A; Areg. Thus, we may apply Th. 2.13 in the case where Y 
is discrete to see that 0 = 5) A,[A;] on X \ Aging. Now dim Aging < p and the difference 
O — 7 Aj[Aj] € Dp .p(X) is a closed current of order 0 with support in Aging, so this 
current must vanish by Cor. 2.11. 


(2.15) Lelong-Poincaré equation. Let f € l(X) be a meromorphic function which 
does not vanish identically on any connected component of X and let S>m,;Z; be the 
divisor of f. Then the function log |f| is locally integrable on X and satisfies the equation 


i Jl 
—d'd" log|f| =) 7 m;[Z) 


in the space Di, 4» -1(X) of currents of bidimension (n—1,n—1). 


We refer to Sect. 2.6 for the definition of divisors, and especially to (2.6.14). Observe 
that if f is holomorphic, then log|f| € Psh(X), the coefficients m; are positive integers 
and the right hand side is a positive current in H+ (X). 


n—-1,n-1 


Proof. Let Z = (JZ; be the support of div(f). Observe that the sum in the right hand 
side is locally finite and that d'd” log|f| is supported on Z, since 


ie eee Be. oa RZ 
PhS ood 
In a neighborhood Q2 of a point a € Z; A Zreg, we can find local coordinates (wy, ..., Wn) 


such that 7; 1 Q is given by the equation w; = 0. Then Th. 2.6.6 shows that f can 
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be written f(w) = u(w)w;’ with an invertible holomorphic function u on a smaller 


neighborhood 2’ Cc Q. Then we have 
id'd" log | f| = id’d” (log |u| + m,; log |wi|) = m, id’d” log |wi|. 


For z € C, Cor. 1.3.4 implies 


d 
id’d” log |z|2 = —id” (=) = ~indy dz A dz = 2n [0]. 
If ® : C” —> Cis the projection z > z, and H C C” the hyperplane {z; = 0}, formula 
(1.2.19) shows that 


id’d” log |z,| = id’d” log |®(z)| = ®*(id'd” log |z|) = 7®*((0]) = a [H], 
because ® is a submersion. We get therefore id’ a” log|f| = m;[Z;] in Q’. This implies 


that the Lelong-Poincaré equation is valid at least on X \ Zing. AS dim Zging <n — 1, 
Cor. 2.11 shows that the equation holds everywhere on X. 


§ 3. Definition of Monge-Ampére Operators 


Let X be a n-dimensional complex manifold. We denote by d = d’ + d” the usual 
decomposition of the exterior derivative in terms of its (1,0) and (0,1) parts, and we set 


1 
d° as ——(d' —d"). 


Qin 


It follows in particular that d° is a real operator, i.e. d°u = d°U, and that dd° = id d’”. Al- 
though not quite standard, the 1/2iz normalization is very convenient for many purposes, 
since we may then forget the factor 27 almost everywhere (e.g. in the Lelong-Poincaré 
equation (2.15)). In this context, we have the following integration by part formula. 


(3.1) Formula. Let 2 CC X be a smoothly bounded open set in X and let f,g be forms 
of class C? on Q of pure bidegrees (p,p) and (q,q) withp+q=n-—1. Then 


[ traag—aaetng= | frdg—af ig. 
Q 0Q 


Proof. By Stokes’ theorem the right hand side is the integral over 2 of 
d(f \d°g—d°f Ag) =f Add°g — dd°f \g+(df \d°g+d°f A dg). 


As all forms of total degree 2n and bidegree 4 (n,n) are zero, we get 


df \ d°g = —-(d" f Ad'g —d'f Ad’g) =—d°f A dg. 


1 
in | 


Let uw be a plurisubharmonic function on X and let T’ be a closed positive current 
of bidimension (p, p), i.e. of bidegree (n — p,n — p). Our desire is to define the wedge 


§3. Definition of Monge-Ampére Operators 145 


product dd°u A T even when neither u nor T are smooth. A priori, this product does 
not make sense because dd°u and JT’ have measure coefficients and measures cannot be 
multiplied; see [Kiselman 1983] for interesting counterexamples. Assume however that 
u is a locally bounded plurisubharmonic function. Then the current uJ’ is well defined 
since u is a locally bounded Borel function and T has measure coefficients. According to 
[Bedford-Taylor 1982] we define 


dd°u \ T = dd°(uT) 
where dd‘(_) is taken in the sense of distribution (or current) theory. 


(3.2) Proposition. The wedge product dd°u \ T is again a closed positive current. 


Proof. The result is local. In an open set Q C C”, we can use convolution with a 
family of regularizing kernels to find a decreasing sequence of smooth plurisubharmonic 
functions u, = ux Pi/k converging pointwise to u. Then u < up < uz and Lebesgue’s 
dominated convergence theorem shows that u,T converges weakly to uT’; thus dd°(uxT) 
converges weakly to dd°(uT’) by the weak continuity of differentiations. However, since 
Ux is smooth, dd°(u,T) coincides with the product dd°u, \ T in its usual sense. As 
T > 0 and as dd°uy is a positive (1, 1)-form, we have dd°u, \T > 0, hence the weak limit 
dd°u \ T is > 0 (and obviously closed). 


Given locally bounded plurisubharmonic functions u;,..., Ug, we define inductively 
dd°u; \ dd°ug A... dd°ug AT = dd®(ujdd°ug A... dd°ug \T). 


By (3.2) the product is a closed positive current. In particular, when w is a locally 
bounded plurisubharmonic function, the bidegree (n,n) current (dd°u)” is well defined 
and is a positive measure. If u is of class C?, a computation in local coordinates gives 


07u 


Og; OZ, 


! 
(dd°u)” = det ( ) Spider Ada, A... Aiden Adin. 


The expression “Monge-Ampére operator” classically refers to the non-linear partial dif- 
ferential operator u +> det(0?u/0z;0Z,). By extension, all operators (dd)? defined 
above are also called Monge-Ampére operators. 


Now, let © be a current of order 0. When K CC X is an arbitrary compact subset, 
we define a mass semi-norm 


elle => f Ser 
q VBE Tg 


by taking a partition kK = )K, where each K; is contained in a coordinate patch and 
where 0; 7 are the corresponding measure coefficients. Up to constants, the semi-norm 
||O||% does not depend on the choice of the coordinate systems involved. When K itself 
is contained in a coordinate patch, we set 3 = dd°|z|? over K ; then, if © > 0, there are 
constants C 1, C2 > 0 such that 


CillOllx < | OA BP < C4llOllic. 
K 
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We denote by L'(K), resp. by L®(K), the space of integrable (resp. bounded measurable) 
functions on K with respect to any smooth positive density on X. 


(3.3) Chern-Levine-Nirenberg inequalities (1969). For all compact subsets K,L of 
X with LC K°, there exists a constant Ck,1 > 0 such that 


[|\dd°uy A... AN dd®ug AT||, < Cx,x |lur||necK) --- ||Ugl lz cK IIT Ilx- 


Proof. By induction, it is sufficient to prove the result for gq = 1 and u; = u. There isa 
covering of L by a family of balls By cc B; C K contained in coordinate patches of X. 
Let x € %(B;) be equal to 1 on Be Then 


I|\dd°u A T ||, 5 <of dd°uAT A BP" <c f xdd°u AT A BP". 
j B,, B; 


As T and @ are closed, an integration by parts yields 


I|dd°u ATI, < c | uT Addx AB! < C'llul|z~celIT IL 
J B; 


where C” is equal to C' multiplied by a bound for the coefficients of the smooth form 
dd BP. 


(3.4) Remark. With the same notations as above, any plurisubharmonic function V 
on X satisfies inequalities of the type 


a) |ldd°V||z < Cr,x||V|x1(K)- 


b) aes Cx,t IV \|n1uK)- 
In fact the inequality 


| AVR | ydd°V AB"! = | Vdd°y AB") 
LOB B; 


Bj 
implies a), and b) follows from the mean value inequality. 
(3.5) Remark. Products of the form 0 = 71 A...A%7%q AT with mixed (1, 1)-forms 


yj = dd°u; or yj; = dv; \ d°w; + dw; Adv; are also well defined whenever u;, vj, w; are 
locally bounded plurisubharmonic functions. Moreover, for L C K°, we have 


Ollz < Cr c||T lx I] Need ateco) I] NCHAlPateco) I] |, || bc): 


To check this, we may suppose v;,w,; > 0 and ||v,|| = |Jw,|| = 1 in L°(kr). Then the 
inequality follows from (3.3) by the polarization identity 


2(du; /\ dw; + dw; /\ d°v;) = dd°(v; + w;)? — dd° F = dd°w* = vj;dd°w; = w,dd°v; 


in which all dd° operators act on plurisubharmonic functions. 
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(3.6) Corollary. Let ui,...,Ugq be continuous (finite) plurisubharmonic functions and 
ler Aks a. be sequences of plurisubharmonic functions converging locally uniformly to 
U1,+++,Ug- If Ty, is a sequence of closed positive currents converging weakly to T, then 


a) uFdd°uk A...A ddeuk AT, — ujdd°ug A... \dd%ug NT weakly. 


b) dd°uF A...A dd°uk AT, —> dd°uy \...\dd°ug AT weakly. 


Proof. We observe that b) is an immediate consequence of a) by the weak continuity of 
dd°. By using induction on q, it is enough to prove result a) when q = 1. If (wu) converges 
locally uniformly to a finite continuous plurisubharmonic function u, we introduce local 
regularizations uz = ux pz and write 


uk Ty — uT = (u® — u)Ty + (u — uc) Te + uc(Th — T). 


As the sequence JT; is weakly convergent, it is locally uniformly bounded in mass, thus 
I\(u* — u)Te| |e < |Ju® — ul|r~ccy||Tk||K converges to 0 on every compact set K. The 
same argument shows that ||(u —u-)T;||«K can be made arbitrarily small by choosing ¢ 
small enough. Finally uz is smooth, so u-(T, — T) converges weakly to 0. 


Now, we prove a deeper monotone continuity theorem due to [Bedford-Taylor 1982] 
according to which the continuity and uniform convergence assumptions can be dropped 


if each sequence (u”) is decreasing and T;, is a constant sequence. 


J 


(3.7) Theorem. Let u1,...,Uq be locally bounded plurisubharmonic functions and let 
Cee uk be decreasing sequences of plurisubharmonic functions converging pointwise to 
Wig siagtlg. 1 het 


a) ufdd°us A... \dd°us AT — ujdd°ug \...\dd°ug \T weakly. 


b) ddeuk A... Add°uk AT — dd°u, A...Add°ug AT weakly. 


Proof. Again by induction, observing that a) = > b) and that a) is obvious for q = 1 
thanks to Lebesgue’s bounded convergence theorem. To proceed with the induction step, 
we first have to make some slight modifications of our functions u; and uk. 


As the sequence (u* 


;) is decreasing and as u; is locally bounded, the family (u*’) keN 
is locally uniformly bounded. The results are local, so we can work on a Stein open set 


Q cc X with strongly pseudoconvex boundary. We use the following notations: 


(3.8) let w be a strongly plurisubharmonic function of class ‘°° near Q with ~ < 0 
on 2 and wy = 0, dW £0 on 00; 


(3.8’) we set N5 = {z € 0; w(z) < —6} for all 6 > 0. 
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III-1 Construction of vue 


k 


After addition of a constant we can assume that —M < uj < —1 near 2. ie us denote 


by (us ©) € € ]0, eo], an _ increasing family of regularizations converging to uk ase Y 
and stich that —M < u; <1 onQ. Set A= M/6 with 5d > 0 small and replace us 
by vf = max{ Ay, uF} and ue © by a oe = max. {Ay,u;"* where max: = max x pez is . 
reeularized max function. 


Then vu; coincides with uk on Q5 since Ay < —Aéd = —M on Qs, and ve is equal to 

ae on the corona 2 \ 05 ym- Without loss of generality, we can therefore seatine that all 

uk (and similarly all u; Pe) coincide with Ay on a fixed neighborhood of 0Q. We need a 
lemma. 


(3.9) Lemma. Let fx be a decreasing sequence of upper semi-continuous functions 
converging to f on some separable locally compact space X and px, a sequence of positive 
measures converging weakly to py on X. Then every weak limit v of frup satisfies v < fp. 


Indeed if (gp) is a decreasing sequence of continuous functions converging to f;, for 
some ko, then frie < folk < Gpltr for k > ko, thus v < gp as k — +00. The monotone 
convergence theorem then gives v < fz, as p— +00 andv < fu as kg — +00. 


Proof of Theorem 8.7 (end).. Assume that a) has been proved for g—1. Then 
S*® = dd°uh A... A dd°uk AT — § = dd°ug A... A dd°uq NT. 


By 3.3 the sequence (u%,S*) has locally bounded mass, hence is relatively compact for 
the weak topology. In order to prove a), we only have to show that every weak limit O 
of u* S*® is equal to u,S. Let (m,m) be the bidimension of $ and let y be an arbitrary 
smooth and strongly positive form of bidegree (m,m). Then the positive measures S* Ay 
converge weakly to S A y and Lemma 3.9 shows that OA y < u1S' Ay, hence O < 
To get the equality, we set G = dd > 0 and show that J, uiS AB” < [,OAB™ 


[radars N..Addug AT AB™ <limint f ufddrul A...Add uk ATA B™. 
Q 7 TCO Q 
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As u, < uk <u’ for every €, > 0, we get 
1 1 


| uiddug A... A\dd%ug AT A B™ 
Q 
Ra | updd°ug A... Add°ug AT A B™ 
Q 
= | dd°ut** A ugdd°ug A... dd°ug AT A B™ 
Q 


after an integration by parts (there is no boundary term because yer 


on OQ). Repeating this argument with u2,...,ug, we obtain 


and ug both vanish 


i uidd°uz A... \dd°ug ANT A B™ 
Q 
< f ddtub 0... A dd°uSt AugE AB” 
Q 


< | uy ddeuy? A... Add°ub 2 AT A B™. 
Q 


Now let €g — 0,...,€; — 0 in this order. We have weak convergence at each step and 
ui = 0 on the boundary; therefore the integral in the last line converges and we get 
the desired inequality 


[ rnddtug \..Nddlug ATAB™ < f ubadiuf n...Addeul, AT AB”. 
Q Q 


(3.10) Corollary. The product dd°u; \... A dd°ug \T is symmetric with respect to 
U1,+++, Ug: 


Proof. Observe that the definition was unsymmetric. The result is true when wy1,..., Ug 


are smooth and follows in general from Th. 3.7 applied to the sequences uk = Uj * Pi/k> 


l<j<g. 


(3.11) Proposition. Let K,L be compact subsets of X such that L C K°. For any 
plurisubharmonic functions V,u1,...,Uq on X such that uy,...,Uq are locally bounded, 
there is an inequality 


\|Vdd°uy oar A dd@ug||z < CL IV fc2cKy ||| bc) sae [|uql|z-0(K)- 


Proof. We may assume that L is contained in a strongly pseudoconvex open set 2 = {y < 
0} Cc K (otherwise we cover L by small balls contained in kK’). A suitable normalization 
gives —2 < uj < —1 on K; then we can modify u; on 2 \ L so that u; = Av on N\ O35 
with a fixed constant A and 6 > 0 such that L C Qs. Let x > 0 be a smooth function 
equal to —y on Q5 with compact support in Q. If we take ||V||z1(~%) = 1, we see that 
V, is uniformly bounded on Q5 by 3.4 b); after subtraction of a fixed constant we can 
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assume V <0 on Qs. First suppose q < n-—1. As u; = Ay on (2 \ Oo, we find 
i Vdd". <s dd ty NG = 
Qs 


= | V dd°us A... A dd°ug A B" 4" A dd°x — ae f V B" 1 A dd°x 
Q O\D5 


= | x dd°V A dd°uy A... AN dd°ug A B"-4* — ae f Vie" Add. 
Q O\D5 


The first integral of the last line is uniformly bounded thanks to 3.3 and 3.4 a), and the 
second one is bounded by ||V||z1;q) < constant. Inequality 3.11 follows for q <n —1. If 
q =n, we can work instead on X x C and consider V,uj,..., Ug as functions on X x C 
independent of the extra variable in C. 


§ 4. Case of Unbounded Plurisubharmonic Functions 


We would like to define dd°u, A...Add°ug \T also in some cases when wj,..., Ug are 
not bounded below everywhere, especially when the u; have logarithmic poles. Consider 
first the case g = 1 and let wu be a plurisubharmonic function on X. The pole set of 
u is by definition P(u) = u~'(—oo). We define the unbounded locus L(u) to be the 
set of points « € X such that u is unbounded in every neighborhood of x. Clearly 
L(u) is closed and we have L(u) D P(u) but in general these sets are different: in fact, 
u(z) = SD k-? log(|z — 1/k| + e~*’) is everywhere finite in C but L(u) = {0}. 


(4.1) Proposition. We make two additional assumptions: 
a) T has non zero bidimension (p, p) (i.e. degree of T < 2n). 


b) X is covered by a family of Stein open sets Q CC X whose boundaries OQ do not 
intersect L(u) Supp T. 


Then the current ul’ has locally finite mass in X. 


For any current T, hypothesis 4.1 b) is clearly satisfied when wu has a discrete un- 
bounded locus L(u); an interesting example is u = log|F'| where F' = (F),..., Fy) are 
holomorphic functions having a discrete set of common zeros. Observe that the current 
uT need not have locally finite mass when T has degree 2n (i.e. T is a measure); example: 
T = 69 and u(z) = log|z| in C”. The result also fails when the sets 2 are not assumed 
to be Stein; example: X = blow-up of C” at 0, T = [E] = current of integration on the 
exceptional divisor and u(z) = log |z| (see § 7.12 for the definition of blow-ups). 


Proof. By shrinking Q slightly, we may assume that ] has a smooth strongly pseu- 
doconvex boundary. Let w be a defining function of 2 as in (3.8). By subtracting a 
constant to u, we may assume u < —e on 2. We fix 5 so small that Q \ O53 does not 
intersect L(u) NM Supp T and we select a neighborhood w of (Q\ Q5) NSupp T such that 
OM L(u) = 9. Then we define 


us(Z) = fered dae on w, 
s max{u(z), s} on Q5 = {ib < —6}. 
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By construction u > —M on w for some constant M > 0. We fix A > M/6 and take 


s<-—M, so 
max{u(z), Ad(z)} = max{u(z),s}=u(z) on wNQs 


and our definition of u, is coherent. Observe that u, is defined on w UQs5, which is a 
neighborhood of 2M Supp T. Now, us = Aw on wN(Q\ Q.-/4), hence Stokes’ theorem 
implies 


/ dd°us AT A (dd°w)?-* — | Add° AT A (dd%~p)?—" 
Q Q 
= | dd° (us — AW)T A (dde)?-] = 0 
Q 


because the current [...] has a compact support contained in 0, /A- Since us and w both 
vanish on OQ, an integration by parts gives 


i: usT A (dd°w)? = wdd°us AT A (dd°y)?-+ 

Q Q 
> Illex fT Adatu, A (dae) 
=-IWll=ad f TA (aaeuy. 


Finally, take A = M/0, let s tend to —oo and use the inequality u > —M on w. We 
obtain 


i. uT A (dd°y)? > —M / T A (dado)? + lim | ugT A (dd°w)? 
Q 


a S——oo en 


> —(M + ||Vllze¢)M/8) yh T A (dd)? 


The last integral is finite. This concludes the proof. 


(4.2) Remark. If 2 is smooth and strongly pseudoconvex, the above proof shows in 
fact that 


uP lly < Fl lellgoo(@Naa)nsopp 7)lIT Ihe 


when L(u) Supp T Cc Qs. In fact, if uw is continuous and if w is chosen sufficiently small, 
the constant M can be taken arbitrarily close to ||ul| 7 (G.a5;)nsupp T)- Moreover, the 
maximum principle implies 


[+1] n2 Gnsupp 7) = |!U+1lL-(@ensupp 7); 
so we can achieve that u < —e on a neighborhood of 2M Supp T by subtracting 


III] 7 20(KM5)ASupp py +2€ [Proof of maximum principle: if u(zo) > 0 at zo € NNSupp T 
and u < 0 near 0OQ.M Supp T, then 


| usT A (dd°w)? = yh dd°us AT A (dd°)?-! <0, 
Q Q 
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a contradiction]. 


(4.3) Corollary. Let w1,...,uq be plurisubharmonic functions on X such that X is 
covered by Stein open sets Q with O12N L(u;) Supp T =. We use again induction to 
define 

dd©u, \ dd°uzg \...\ dd°ug AT = dd©(ujdd°uzg... \ dd°ug \ T). 


Then, if u%,. aru) are decreasing sequences of plurisubharmonic functions converging 


pointwise to U1,...,Uq, ¢ <p, properties (3.7a,b) hold. 


L(uj) WN 5 


III-2 Modified construction of ve 


Proof. Same proof as for Th. 3.7, with the following minor modification: the max 
procedure ve i= max{ut, Av} is applied only on a neighborhood w of Supp TN(Q\ Q5) 
with 6 > 0 small, and uk is left unchanged near Supp TN Q5. Observe that the integration 


by part process requires the functions ul and a to be defined only near QNSupp T. 


(4.4) Proposition. Let Q cc X be a Stein open subset. If V is a plurisubharmonic 
function on X and uy,...,Ug, |< q<n-—1, are plurisubharmonic functions such that 
000 L(u;) =, then Vdd°uy A... A dd°ug has locally finite mass in Q. 


Proof. Same proof as for 3.11, when 6 > 0 is taken so small that Q5; D L(u;) for all 
l<j<q. 


Finally, we show that Monge-Ampére operators can also be defined in the case of 
plurisubharmonic functions with non compact pole sets, provided that the mutual inter- 
sections of the pole sets are of sufficiently small Hausdorff dimension with respect to the 
dimension p of T’. 


(4.5) Theorem. Let wj,...,uq be plurisubharmonic functions on X. The currents 
ujdd°ug A... dd ug \T and dd°u, A... \ dd°ug AT are well defined and have locally 
finite mass in X as soon as q <p and 


Hop—2m-+1(L(uj,)...9 L(u;,,) MSupp T) = 0 


for all choices of indices 71 <...< jm in {1,...,q}. 
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The proof is an easy induction on q, thanks to the following improved version of the 
Chern-Levine-Nirenberg inequalities. 


(4.6) Proposition. Let Aj,...,Aq Cc X be closed sets such that 
Hop—2m+1 (Aj, Vee JM Ay. a) Supp T) =0 


for all choices of j1 <...< jm in {1,...,q}. Then for all compact sets K, L of X with 
LC K°, there exist neighborhoods V; of K 1 A; and a constant C = C(K,L,A;) such 
that the conditions u; <0 on K and L(u;) C A; imply 


a) ||wydd°ug oe At dd°ug ix T\\r < Cl|urill boc) ere [ugl lnc vy) IIT 
b) ||dd°uy A... A dd°ug AT ||1 < Cllurl|zocKe Vv) + -[MallzocK va IIT IK- 


Proof. We need only show that every point x9 € K° has a neighborhood L such that a), 
b) hold. Hence it is enough to work in a coordinate open set. We may thus assume that 
X C C” is open, and after a regularization process uj; = limu;*p- for 7 =q,q—1,...,1 
in this order, that uj,..., ug are smooth. We proceed by induction on q in two steps: 


Step 1. (bg—1) => (bq), 
Step 2. (aq—1) and (by) => (aq), 


where (bo) is the trivial statement ||T||~, < ||T']|K and (ao) is void. Observe that we have 
(ag) => (ag) and (by) => (be) for 0 < q < p by taking ui (z) =... = ug(z) = |2|?. We 
need the following elementary fact. 


(4.7) Lemma. Let F Cc C” be a closed set such that H2541(F') = 0 for some integer 
0<s<n. Then for almost all choices of unitary coordinates (z1,...,2n) = (2',2”) with 
2 = (Bhs tape = Berner enone almost all. radi-of balls BY = Bre CO *, 
the set {0} x OB” does not intersect F’. 


Proof. The unitary group U(n) has real dimension n?. There is a proper submersion 
® : U(n) x (C”~* \ {0}) —+ C*\ {0}, (9, 2”) > g(0, 2”), 


whose fibers have real dimension N = n? — 2s. It follows that the inverse image ®~'(F) 
has zero Hausdorff measure #n42s41 = Hp241. The set of pairs (g,r”) € U(n) x RY 
such that g({0} x 0B”) intersects F is precisely the image of ®~!(F) in U(n) x R% by 
the Lipschitz map (g, 2’”) + (g,|z”’|). Hence this set has zero #,241-measure. 


Proof of step 1.. Take x9 = 0 € K°. Suppose first 0 € Ay MN...M Ag and set F = 
AyM...NAqgN Supp T. Since He2p-2941(F') = 0, Lemma 4.7 implies that there are 


coordinates 2’ = (21,...,2s), 2” = (2s41,---;2n) with s = p—q and a ball B’ such 
that FM ({0} x 0B”) = @ and {0} x B’ c K°. By compactness of K, we can find 


neighborhoods W; of kMA, and a ball B’ = B(0,r’) C C® such that B xB’ Cc K° and 
(4.8) W.in...AW,nSupp Tn (B x (B’ \ (1-6)B")) =0 


for 6 > 0 small. If 0 ¢ A; for some j, we choose instead W; to be a small neighborhood 
of 0 such that W; c (B x (1—4)B”) \ A; ; property (4.8) is then automatically satisfied. 
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Let x; > 0 be a function with compact support in W;, equal to 1 near K 1 A; if A; 5 0 
(resp. equal to 1 near 0 if A; Z 0) and let x(z’) > 0 be a function equal to 1 on 1/2 B’ 
with compact support in B’. Then 


| dd°(x1u1) A... A dd°(xXqtq) AT A x(2') (dd°|z"|?)* 
B'x B" 
because the integrand is dd° exact and has compact support in B’ x B” thanks to (4.8). 
If we expand all factors dd°(x;u,;), we find a term 
X1---XqXx(2')ddouy A... Add°ug AT > 0 


which coincides with dd°u,/. ..Add°ugAT on a small neighborhood of 0 where y; = x = 1. 
The other terms involve 


dx; Nau; + du; Ad xy + ujdd xX; 


for at least one index j. However dy; and dd°y j vanish on some neighborhood V; 
of kK MA; and therefore u; is bounded on BxB . Ve. We then apply the induction 
spotless (bg—1) to the current 


@ = dd°u, A... Addu; \...\dd°ug AT 


and the usual Chern-Levine-Nirenberg inequality to the product of O with the mixed 
term dy; A d°u; + du; \ d°x;. Remark 3.5 can be applied because y; is smooth and is 
therefore a difference xs = ae ) of locally bounded plurisubharmonic functions in C”. Let 
K’ be a compact SSennotieba of B x B’ with kK’ = Kk°, and let V; be a neighborhood 
of KA; with V; C Vj. Then with L’ := (B x B’ ‘) x VIC es. Vv)" we obtain 


(dx j;Ad°u; + du;Ad°x;) A lla a = |I(dxjAdou; + dujAd°x;) A Ol| 
< Ci||us||o~cK/\ v5) [Oller vj, 
Oller vy < [Oller < Calfeallcecaesviy «+ lugll ual 22 ce<va)lIT Le 


Now, we may slightly move the unitary basis in C” and get coordinate systems z™” = 


(z1",...,27") with the same properties as above, such that the forms 


(dd°|z"|)* = Side Adz... \id2™ Adz", 1<m<N 
define a basis of \**(C”)*. It follows that all measures 
dd Nas NIE tg AD, Kade Ney Newt de, Kae, 
satisfy estimate (b,) on a small neighborhood L of 0. 


Proof of Step 2.. We argue in a similar way with the integrals 
| X11 dd°(y2u2) A...dd°(xqug) AT A x(2')(dd°|2"|?)* A dd°|zs41|? 
B’xB” 


= | Izep1l2dd°(x1ur) A. ..dd°(Xqttg) AT A x(2")(dd*|2/|?)*. 
B’xB” 
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We already know by (bg) and Remark 3.5 that all terms in the right hand integral 
admit the desired bound. For q = 1, this shows that (b,) => (a;). Except for 
X1 ++ XqX(2") urdd°ug \...A\dd°ug \T, all terms in the left hand integral involve deriva- 
tives of y;. By construction, the support of these derivatives is disjoint from A;, thus 
we only have to obtain a bound for 


| raddtug ...Add!uy AT Ao 
L 


when L = B(zo,1r) is disjoint from A; for some j > 2, say LM Ay = 0, and a is a constant 
positive form of type (p — q,p — q). Then B(xo,r + ¢) C K° \ Vo for some € > 0 and 
some neighborhood V2 of KM A2. By the max construction used e.g. in Prop. 4.1, we can 
replace uz by a plurisubharmonic function tz equal to uz in L and to A(|z—2xo|?—r?) —M 
in B(xo,r +€) \ B(xo,r +e/2), with M = ||ual|r-(~ \y,) and A = M/er. Let x > 0 be 
a smooth function equal to 1 on B(ao,r + ¢/2) with support in B(xo,r). Then 


| uidd°(xU2) A dd®ug A... A dd°ug \T Aa 
B(axo,r+e) 


= | xuedd°u, \ dd©ug A... dd°ug AT Aa 
B(ao,r+e) 


< O(1) 


Jur | [zou My) «Heal lzoc vv, IIT Lx 


where the last estimate is obtained by the induction hypothesis (b,—1) applied to dd°u; A 
dd°u3 \.../A dd°ug \ T. By construction 


dd°(xuz) = x dd°uz + (smooth terms involving dx) 


coincides with dd°uz in L, and (ag_1) implies the required estimate for the other terms 
in the left hand integral. 


(4.9) Proposition. With the assumptions of Th. 4.5, the analogue of the monotone 
convergence Theorem 3.7 (a,b) holds. 


Proof. By the arguments already used in the proof of Th. 3.7 (e.g. by Lemma 3.9), it is 
enough to show that 


He Nis Xeui hdd ghd te hE NG 
’x BY" 


< liming [ K1+--Xqupdduk A... Add°uk AT Aa 
k—-+00 B’xB" 


where a = y(z’)(dd°|z’|?)* is closed. Here the functions ;, x are chosen as in the proof 
of Step 1 in 4.7, especially their product has compact support in B’ x B” and xy; = x = 1 
in a neighborhood of the given point 79. We argue by induction on gq and also on the 
number m of functions (u,;);51 which are unbounded near xo. If u; is bounded near xo, 
we take Wi’ Cc W; CC W; to be small balls of center 29 on which uj; is bounded and 
: on the corona W; ~ Ww; so as to make it constant and equal 


to a smooth function A|z — xo|* + B on the smaller corona W; \ W;. In that case, we 


we modify the sequence u 


156 Chapter III. Positive Currents and Lelong Numbers 


take y; equal to 1 near Ww; and Supp x; C W;. For every = 1,...,q, we are going to 
check that 


jim nt | xiurdd?(xouk) A 
k—-+00 B’xB"” 


dd°(xe-1us_) A dd°(xeug) \ dd°(xe41Ue41) -..dd°(Xqtq) AT Aa 


< jim nt | xiukdd® (x ous) ‘\. 
k—-+00 B’xB"” 


dd°(xe-1up_1) A dd°(xeur) A dd°(xX041U041) --.dd°(Xqtg) AT Aa. 


In order to do this, we integrate by parts y ,ul'dd°(xeue) into xeuedd°(x,u*) for £ > 
and we use the inequality ug < wu}. Of course, the derivatives dy;, d°x;, dd°x; ae 
terms which are no longer positive and we have to take care of these. However, Supp dy; 
is disjoint from the unbounded locus of wu; when u; is unbounded, and contained in 
Wj ~ W; when u; is bounded. The number m of unbounded functions is therefore 
replaced By m — 1 in the first case, whereas in the second case uk = = u,; is constant and 
smooth on Supp dx,;, so g can be replaced by q—1. By induction on g +m (and thanks 
to the polarization technique 3.5), the limit of the terms involving derivatives of x; is 
equal on both sides to the corresponding terms obtained by suppressing all indices k. 
Hence these terms do not give any contribution in the inequalities. 


We finally quote the following simple consequences of Th. 4.5 when T is arbitrary 
and q = 1, resp. when T = 1 has bidegree (0,0) and q is arbitrary. 


(4.10) Corollary. Let T be a closed positive current of bidimension (p,p) and let wu be 
a plurisubharmonic function on X such that L(u) Supp T is contained in an analytic 
set of dimension at most p—1. Then uT and dd°uAT are well defined and have locally 
finite mass in X. 


(4.11) Corollary. Let uy,...,t¢q be plurisubharmonic functions on X such that L(u;) 
is contained in an analytic set A; C X for every j. Then dd°u; A... A dd°ug is well 
defined as soon as Aj, 1... Aj,, has codimension at least m for all choices of indices 
Bi ok ODO 1 gh 


In the particular case when u; = log |f;| for some non zero holomorphic function f; 
on X, we see that the intersection product of the associated zero divisors [Z;] = dd°u,; 
is well defined as soon as the supports |Z;| satisfy codim|Z;,|...9|Z;,,| = m for 
every m. Similarly, when T = [A] is an analytic p-cycle, Cor. 4.10 shows that [Z] A [A] 
is well defined for every divisor Z such that dim|Z|M|A| = p—1. These observations 
easily imply the following 


(4.12) Proposition. Suppose that the divisors Z; satisfy the above codimension con- 
dition and let (Cy)x>1 be the irreducible components of the point set intersection |Z1|M 
..|Z,|. Then there exist integers my > 0 such that 


[A] A... A [Zq] = 55 me[Ce]. 


The integer my, is called the multiplicity of intersection of Z,,...,Zq along the compo- 
nent Cy. 
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Proof. The wedge product has bidegree (q, q) and support in C = (J Cy where codim C' = 
q, so it must be a sum as above with mz € R;,. We check by induction on q that mz, is 
a positive integer. If we denote by A some irreducible component of |Z1|N...9|Zq—1|, 
we need only check that [A] A [Z,] is an integral analytic cycle of codimension q with 
positive coefficients on each component Ci, of the intersection. However [A] A [Z| = 
dd°(log|fq| [A]). First suppose that no component of AM f7*(0) is contained in the 
singular part Aging. Then the Lelong-Poincaré equation applied on A;eg shows that 
dd (log | fq| [A]) = }5 mz[Cz] on X \ Aging, where m, is the vanishing order of f, along 
Cy in Areg. Since C'M Aging has codimension q+ 1 at least, the equality must hold on 
X. In general, we replace f, by fg — € so that the divisor of f, — ¢ has no component 
contained in Aging. Then dd°(log|fg — €| [A]) is an integral codimension q cycle with 
positive multiplicities on each component of AN fy ‘(e) and we conclude by letting ¢ 
tend to zero. 


§5. Generalized Lelong Numbers 


The concepts we are going to study mostly concern the behaviour of currents or 
plurisubharmonic functions in a neighborhood of a point at which we have for instance 
a logarithmic pole. Since the interesting applications are local, we assume from now on 
(unless otherwise stated) that X is a Stein manifold, i.e. that X has a strictly plurisubhar- 
monic exhaustion function. Let y : X —> |[—oo, +o00| be a continuous plurisubharmonic 
function (in general y may have —oo poles, our continuity assumption means that e* is 
continuous). The sets 


(5.1) S(r) = {x EX; p(x) =r}, 
(oek”) Bir) ={xEX; v(x) <r}, 
(5.1”) B(r) ={z EX; o(2) <r} 


will be called pseudo-spheres and pseudo-balls associated with y. Note that B(r) is not 
necessarily equal to the closure of B(r), but this is often true in concrete situations. The 
most simple example we have in mind is the case of the function y(z) = log |z —a| on an 
open subset X C C”; in this case B(r) is the euclidean ball of center a and radius e’ ; 
moreover, the forms 


: 
(5.2) 5dd°e?? = ace dd°y = —d'd" log |z — al 
TT TT 


can be interpreted respectively as the flat hermitian metric on C” and as the pull-back 
over C” of the Fubini-Study metric of P”~!, translated by a. 


(5.3) Definition. We say that y is semi-exhaustive if there exists a real number R such 
that B(R) cc X. Similarly, y is said to be semi-exhaustive on a closed subset A C X if 
there exists R such that AN B(R) CC X. 


We are interested especially in the set of poles S(—co) = {y = —oo} and in the 
behaviour of y near S(—oo). Let T be a closed positive current of bidimension (p, p) on 
X. Assume that y is semi-exhaustive on Supp T and that B(R)M Supp T cc X. Then 
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P = S(—co)NSuppT is compact and the results of §2 show that the measure T (A (dd°y)? 
is well defined. Following [Demailly 1982b, 1987a], we introduce: 


(5.4) Definition. Jf y is semi-exhaustive on Supp T and if R is such that B(R) NM 
Supp T cc X, we set for allr € |] — co, Rl 


vTen)= yt Mate” 
“T, 9) = y pT Matin? = lim T. 2.0) 


The number v(T, yp) will be called the (generalized) Lelong number of T with respect to 
the weight ~p. 


If we had not required T A (dd°y)? to be defined pointwise on y~!(—oo), the assump- 
tion that X is Stein could have been dropped: in fact, the integral over B(r) always 
makes sense if we define 


Vu(T,y,r) = 2 = A (dd° max{y, s})” with s<r. 


Stokes’ formula shows that the right hand integral is actually independent of s. The 
example given after (4.1) shows however that T A (dd°y)? need not exist on y~'(—oo) if 
y!(—oo) contains an exceptional compact analytic subset. We leave the reader consider 
by himself this more general situation and extend our statements by the max{y, s} 
technique. Observe that r > v(T,y,7r) is always an increasing function of r. Before 
giving examples, we need a formula. 


(5.5) Formula. For any convex increasing function x : R —> R we have 


| T A (dd°x 0p)? = x'(r — 0)? (T, 9,7) 
B(r) 


where x'(r — 0) denotes the left derivative of x at r. 
Proof. Let x- be the convex function equal to y on [r — €,+o00| and to a linear function 


of slope x’(r —e—0) on ]— 00, r—«€]. We get dd°(yeo yp) = x'/(r—e—0)dd°y on B(r —«) 
and Stokes’ theorem implies 


| T A (dd°x 0 y)? = ik T A (dd°x. 0 y)?P 
B(r) B(r) 


2 | T A (dd°x- ie) (p)P 
B(r-e) 
= x/(r —€ —0)"(T, yr —€). 


Similarly, taking y- equal to y on |] — 00, r — €] and linear on [r — e,r], we obtain 


| T A (dd°x oy)? < / Rage ogy Se OB = 0) UT od). 
B(r-e) B(r) 
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The expected formula follows when € tends to 0. 


We get in particular Ser) T A (dd°e?”)? = (2e7")Pv(T, y, rr), whence the formula 
—2pr 1 c 2 s 
(5.6) HE OG = eo? TA (sad e é) : 
B(r) 2 


Now, assume that X is an open subset of C” and that y(z) = log|z — a| for some 
a € X. Formula (5.6) gives 


RG ya? / TA(sd'a"|z?)’. 


|z—al<r 


The positive measure op = 5T A (5d'd"|z|?)? = 2°? 0 Tyr. i"dz1 A... A dy is called 
the trace measure of T. We get 


oT (B(a, r)) 


(5.7) v(T, y, logr) = TPP? [pl 


and v(T, vy) is the limit of this ratio as r — 0. This limit is called the (ordinary) Lelong 
number of T at point a and is denoted v(T,a). This was precisely the original definition 
of Lelong, see [Lelong 1968]. Let us mention a simple but important consequence. 


(5.8) Consequence. The ratio or(B(a,r))/r?? is an increasing function of r. More- 
over, for every compact subset K C X and every ro < d(K,OX) we have 


or(B(a,r)) <Cr? for a€ K andr <19, 


where C = or(K + B(0, ro)) /ra?. 


All these results are particularly interesting when T = [A] is the current of integration 
over an analytic subset A C X of pure dimension p. Then orp (B (a, r)) is the euclidean 
area of AM B(a,r), while 7?r??/p! is the area of a ball of radius r in a p-dimensional 
subspace of C”. Thus v(T,y,logr) is the ratio of these areas and the Lelong number 
v(T, a) is the limit ratio. 


(5.9) Remark. It is immediate to check that 


_f0 for c¢A, 
v([A], 2) = { 1 when x € A isa regular point. 


We will see later that v([A], x) is always an integer (Thie’s theorem 8.7). 


(5.10) Remark. When X = C”, y(z) = log|z —a| and A= X (i.e. T = 1), we obtain 
in particular Se (a »)(dd° log |z — al)" = 1 for all r. This implies 


(dd° log |z — al)” = da. 
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This fundamental formula can be viewed as a higher dimensional analogue of the usual 
formula A log |z — a| = 276, in C. 


We next prove a result which shows in particular that the Lelong numbers of a closed 
positive current are zero except on a very small set. 


(5.11) Proposition. [fT is a closed positive current of bidimension (p, p), then for each 
c>0 the set Eo = {x € X; v(T,x) > c} is a closed set of locally finite H2, Hausdorff 
measure in X. 


Proof. By (5.7), we infer v(T,a) = lim, or(B(a,r))p!/m?r??. The function a +> 
OT (B(a,r)) is clearly upper semicontinuous. Hence the decreasing limit v(T,a) as r 
decreases to 0 is also upper semicontinuous in a. This implies that EF, is closed. Now, 
let Kk be a compact subset in X and let {a;}i<j;<n, N = N(e), be a maximal collection 
of points in E.M K such that |a; — a,| > 2e for j Ak. The balls B(a;,2e) cover E.NK, 
whereas the balls B(a,;,¢) are disjoint. If K.- is the set of points which are at distance 
<eofE.NK, we get 


or(Ko.e) 2 > or(Bla;,€)) > N(e) en?e?? /pl, 
since v(T’,a;) > c. By the definition of Hausdorff measure, we infer 


Bete oe ‘ 2p 
Hop(EeNK) < lim inf > (diam B(a;, 2e)) 


142P 


crP 


o7(E. MN K). 


< lim inf N(e)(4e)*? < 
E=> 


Finally, we conclude this section by proving two simple semi-continuity results for 
Lelong numbers. 


(5.12) Proposition. Let T;, be a sequence of closed positive currents of bidimension 
(p,p) converging weakly to a limit T. Suppose that there is a closed set A such that 
Supp Ty C A for all k and such that y is semi-erhaustive on A with AN B(R) Cc X. 
Then for allr < R we have 


| T A (dd°y)? < lim int [ Ti, A (dd)? 
B(r) k->+00 J B(r) 


< lim sup [L tp (dd=p)’ < i: T A (dd°y)?. 


k->+co JB(r) B(r) 


When r tends to —oo, we find in particular 


lim sup (Tk, p) < u(T, ¢). 
k—+00 


Proof. Let us prove for instance the third inequality. Let we be a sequence of smooth 
plurisubharmonic approximations of y with y < ye < p+ 1/lon{r—ex<y<rte}. 


We set B( ) 
_ fe on B(r), 
w= {ote (l+e)(ye—1/£)-—re} on X~ B(r). 
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This definition is coherent since we = y near S(r), and we have 
ve=(1+e)(pe-1/é)-—re near S(r+e/2) 


as soon as ¢ is large enough, i.e. (1+ ¢)/¢ < e?/2. Let y- be a cut-off function equal to 
lin B(r+e¢/2) with support in B(r +e). Then 


i T,, \ (dd°p)? < | Ty A (dd°we)” 
B(r) B(r+e/2) 


=(1+ op f Ty A (dd°ye)” 
B(r+e/2) 


< (1+ er f xXeT, A (dd°ye)?. 
B(r+e) 


As x-(dd°ye)? is smooth with compact support and as T;, converges weakly to T, we 
infer 

lim sup [ Ty A (dd°p)? < (A+ or | XeT A (dd°ye)?. 

k—++00 JB(r) B(r+e) 
We then let @ tend to +oo and « tend to 0 to get the desired inequality. The first 
inequality is obtained in a similar way, we define wy so that ye = y on X \ B(r) and 
We = max{(1 — €)(ye — 1/2) + re} on Bir), and we take xy. = 1 on B(r —€) with 
Supp x- C B(r —¢/2). Then for @ large 


i Ty, A (day)? > il Ty, A (dda)? 
B(r) 


B(r—e/2) 


>(1- ep f VET, A (dd°ye)?. 
B(r—e/2) 


(5.13) Proposition. Let vy, be a (non necessarily monotone) sequence of continuous 
plurisubharmonic functions such that e?* converges uniformly to e? on every compact 
subset of X. Suppose that {p < R}N Supp T cc X. Then forr < R we have 


lim sup 


i: T (dup, < | T A (dd°y)”. 
k-+00 J{pr<r}n{y<R} 


{y<r} 


In particular lim sup,_.45.V(L, yr) < v(T, y). 


When we take y,z(z) = log|z — ax| with a, — a, Prop. 5.13 implies the upper 
semicontinuity of a +> v(T,a) which was already noticed in the proof of Prop. 5.11. 


Proof. Our assumption is equivalent to saying that max{y,,t} converges locally uni- 
formly to max{y, t} for every t. Then Cor. 3.6 shows that TA (dd° max{y,, t})? converges 
weakly to T A (dd° max{y, t})”. If x- is a cut-off function equal to 1 on {yp < r+e/2} 
with support in {py < r+e}, we get 


lim xeT A (dd° max{px, t})? =e xeT A (dd© max{y,t})?. 
k>+o00 Jy x 
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For k large, we have {yx < r}N {yp < R} C {y < r+e/2}, thus when « tends to 0 we 
infer 


T A (dd max{y,,t})? < | T A (dd° max{y, t})?. 


{y<r} 


lim sup | 
k—+00 J{pp<r}n{yp<R} 


When we choose t < r, this is equivalent to the first inequality in statement (5.13). 


§6. The Jensen-Lelong Formula 


We assume in this section that X is Stein, that yp is semi-exhaustive on X and 
that B(R) cc X. We set for simplicity y,, = max{y,r}. For every r € ] — co, Ri, 
the measures dd°(y;,)” are well defined. By Cor. 3.6, the map r +— (dd°ys,)” is 
continuous on | — oo, R| with respect to the weak topology. As (dd°ys,)” = (dd°p)” on 
X\B(r) and as ys, = 7, (dd°ys,)”" = 0 on B(r), the left continuity implies (dd°ys,)” > 
Ix\ Bir) (dd°p)”". Here 1,4 denotes the characteristic function of any subset A C X. 
According to the definition introduced in [Demailly 1985a], the collection of Monge- 
Ampere measures associated with vy is the family of positive measures pu, such that 


(6.1) br = (ddpsr)” — Ixy aery(dd°y)", — r €] — 00, RI. 


The measure ju, is supported on $(r) and r +> p,. is weakly continuous on the left by the 
bounded convergence theorem. Stokes’ formula shows that [ B(s) (dd°p,,)” —(dd°y)” = 0 
for s > r, hence the total mass j1,($(r)) = ,(B(s)) is equal to the difference between 
the masses of (dd°y)” and Ix\ pi) (dd%p)” over B(s), i.e. 


(6.2) ue(ser)) = fP re” 


(6.3) Example. When (dd°y)" = 0 on X \ y~*(—oo), formula (6.1) can be simplified 
into pi, = (dd°ys,)”. This is so for y(z) = log |z|. In this case, the invariance of y under 
unitary transformations implies that ju, is also invariant. As the total mass of pu, is equal 
to 1 by 5.10 and (6.2), we see that ju, is the invariant measure of mass 1 on the euclidean 
sphere of radius e”. 


(6.4) Proposition. Assume that ~ is smooth near S(r) and that dp 4 0 on S(r), i.e. 
r is a non critical value. Then S(r) = OB(r) is a smooth oriented real hypersurface and 
the measure ju, is given by the (2n —1)-volume form (dd%p)"~! A d°y} g(r): 


Proof. Write max{t,r} = limg_.400 x4 (t) where x is a decreasing sequence of smooth 
convex functions with x,(t) =r fort < r—1/k, xx(t) =t fort >r+1/k. Theorem 3.6 
shows that (dd°y, oy)" converges weakly to (dd°ys,)”. Let h be a smooth function h 
with compact support near S(r). Let us apply Stokes’ theorem with $(r) considered as 
the boundary of X \ B(r): 


if Riddios;)" = lim h(dd°yv~ 0 p)” 
x k Xx 


—+00 


— lim —dh A (dd°xn 0 y)"1 A d°(x~n 9%) 
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lim —x',(y)” dh A (dd°p)"—" A d°y 
k>+o00 Jy 


| —dh A (dd°y)”"! Ady 
X\B(r) 


= | h (dd°y)"=! A d°y + : h (ddy)"—! A dd’. 
S(r) X\B(r) 


Near S(r) we thus have an equality of measures 


(dd°ps,)” = (dd°p)”* A d°yr s(n) + Ixy Bry (dd°y)”. 


(6.5) Jensen-Lelong formula. Let V be any plurisubharmonic function on X. Then 
V is p,-integrable for every r € |] — co, R[ and 


Tr 


Me i V(ddey)" = i Chany 
Br) 


—Co 


Proof. Proposition 3.11 shows that V is integrable with respect to the measure (dd°ys,)”, 
hence V is p,-integrable. By definition 


v(dd°V, y,t) = i dd°V / (dd°y)"—"* 


y(z)<t 


and the Fubini theorem gives 


—_—Cco 


f vaavetyar= ff daev(2) n (adele) at 
p(z)<t<r 
(6.6) = | (r — w)dd°V A (dd?y)"-?. 
B(r) 


We first show that Formula 6.5 is true when y and V are smooth. As both members 
of the formula are left continuous with respect to r and as almost all values of y are 
non critical by Sard’s theorem, we may assume r non critical. Formula 3.1 applied with 
f =(r—)(dd°y)"“! and g = V shows that integral (6.6) is equal to 


/ V(dd°y)"* Ady — | V (dd°y)” = u,(V) - | V (dd°y)”. 
S(r) B(r) B(r) 


Formula 6.5 is thus proved when y and V are smooth. If V is smooth and y merely 
continuous and finite, one can write y = limy, where vy, is a decreasing sequence 
of smooth plurisubharmonic functions (because X is Stein). Then dd°V A (dd°yp,)”"~+ 
converges weakly to dd°V A(dd°y)"~! and (6.6) converges, since 1p(,)(r—y) is continuous 
with compact support on X. The left hand side of Formula 6.5 also converges because 
the definition of ju, implies 


eV) i _V da en)” = : V ((dd yr, sr)” — (da px)”) 
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and we can apply again weak convergence on a neighborhood of B(r). If y takes —oo 
values, replace y by y;_~ where k — +o0. Then p,(V) is unchanged, Ser) Vi(dd-es 2g)" 
converges to | B(r) V(dd°y)” and the right hand side of Formula 6.5 is replaced by 
hla v(dd°V, y,t) dt. Finally, for V arbitrary, write V = lim | V;, with a sequence of 


smooth functions Vz. Then dd°V; A (dd°y)"~! converges weakly to dd°V A (dd°y)"~" by 
Prop. 4.4, so the integral (6.6) converges to the expected limit and the same is true for 
the left hand side of 6.5 by the monotone convergence theorem. 


For r < ro < R, the Jensen-Lelong formula implies 
(6.7) be(V) = HaolV) + f v(ad'gy" = [ v(daev, p,t) at. 
B(ro)\B(r) ro 


(6.8) Corollary. Assume that (dd°y)" = 0 on X \S(—oo). Thenr +> y,(V) ts a conver 
increasing function of r and the lelong number v(dd°V, yp) is given by 


Proof. By (6.7) we have 
Ur(V) = Ur, (V) +f v(dd°V, y, t) dt. 
TO 


As v(dd°V, y,t) is increasing and nonnegative, it follows that r -— j1,(V) is convex and 
increasing. The formula for v(dd°V, vy) = limt._.x. v(dd°V, vy, t) is then obvious. 


(6.9) Example. Let X be an open subset of C” equipped with the semi-exhaustive 
function y(z) = log|z —a|, a € X. Then (dd°y)” = 6, and the Jensen-Lelong formula 
becomes 


bir(V) = V(a) + a v(dd°V, y, t) dt. 


As jt, is the mean value measure on the sphere S(a,e”), we make the change of variables 
rt logr, t+ logt and obtain the more familiar formula 


(6.9 a) w(V, S(a,r)) = V(a)+ a v(dd°V, a, t) “ 


where v(dd°V, a, t) = v(dd°V, y, logt) is given by (5.7): 


1 1 
6.9b dd°V, a, t) = ———_——— — AV. 
mre Maa V 8) = rT HTT Jota 
In this setting, Cor. 6.8 implies 

u(V, S(a,r)) SUP s(a,r) V 


(6.9) y(dd°V, a) = lim = im FO 
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To prove the last equality, we may assume V < 0 after subtraction of a constant. In- 

equality > follows from the obvious estimate u(V, S(a,r)) < supg¢q,,) V, while inequality 

< follows from the standard Harnack estimate 

(6.9 d) sup V< =e u(V, S(a,r)) 
S(a,er) ~ (1 a 7 eae 


when ¢€ is small (this estimate follows easily from the Green-Riesz representation formula 
1.4.6 and 1.4.7). As supgia,r)V = suPg(a,r) V, Formula (6.9c) can also be rewritten 
v(dd°V, a) = liminf,+4 V(z)/log|z —a|. Since sups,q,,) V is a convex (increasing) func- 
tion of logr, we infer that 


(6.9e) V(z) < ylog|z — a] + O(1) 


with y = v(dd°V,a), and v(dd°V, a) is the largest constant y which satisfies this inequa- 
lity. Thus v(dd°V, a) = y is equivalent to V having a logarithmic pole of coefficient y. 


§ 6.10. Special case. Take in particular V = log|f| where f is a holomorphic function 
on X. The Lelong-Poincaré formula shows that dd‘ log|f| is equal to the zero divisor 
[Z¢] = >>m [Hj], where H; are the irreducible components of f~1(0) and m; is the 
multiplicity of f on H;. The trace +Alog |f| is then the euclidean area measure of 
Zy (with corresponding multiplicities m;). By Formula (6.9c), we see that the Lelong 
number v([Z+], a) is equal to the vanishing order ord,(f), that is, the smallest integer m 
such that D° f(a) 4 0 for some multiindex a with |a| = m. In dimension n = 1, we have 
sAlog f = >> mj6u,. Then (6.9a) is the usual Jensen formula 


Tr 


dt r 
wu (log f1$(0,r)) — log |F(0)| = f° vt) F = Som lox 
0 j 
where v(t) is the number of zeros a; in the disk D(0,t), counted with multiplicities m,. 


(6.11) Example. Take y(z) = logmax|z;|*/ where A; > 0. Then B(r) is the polydisk 


of radii (e7/1, bs de ef /An), If some coordinate z; is non zero, say 21, we can write y(z) as 
Ai log |z1| plus some function depending only on the (n — 1) variables z;/ ze 5 Hence 


(dd°y)” = 0 on C” \ {0}. It will be shown later that 
(6.11 a) (dd°p)” = Ay... An do. 


We now determine the measures ,. At any point z where not all terms |z;|*” are equal, 
the smallest one can be omitted without changing y in a neighborhood of z. Thus y 
depends only on (n — 1)-variables and (dd°ys,)” = 0, uw, = 0 near z. It follows that py, 
is supported by the distinguished boundary |z;| = e’/’ of the polydisk B(r). As ¢ is 
invariant by all rotations z; -— e9; z;, the measure pu; is also invariant and we see that 
i, is a constant multiple of d0,...d0,,. By formula (6.2) and (6.11a) we get 


(6.11b) [ir = Az.. An (20)7"dO1.. On. 


In particular, the Lelong number v(dd°V, y) is given by 


v(dd°V, yp) = 


m 
—oo 


“at | V (e/a Hibs ot er rntitny Ur don 
r 6; €[0,27] (27)” 


li 
rT 
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These numbers have been introduced and studied by [Kiselman 1986]. We call them 


directional Lelong numbers with coefficients (A1,..., An). For an arbitrary current T’, we 
define 
(6.11 c) V(T, x, r) = v(T, log max |z; —a,;|’). 


The above formula for v(dd°V, y) combined with the analogue of Harnack’s inequality 
(6.9d) for polydisks gives 


C yz Ay. An 1/1 iO; 1/An id, dé, ...d0, 
v(da°V,2,X) = lim 8 f V(r CO aan OMe \—~aaye 
ee, NT NG G0 1/An pi8 
(6.11 d) = ine sp Ve ee a eo Ore 


r>0 logr  6,,....6n 


§ 7. Comparison Theorems for Lelong Numbers 


Let T be aclosed positive current of bidimension (p, p) on a Stein manifold X equipped 
with a semi-exhaustive plurisubharmonic weight y. We first show that the Lelong num- 
bers v(T,y) only depend on the asymptotic behaviour of y near the polar set S(—oco). 
In a precise way: 


(7.1) First comparison theorem. Let y, wy : X —> |—o0, +00| be continuous plurisub- 
harmonic functions. We assume that p,w are semi-exhaustive on Supp T' and that 


v(2) 


é:=limsup —~ <+o00 as x€SuppT and y(x) > —oo. 


p(x) 
Then v(T, w) < Pv(T, py), and the equality holds if € = limy/y. 


Proof. Definition 6.4 shows immediately that v(T,Ay) = APv(T,y) for every scalar 
A > 0. It is thus sufficient to verify the inequality v(T, w) < v(T, y) under the hypothesis 
lim sup w/y <1. For all c > 0, consider the plurisubharmonic function 


Uc = max(w —c, y). 


Let Ry, and Ry be such that B,(R,) NM Supp T and By(Ry) NM Supp T be relatively 
compact in X. Let r < Ry and a <r be fixed. For c > 0 large enough, we have uc = » 
on y!({a,r]) and Stokes’ formula gives 


v(T, PY; r) = V(T, Ue; r) 2 v(T, a) 


The hypothesis lim sup ~/y < 1 implies on the other hand that there exists to < 0 such 
that ue = Ww —con {ue < to} NSupp T. We infer 


V(T, Uc) = v(T, w fs, c) = v(T, wv), 


hence v(T,w) < v(T, vy). The equality case is obtained by reversing the roles of y and w 
and observing that lim y/ = 1/l. 
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Assume in particular that z* = (zf,..., z*), k = 1,2, are coordinate systems centered 


at a point x € X and let 
k ky2 kj2\1/2 
pe(2) = log |2*| = log(|28[ +... + [2h ?)"?. 
We have lim,_,2 ¢2(z)/yi(z) = 1, hence v(T, 1) = v(T, va) by Th. 7.1. 


(7.2) Corollary. The usual Lelong numbers v(T,x) are independent of the choice of 
local coordinates. 


This result had been originally proved by [Siu 1974] with a much more delicate proof. 
Another interesting consequence is: 


(7.3) Corollary. On an open subset of C”, the Lelong numbers and Kiselman numbers 
are related by 
V1) = OT eye. sgl). 


Proof. By definition, the Lelong number v(T,x) is associated with the weight y(z) = 
log |z—a| and the Kiselman number v(T, x, (1,...,1)) to the weight ¢(z) = log max |z; — 
x,;|. It is clear that lim... ~(z)/y(z) = 1, whence the conclusion. 


Another consequence of Th. 7.1 is that v(T’,x,) is an increasing function of each 
variable A;. Moreover, if 41 <... < An, we get the inequalities 


NUT, x) < v(T,2,r) < A(T, 2). 


These inequalities will be improved in section 7 (see Cor. 9.16). For the moment, we just 
prove the following special case. 


(7.4) Corollary. For all X1,...,An > 0 we have 


(dd° log Hs |zj|29)" = (aa log S- lal) Nien On: 


l<jxn 


Proof. In fact, our measures vanish on C” \ {0} by the arguments explained in exam- 
ple 6.11. Hence they are equal to cdg for some constant c > 0 which is simply the Lelong 
number of the bidimension (n,7)-current T = [|X] = 1 with the corresponding weight. 
The comparison theorem shows that the first equality holds and that 


(aa° os lal) = (-" (dd® log pay Cia 


for all € > 0. By taking @ large and approximating @A,; with 2[¢\,;/2], we may assume 
that A; = 2s; is an even integer. Then formula (5.6) gives 


Pepe (ae log) jal) —— anaes (aa" Jay) 
i 


= a. 8 0 f ar d'd"|w|?) = d,...An 
Sher? 27 
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by using the s;...8,-sheeted change of variables w; = ae 


Now, we assume that T = [A] is the current of integration over an analytic set 
A Cc X of pure dimension p. The above comparison theorem will enable us to give a 
simple proof of P. Thie’s main result [Thie 1967]: the Lelong number v([A], x) can be 
interpreted as the multiplicity of the analytic set A at point x. Our starting point is the 
following consequence of Th. II.3.19 applied simultaneously to all irreducible components 
of (A, x). 


(7.5) Lemma. For a generic choice of local coordinates z' = (21,...,%p) and 
zg" = (Zp41,-++;2n) on (X,x), the germ (A,x) is contained in a cone |z"| <Clz’|. If 
B' CC? is a ball of center 0 and radius r' small, and B” CC"? is the ball of center 0 
and radius r” = Cr’, then the projection 


pr: AN(B' x B”) — B’ 


is a ramified covering with finite sheet number m. 


We use these properties to compute the Lelong number of [A] at point z. When z € A 
tends to x, the functions 


(z) = log |z| = log(|2|? + |z”|?)/7, W(z) = log |’. 
are equivalent. As vy, w are semi-exhaustive on A, Th. 7.1 implies 


y([A], x) = v([A], y) = v([A], ). 


Let us apply formula (5.6) to ~: for every t <r’ we get 


v([A], #, log t) aaa [A] A (Jaare)’ 


{y<log t} 


1 Pp 
are) (5pr*da"|2|?) 
AN{|z’|<t} 2 
1 P 
=mt | (<da"|z'|") = ih 
Cen{|z|<t} \2 


hence v({A],w) = m. Here, we have used the fact that pr is an étale covering with m 
sheets over the complement of the ramification locus S C B’, and the fact that S' is of 
zero Lebesgue measure in B’. We have thus obtained simultaneously the following two 
results: 


(7.6) Theorem and Definition. Let A be an analytic set of dimension p in a complex 
manifold X of dimension n. For a generic choice of local coordinates z' = (z1,..-, Zp), 
z" = (Zp41,---,2n) near a point x € A such that the germ (A,x) is contained in a 
cone |z"| < Clz'|, the sheet number m of the projection (A,x) — (C”,0) onto the first p 
coordinates is independent of the choice of z’, z". This number m is called the multiplicity 
of A at x. 


(7.7) Theorem ([Thie 1967]). One has v([A], xz) =m. 
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There is another interesting version of the comparison theorem which compares the 
Lelong numbers of two currents obtained as intersection products (in that case, we take 
the same weight for both). 


(7.8) Second comparison theorem. Letuj,...,Ugq and v1,...,Uq be plurisubharmonic 
functions such that each q-tuple satisfies the hypotheses of Th. 4.5 with respect to T. 
Suppose moreover that uj = —oo on Supp TN y~!(—oo) and that 


(2) 


{= lim sup <-+oo when z€Supp7T~ u;*(—00), y(z) — —oo. 


uy (z) 
Then 
y(dd°vy A... Ndd°ug AT, p) < fy... 0g u(dd°ur A... A dd°ug AT, ¢). 
Proof. By homogeneity in each factor v;, it is enough to prove the inequality with 
constants €; = 1 under the hypothesis lim sup v;/u; < 1. We set 
W3j,c = max{v; — c, u;}. 


Our assumption implies that w,;,- coincides with v; —c on a neighborhood Supp TN {yp < 
ro} of Supp T'M {y < —oo}, thus 


y(dd°v, A... \dd°vug AT, y) = v(dd°wi.. A... AN dd°we,. AT, ) 
for every c. Now, fix r < Ry. Proposition 4.9 shows that the current dd°w1,. A... / 


dd°w,,-\T converges weakly to dd°u,/...A\dd°ugAT when c tends to +00. By Prop. 5.12 
we get 


limsup v(dd°w i. A...A dd wa. AT, y) < v(dd°ur A... A dd°ug AT, ¢). 


c—+0o 


(7.9) Corollary. [f dd°u; \...Add°ug \T is well defined, then at every point x € X 
we have 


y(dd°uy A...Add°ug AT, 2) > v(dd°u,,2)...v(dd°ug, x) v(T, 2). 


Proof. Apply (7.8) with y(z) = vi(z) = ... = vg(z) = log|z — z| and observe that 
é, := limsupv,/u,; = 1/v(dd°u,;, x) (there is nothing to prove if v(dd°u;,x) = 0). 


Finally, we present an interesting stability property of Lelong numbers due to 
[Siu 1974]: almost all slices of a closed positive current T along linear subspaces passing 
through a given point have the same Lelong number as T’. Before giving a proof of this, 
we need a useful formula known as Crofton’s formula. 


(7.10) Lemma. Let a be a closed positive (p,p)-form on C” \ {0} which is invariant 
under the unitary group U(n). Then a has the form 


a= (dd°x (log |z|))” 
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where x is a convex increasing function. Moreover a is invariant by homotheties if and 
only if x is an affine function, i.e. a = (dd° log |z])?. 


Proof. A radial convolution a-(z) = Jf, p(t/e) a(e’z) dt produces a smooth form with 
the same properties as a and lim;_.9 az = a. Hence we can suppose that a is smooth 
on C"\ {0}. At a point z = (0,...,0,2n), the (p, p)-form a(z) € A?’”(C")* must be 
invariant by U(n—1) acting on the first (n—1) coordinates. We claim that the subspace of 
U(n—1)-invariants in \?’?(C”)* is generated by (dd°|z|?)? and (dd°|z|?)?~! Aidzn A dZn. 
In fact, a form 8 = >> Gy,;dz; A dz, is invariant by U(1)"~! C U(n — 1) if and only if 
G1,7 =0 for I ¢ J, and invariant by the permutation group F,_1 C U(n—1) if and only 
if all coefficients G7, (resp. Bjn,jmn) with I,J C {1,...,2—1} are equal. Hence 


B=A SY dey Adzr+u( So des Adz) Adin A Gn. 


|I|=p |J|=p—-1 


This proves our claim. As d|z|? A d°|z|? = +|zn|?dz, A d@n at (0,...,0, 2), we conclude 
that 
a(z) = f(z)(dd*|z|*)? + g(z)(dd*|z|”)?™* A dlz|? A d°|z/? 


for some smooth functions f,g on C” \ {0}. The U(n)-invariance of a shows that f and 
g are radial functions. We may rewrite the last formula as 


a(z) = u(log |z|)(dd° log |z|)? + u(log |z|)(dd* log Z| \ent A dlog |z| A d° log |z|. 


Here (dd° log |z|)? is a positive (p, p)-form coming from P"~, hence it has zero contraction 
in the radial direction, while the contraction of the form (dd°log|z|)?~! A dlog|z| A 
d° log |z| by the radial vector field is (dd° log |z|)?~1. This shows easily that a(z) > 0 if 
and only if u,v > 0. Next, the closedness condition da = 0 gives u’ —v = 0. Thus u is 
increasing and we define a convex increasing function y by y/ = u!/?. Then v = u! = 


py'P—ly" and 


a(z) = (dd°y (log Ee 


If a is invariant by homotheties, the functions u and v must be constant, thus v = 0 and 
a = X(dd° log |z|)?. 


(7.11) Corollary (Crofton’s formula). Let du be the unique U(n)-invariant measure of 
mass 1 on the Grassmannian G(p,n) of p-dimensional subspaces in C”. Then 


: [3] dv(S) = (dd log |z|)"-?. 
SEG(p,n) 


Proof. The left hand integral is a closed positive bidegree (n — p,n — p) current which is 
invariant by U(n) and by homotheties. By Lemma 7.10, this current must coincide with 
the form A(dd° log |z|)"~? for some A > 0. The coefficient is the Lelong number at 0. 
As v([S],0) =1 for every S, we get \ = Sewp.n) du(S) = 1. 


We now recall a few basic facts of slicing theory; see [Federer 1969] for details. Let 
ao: M — M' be asubmersion of smooth differentiable manifolds and let O be a locally 
flat current on M, that is a current which can be written locally as 0 = U + dV where 
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U, V have locally integrable coefficients. It can be shown that every current O such 
that both © and dO have measure coefficients is locally flat; in particular, closed positive 
currents are locally flats. Then, for almost every x’ € M’, there is a well defined slice 
©,”, which is the current on the fiber o~1(x’) defined by 


Ox = Ute-1(@") + WV jo-1(0")- 


The restrictions of U, V to the fibers exist for almost all x’ by the Fubini theorem. It is 
easy to show by a regularization O. = Ox p- that the slices of a closed positive current 
are again closed and positive: in fact Ue.” and V-,,/ converge to U,;, and V;, in Tos thus 
O.,./ converges weakly to O,, for almost every x’. This kind of slicing can be referred 
to as parallel slicing (if we think of o as being a projection map). The kind of slicing we 
need (where the slices are taken over linear subspaces passing through a given point) is 


of a slightly different nature and is called concurrent slicing. 


The possibility of concurrent slicing is proved as follows. Let T be a closed positive 
current of bidimension (p, p) in the ball B(0, R) C C”. Let 


Y = {(z,8) €C” x G(q,n); re S} 


be the total space of the tautological rank q vector bundle over the Grassmannian G‘(q, 7), 
equipped with the obvious projections 


a0:Y —G(q,n), 27:Y —C”. 


We set Yr = 7~'(B(0, R)) and Ys = 27'(B(0, R) \ {0}). The restriction 7 of 7 
to Yg is a submersion onto B(0,R) \ {0}, so we have a well defined pull-back 7$T 
over YR. We would like to extend it as a pull-back 7*T over Yr, so as to define slices 
Tys = (4*T)5-1(8) ; of course, these slices can be non zero only if the dimension of S is 
at least equal to the degree of T, i.e. if g > n—p. We first claim that 797’ has locally 
finite mass near the zero section 7~1(0) of a. In fact let wg be a unitary invariant Kahler 
metric over G(q,n) and let 3 = dd*|z|? in C”. Then we get a Kahler metric on Y defined 
by wy = o*twg + 7*G. If N = (q—1)(n — q) is the dimension of the fibers of 7, the 
projection formula 7,(u A 1*v) = (7.u) A v gives 


N+ = 
ion = , ( : ?) ak Naiortwn? we 
1<k<p 


Here 1 (o* wey *P—*) isa unitary and homothety invariant (p—k, p—k) closed positive form 


+p— 


on C” \ {0}, so T(o*we *) is proportional to (dd¢ log |z|)?~*. With some constants 


AK > 0, we thus get 


: mT Awe? = 5° ve f T A BF A (dd® log |z|)?—* 
Y* 


O0<k<p B(0,r)\{0} 


= > ya OMy A) f T A BP < +o. 


O0<k<p B(O,r) {0} 


The Skoda-El Mir theorem 2.3 shows that the trivial extension 7)T of 7$T is a closed 
positive current on Yr. Of course, the zero section 7~1(0) might also carry some extra 
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mass of the desired current 1*T’. Since 7~!(0) has codimension q, this extra mass cannot 
exist when gq > n — p= codimz*T and we simply set 7*T’ = 757. On the other hand, if 
g=n—p, we set 


(7.12) mT := 7AT + v(T,0) [x~*(0)]. 


We can now apply parallel slicing with respect toa : Yr — G(q,n), which is a submersion: 
for almost all S € G(q,n), there is a well defined slice Ths = (1*T);.-1(9). These slices 
coincide with the usual restrictions of T to S if T is smooth. 


(7.13) Theorem ((Siu 1974]). For almost all S € G(q,n) with ¢ >n-—p, the slice Ths 
satisfies v(T}g,0) = v(T,0). 


Proof. If q = n—p, the slice T}g consists of some positive measure with support in 
S \ {0} plus a Dirac measure v(T,0) 59 coming from the slice of v(T,0) [r~1(0)].. The 
equality v(T;5,0) = v(T,0) thus follows directly from (7.12). 


In the general case q > n-— p, it is clearly sufficient to prove the following two 
properties: 


a) BO. = ik vV(Trs,0,r) dv($) for all r € ]0, RI; 
SE€G(q,n) 


b) v(Tys,0) >v(T,0) for almost all S. 


In fact, a) implies that v(T,0) is the average of all Lelong numbers v(Z}s5,0) and the 
conjunction with b) implies that these numbers must be equal to v(T, 0) for almost all S. 
In order to prove a) and b), we can suppose without loss of generality that T is smooth 
on B(0, R) \ {0}. Otherwise, we perform a small convolution with respect to the action 
of Gl, (C) omc" 


T. = / pe(g) 9°T du(g) 
g€Gl, (C) 


where (p-) is a regularizing family with support in an ¢-neighborhood of the unit element 
of Gl,(C). Then T: is smooth in B(0,(1 — ¢)R) \ {0} and converges weakly to T. 
Moreover, we have v(T:,0) = v(T,0) by (7.2) and v(T;s,0) > limsup,_,9 v(Te,19,0) by 
(5.12), thus a), b) are preserved in the limit. If T is smooth on B(0, R) \ {0}, the slice 
Tyg is defined for all S and is simply the restriction of T to S \ {0} (carrying no mass 
at the origin). 


a) Here we may even assume that T is smooth at 0 by performing an ordinary convolution. 
As Tis has bidegree (n — p,n — p), we have 


v (Trg, 0,7) =) 


TAay @?) = | TAS] Aagte™ 
SNB(0,r) B(0,r) 


where ag = dd°log|w| and w = (wi,...,Wq) are orthonormal coordinates on S. We 
simply have to check that 


7 [S] A a&F I du(S) = (dd® log |z|)?. 
SEG(q,n) 
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However, both sides are unitary and homothety invariant (p, p)-forms with Lelong number 
1 at the origin, so they must coincide by Lemma 7.11. 


b) We prove the inequality when S = C% x {0}. By the comparison theorem 7.1, for 
every r > 0 and € > 0 we have 


(7.14) ii TAy? >v(T,0) where 
B(0,r) 


1 
7 5a log(e|z1|? +... + el2ql? + l2qtil? +--- + [en!?). 
We claim that the current y? converges weakly to 


<n i ares ptq-n 
[S] AaBtI—" = [SA (sea log(|z1[2 +... + izal”)) 


as € tends to 0. In fact, the Lelong number of y? at 0 is 1, hence by homogeneity 
fo aB A Cad ley? = (r8yr-* 
B(0,r) 


for all e,r > 0. Therefore the family (7?) is relatively compact in the weak topology. 
Since yo = lim, is smooth on C” \ S and depends only on n — q variables (n — q < p), 
we have lim y? = 74 =00n C”\S. This shows that every weak limit of (7?) has support 
in S. Each of these is the direct image by inclusion of a unitary and homothety invariant 
(p+q—n,p+q-—n)-form on S$ with Lelong number equal to 1 at 0. Therefore we must 
have 

lim 7? = (is)s(08"*™) = [S] Aa, 


and our claim is proved (of course, this can also be checked by direct elementary calcu- 
lations). By taking the limsup in (7.14) we obtain 


v(Trs,0,r+0) = [ TA [S] Aakt*” > v(T,0) 
B(0,r) 

(the singularity of T’ at 0 does not create any difficulty because we can modify T by a 

dd°-exact form near 0 to make it smooth everywhere). Property b) follows when r tends 

to 0. 


§ 8. Siu’s Semicontinuity Theorem 


Let X, Y be complex manifolds of dimension n, m such that X is Stein. Let py: 
X x Y —> [—o0, +00] be a continuous plurisubharmonic function. We assume that is 
semi-exhaustive with respect to Supp T’, i.e. that for every compact subset LC Y there 
exists R = R(L) < 0 such that 


(8.1) {(z,y) € Supp T x L; y(z,y) < R} COX xy. 


Let T be a closed positive current of bidimension (p,p) on X. For every point y € Y, 
the function y,(x) := p(x, y) is semi-exhaustive on Supp T’; one can therefore associate 
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with y a generalized Lelong number v(T,y,). Proposition 5.13 implies that the map 
yt v(T, yy) is upper semi-continuous, hence the upperlevel sets 


(8.2) B. = B.(T, p) = {y € ¥3u(T, %y) 2}, €> 0 


are closed. Under mild additional hypotheses, we are going to show that the sets E, are 
in fact analytic subsets of Y, following [Demailly 1987a]. 


(8.3) Definition. We say that a function f(x,y) is locally Hélder continuous with 
respect toy on X x Y if every point of X x Y has a neighborhood Q on which 


If (x, ys) — F(@, ¥2)| < My — yal” 


for all (x,y1) € Q, (@,y2) € Q, with some constants M > 0, y € j0,1], and suitable 
coordinates on Y. 


(8.4) Theorem ({Demailly 1987a]). Let T be a closed positive current on X and let 
p:X x Y —> [-o0, +00 


be a continuous plurisubharmonic function. Assume that ~p is semi-exhaustive on Supp T 
and that e?) is locally Hélder continuous with respect to y on X x Y. Then the 
upperlevel sets 

E.(T, y) a {y eg v(T, Py) 2 c} 


are analytic subsets of Y. 


This theorem can be rephrased by saying that y +— v(T,,) is upper semi-conti- 
nuous with respect to the analytic Zariski topology. As a special case, we get the following 
important result of [Siu 1974]: 


(8.5) Corollary. If T is a closed positive current of bidimension (p,p) on a complex 
manifold X, the upperlevel sets E.(T) = {a € X;v(T,x) > c} of the usual Lelong 
numbers are analytic subsets of dimension < p. 


Proof. The result is local, so we may assume that X C C” is an open subset. Theorem 8.4 
with Y = X and y(z, y) = log|a—y| shows that E.(T) is analytic. Moreover, Prop. 5.11 
implies dim F(T) < p. 


(8.6) Generalization. Theorem 8.4 can be applied more generally to weight functions 
of the type 


p(x, y) = ar log o> Fix(x,y)|) 
k 


where Fj, are holomorphic functions on X x Y and where y;,x are positive real constants; 
in this case e? is Holder continuous of exponent y = min{A,;;,, 1} and y is semi-exhaustive 
with respect to the whole space X as soon as the projection pry : NF, (0) — Y is 
proper and finite. 


For example, when y(a, y) = log max |x; — y;| on an open subset X of C” , we see 
that the upperlevel sets for Kiselman’s numbers v(T, x, A) are analytic in X (a result first 


» 
5 
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proved in [Kiselman 1986]. More generally, set ~,(z) = logmax|z;|*? and y(z,y,g) = 
wy(g(x—y)) where x,y € C” and g € GI(C”). Then v(T, Yy,,) is the Kiselman number of 
T at y when the coordinates have been rotated by g. It is clear that y is plurisubharmonic 
in (x,y, g) and semi-exhaustive with respect to x, and that e* is locally Holder continuous 
with respect to (y,g). Thus the upperlevel sets 


E. = {(y,g) € X x GUC"); u(T, Yy,g) 2 ch 


are analytic in X x Gl(C”). However this result is not meaningful on a manifold, because 
it is not invariant under coordinate changes. One can obtain an invariant version as 
follows. Let X be a manifold and let J*@x be the bundle of k-jets of holomorphic 
functions on X. We consider the bundle S$; over X whose fiber Sj, is the set of n-tuples 
of k-jets u = (ui,...,Un) € (J*@xy)” such that u;(y) = 0 and du, A... A dun(y) 4 0. 
Let (z;) be local coordinates on an open set 2 C X. Modulo O(|z—y|**1), we can write 


uj(z)= DY) aja(z—y)" 


1<|a|<k 


with det(a;(0,...,1,,...,0)) # 0. The numbers ((y;),(@;,«)) define a coordinate system on 
the total space of S; ja. For (a, (y,u)) € X x Sz, we introduce the function 


rj 
y(2z,y,u) = log max |u;(x)|*7 = log max | a Chey) 
1<|a|<k 


which has all properties required by Th. 8.4 on a neighborhood of the diagonal x = y, i.e. 
a neighborhood of X xx S; in X x S;. For k large, we claim that Kiselman’s directional 
Lelong numbers 

WE 0; UA) = WT ys) 


with respect to the coordinate system (u,;) at y do not depend on the selection of the 
jet representives and are therefore canonically defined on S;,. In fact, a change of u; by 
O(\z — y|*t") adds O(|z — y|*+)s) to e?, and we have e? > O(|z — y|™**/). Hence 
by (7.1) it is enough to take k + 1 > maxA;/minA;. Theorem 8.4 then shows that the 
upperlevel sets E.(T,y) are analytic in Sp. 


Proof of the Semicontinuity Theorem 8.4. As the result is local on Y, we may assume 
without loss of generality that Y is a ball in C™. After addition of a constant to y, we 
may also assume that there exists a compact subset K C X such that 


{(z,y)EX xY;y(2,y) <0} CK XY. 


By Th. 7.1, the Lelong numbers depend only on the asymptotic behaviour of y near the 
(compact) polar set y~1(—oo) MN (SuppT x Y). We can add a smooth strictly plurisub- 
harmonic function on X x Y to make » strictly plurisuharmonic. Then Richberg’s ap- 
proximation theorem for continuous plurisubharmonic functions shows that there exists 
a smooth plurisubharmonic function ~ such that y < © < p+ 1. We may therefore 
assume that y is smooth on (X x Y) \ p7!(—oc). 


e First step: construction of a local plurisubharmonic potential. 
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Our goal is to generalize the usual construction of plurisubharmonic potentials asso- 
ciated with a closed positive current (|Lelong 1967], [Skoda 1972a]). We replace here the 
usual kernel |z — ¢|~?? arising from the hermitian metric of C” by a kernel depending 
on the weight y. Let y € “€°(R,R) be an increasing function such that y(t) = t for 
t < —1 and x(t) = 0 for t > 0. We consider the half-plane H = {z € C; Rez < —1} and 
associate with T the potential function V on Y x H defined by 


0 
(8.7) Vn2)=— f vteytx' Oat 


For every t > Re z, Stokes’ formula gives 
UT ieyt)= f Tle) A (ddsBla,y,2)) 
p(a,y)<t 
with 9(az, y, z) := max{y(z, y), Rez}. The Fubini theorem applied to (8.7) gives 


Viy,2) =— T(x) A (dd, O(a, y, 2))? x‘ (t)dt 


vEX,p(x,y)<t 
Re z<t<0 


= i; ng FOO) AX(Pl@ 4, 2)) (AEH, Ys 2)”. 


For all (n — 1,n — 1)-form h of class C°° with compact support in Y x H, we get 
(dd°V, h) = (V, dd°h) 
=f Tle) Ax@le.y,2))(da°Gle,y, 2)? Naa H(y, 2) 
XXYxH 
Observe that the replacement of dd{, by the total differentiation dd° = dd{,,,, does not 
modify the integrand, because the terms in dz, d& must have total bidegree (n,n). The 


current T(x) A x(Q(a, y, z))h(y, z) has compact support in X x Y x H. An integration 
by parts can thus be performed to obtain 


(dd°V, h) = I __,, Te) Ada 0 Blau. 2)) A da" Ble,,2))” AMG, 2): 


On the corona {—1 < y(z,y) < 0} we have Y(z, y, z) = v(x, y), whereas for p(x, y) < —1 
we get 9 < —l and yoy=~Q. As ¢ is plurisubharmonic, we see that dd°V(y, z) is the 
sum of the positive (1, 1)-form 


(i) 2).—= Dai (dds sip sy 2) ts 
{rE X;p(x,y)<-1} 


and of the (1, 1)-form independent of z 


yro T A ddy (xo) A (ddyyp)?- 
{xEX;—1<y(x,y) <0} 


As ¢ is smooth outside ~~ !(—oo), this last form has locally bounded coefficients. Hence 
dd°V (y, z) is > 0 except perhaps for locally bounded terms. In addition, V is continuous 
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on Y x H because T A (dd°py,-)? is weakly continuous in the variables (y, z) by Th. 3.5. 
We therefore obtain the following result. 


(8.8) Proposition. There exists a positive plurisubharmonic function p in €°(Y) such 
that p(y) + V(y, z) is plurisubharmonic on Y x H. 


If we let Rez tend to —ov, we see that the function 
0 
alu) = alu) + V(y.—00) = lw) = fv Pie. t)x’ (at 


—Co 


is locally plurisubharmonic or = —oo on Y. Furthermore, it is clear that Uo(y) = —oo 
at every point y such that v(T,y,) > 0. If Y is connected and Up # —ov, we already 


conclude that the density set LU. Ec is pluripolar in Y. 


e Second step: application of Kiselman’s minimum principle. 


Let a > 0 be arbitrary. The function 
Y x H 3 (y, 2) +> ply) + VUy, z) — aRez 


is plurisubharmonic and independent of Im z. By Kiselman’s theorem 1.7.8, the Legendre 
transform 


Ualy) = inf {e(y) + Vy") — ar} 
is locally plurisubharmonic or = —oo on Y. 
(8.9) Lemma. Let yo € Y be a given point. 
a) Ifa>v(T, py), then Ug is bounded below on a neighborhood of yo. 
b) Ifa<u(T, vy), then Ua(yo) = —00. 
Proof. By definition of V (cf. (8.7)) we have 


0 
(8.10) Viy,r) < -v(T, opt) | x O)dt S70 (FO5.7) ret. oy) 


Then clearly Ua(yo) = —00 if a < v(T, py,). On the other hand, if v(T, yy,) < a, there 
exists to < 0 such that v(T, y,,,to) < a. Fix ro < to. The semi-continuity property 
(5.13) shows that there exists a neighborhood w of yo such that sup,c,, V(T, Py, 70) < a. 
For all y € w, we get 


ro 
Viy.r) 2 -C — af x’ (t)dt = —C + a(r — 70), 


and this implies U,(y) > —C — aro. 


(8.11) Theorem. I[f Y is connected and if E. # Y, then E. is a closed complete 
pluripolar subset of Y, 1.e. there exists a continuous plurisubharmonic function w : Y —> 
[—oo, +oo[ such that E, = w~+(—oo). 


178 Chapter III. Positive Currents and Lelong Numbers 


Proof. We first observe that the family (U,) is increasing in a, that Uz = —co on E, 
for all a < c and that sup,-,Ua(y) > —oo ify € Y \ E, (apply Lemma 8.9). For any 
integer k > 1, let wz, € €°°(Y) be a plurisubharmonic regularization of U._1/, such that 
wre > U-_-1/~, on Y and wy < —2" on E.MY, where Y, = {y € Y; d(y, OY) > 1/k}. 
Then Lemma 8.9 a) shows that the family (wz) is uniformly bounded below on every 
compact subset of Y \ E.. We can also choose wz uniformly bounded above on every 
compact subset of Y because U,_1/, < U-. The function 


+oo 
a —k 
w=) 2 “Wr 
k=1 


satifies our requirements. 


e Third step: estimation of the singularities of the potentials Ug. 


(8.12) Lemma. Let yo € Y be a given point, L a compact neighborhood of yo, K CX 
a compact subset and ro a real number < —1 such that 


{(a,y) € X x Ly(a,y) < ro} CK x L. 
Assume that e?) is locally Hélder continuous in y and that 


[f(x ys) — F(@, ¥2)| < M|y1 — yal” 


for all (x, y1,y2) € Kx Lx L. Then, for alle € }0,1[, there exists a real number n(e) > 0 
such that ally € Y with |y — yo| < n(e) satisfy 


2eM 
Ualy) < py) + (1 — €)?u(L; Py) — a) (log ly — yol + log = 


Proof. First, we try to estimate v(T, y,,7) when y € L is near yo. Set 


w(x) = (1 — €) py) (x) + er — €/2 if Py (z) <r—-1 
(x) = max(y,(x), (1 — e)Yy(z) +er— 2/2) if r—1<y,,(x) <r 
W(x) = Yy(z) if T LPy)(Z) <7ro 


and verify that this definition is coherent when |y — yo| is small enough. By hypothesis 
je?u(®) _ ePu0l™)) < My — yo|”. 
This inequality implies 


yo (x) + log(1 + My — yo|’e *% or) 
Yo (x) a log(1 = M\y _ yo|te *¥ 3 


Py(z) <P 
Py(z) >" 
In particular, for y,,(x) = r, we have (1 — €)y,,(@) + er —e/2 =r —e/2, thus 


py(x) > r+log(1— Mly — yol|%e”). 
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Similarly, for y,,(z) =r — 1, we have (1 — ¢)y,,(@) +er —e/2 =r—1+e/2, thus 
y, (x) <r—1+log(1+ My — yol%e~”). 
The definition of w is thus coherent as soon as M|y — yo|%e1~" < €/2 , ice. 


2eM 
E 


7 log |y — yo| + log <i 


In this case ~ coincides with y, on a neighborhood of {w =r} , and with 
(1 —e)yy, (x) + er — 2/2 


on a neighborhood of the polar set ~~!(—oo). By Stokes’ formula applied to v(T,w,r), 
we infer 
VU(T, py, 7) =V(T, or) 2 (Tp) = (1 — €)Pu(T, yp). 


From (8.10) we get V(y,r) < rv(T, py, 7), hence 
Ualy) < ply) +V(y, 7) — ar < ply) +r(V(L, py, 7) — a), 
(8.13) Ualy) < ply) +r((1 — €)?(T, vy) — a). 


Suppose ylog |y — yo| + log(2eM/e) < ro , ie. ly — yo| < (e/2eM)!/%e"°/7 ; one can then 
choose r = y log |y — yo| + log(2eM/e), and by (8.13) this yields the inequality asserted 
in Th. 8.12. 


e Fourth step: application of the Hormander-Bombiert-Skoda theorem. 


The end of the proof relies on the following crucial result, which is a consequence of 
the Hérmander-Bombieri-Skoda theorem ([Bombieri 1970], [Skoda 1972a], [Skoda 1976]); 


(8.14) Proposition. Let u be a plurisubharmonic function on a complex manifold Y. 
The set of points in a neighborhood of which e~“ is not integrable is an analytic subset 
Of Ys 


Proof of Theorem 8.4 (end).. The main idea in what follows is due to [Kiselman 1979]. 
For a,b > 0, we let Z,,, be the set of points in a neighborhood of which exp(—U,/b) is 
not integrable. Then Z,,, is analytic, and as the family (U,,) is increasing in a, we have 
Lette Zara Wa a! 0! <b" 

Let yo € Y be a given point. If yo ¢ Ec, then v(T, yy.) < c by definition of Ee. 
Choose a such that v(T, py.) < a@<c. Lemma 8.9 a) implies that U, is bounded below 
in a neighborhood of yo, thus exp(—U,/b) is integrable and yo ¢ Za,y for all b > 0. 

On the other hand, if yo € EF. and if a < c, then Lemma 8.12 implies for all « > 0 
that 

Ualy) < (1— €)(e— a)ylog |y — yo] + CCE) 
on a neighborhood of yo. Hence exp(—U,/b) is non integrable at yo as soon as b < 
(c—a)y/2m, where m = dimY. We obtain therefore 


E, = () - Za 


a<c 
b<(c—a)y/2m 
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This proves that FE, is an analytic subset of Y. 


Finally, we use Cor. 8.5 to derive an important decomposition formula for currents, 
which is again due to [Siu 1974]. We first begin by two simple observations. 


(8.15) Lemma. If T is a closed positive current of bidimension (p,p) and A is an 
irreducible analytic set in X, we set 


ma = inf{v(T, x); 2 € A}. 


Then v(T,x) = ma for alla ¢ AN UA%, where (A‘) is a countable family of proper 
analytic subsets of A. We say that ma is the generic Lelong number of T along A. 


Proof. By definition of m4 and E.(T), we have v(T,x) > mz, for every x € A and 


V(T,z)=m~a on AN U AN E(T). 


cEQ,c>ma, 


However, for c > ma, the intersection AM E,(T) is a proper analytic subset of A. 


(8.16) Proposition. Let T be a closed positive current of bidimension (p,p) and let A 
be an irreducible p-dimensional analytic subset of X. Then 1aT = ma|[A], in particular 
T —mal|A] is positive. 


Proof. As the question is local and as a closed positive current of bidimension (p, p) 
cannot carry any mass on a (p — 1)-dimensional analytic subset, it is enough to work 
in a neighborhood of a regular point x9 € A. Hence, by choosing suitable coordinates, 
we can suppose that X is an open set in C” and that A is the intersection of X with a 
p-dimensional linear subspace. Then, for every point a € A, the inequality v(T,a) > ma 
implies 
or(B(a,r)) > ma n?r?? /pl = mao) (B(a,r)) 

for all r such that B(a,r) C X. Now, set 0 = T — ma[A] and 6 = dd*|z|?.. Our 


inequality says that | Ip(a,r)8 A 6? > 0. If we integrate this with respect to some 
positive continuous function f with compact support in A, we get [ x Jr OA BP SO where 


gO= i. As(a,n)(2) f(a) dA(a) = / f(a) dna). 


E€ANB(z,r) 


Here g, is continuous on C”, and as r tends to 0 the function g,.(z) /(?r?? /p!) converges to 
f on A and to 0 on X \ A, with a global uniform bound. Hence we obtain [ 14 f OAG? > 
0. Since this inequality is true for all continuous functions f > 0 with compact support in 
A, we conclude that the measure 140 A G? is positive. By a linear change of coordinates, 
we see that a 
140A (dd® > Ajluj?) 0 
1<j<n 

for every basis (u1,..., Un) of linear forms and for all coefficients A; > 0. Take Ay =... = 
Ap = 1 and let the other A; tend to 0. Then we get 


140 A iduy A dt A... A dtty A dtp > 0. 
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This implies 140 > 0, or equivalently 14T > ma|A]. By Cor. 2.4 we know that LT is 
a closed positive current, thus 147 = A|A] with A > 0. We have just seen that A > ma. 
On the other hand, T > 14T = A[A] clearly implies m4 > A. 


(8.16) Siu’s decomposition formula. If T is a closed positive current of bidimen- 
sion (p,p), there is a unique decomposition of T as a (possibly finite) weakly convergent 
series 
T=) ~d;[A) +R, ARs 
j>1 

where |A,;| ts the current of integration over an irreducible p-dimensional analytic set 
A; C X and where R is a closed positive current with the property that dim E.(R) < p 
for every c> 0. 


Proof of uniqueness.. If T’ has such a decomposition, the p-dimensional components of 
E.(T) are (Aj),,>c, for v(T, x2) = >) Aju ([A;], 2) + v(R, x) is non zero only on L) A; U 
UE.(R), and is equal to A; generically on A; (more precisely, v(T,x) = Aj; at every 
regular point of A; which does not belong to any intersection A; U Az, k # Jj or to 
UE-.(R)). In particular A; and \; are unique. 


Proof of existence.. Let (A;)j;>1 be the countable collection of p-dimensional components 
occurring in one of the sets E.(T’), c € Qi, and let A; > 0 be the generic Lelong number 
of T along A;. Then Prop. 8.16 shows by induction on N that Ry = T= Yoen Aj[Aj 
is positive. As Ry is a decreasing sequence, there must be a limit R = limy.4. Ry in 
the weak topology. Thus we have the asserted decomposition. By construction, R has 
zero generic Lelong number along A;, so dim E.(R) < p for every c > 0. 


It is very important to note that some components of lower dimension can actually 
occur in £,.(R), but they cannot be subtracted because R has bidimension (p,p). A 
typical case is the case of a bidimension (n—1,n—1) current T = dd°u with u = 
log(|Fy|%+...|Fin|7) and F; € @(X). In general |) E.(T) =] F>*(0) has dimension < 
n—1. In that case, an important formula due to King plays the role of (8.17). We state 
it in a somewhat more general form than its original version [King 1970]. 


(8.18) King’s formula. Let F),..., Fy be holomorphic functions on a complex man- 
ifold X, such that the zero variety Z = NF; *(0) has codimension > p, and set u = 
log $> |E;|% with arbitrary coefficients y; > 0. Let (Zp)n>1 be the irreducible components 
of Z of codimension p exactly. Then there exist multiplicities A; > 0 such that 


(dd°u)? = > AK [ZK] + R, 


k>1 


where R is a closed positive current such that 1zR = 0 and codim E.(R) > p for every 
c > 0. Moreover the multiplicities Ax are integers if ¥1,...,yYN are integers, and A, = 
W1-++Yp ff WS .-. <yN and some partial Jacobian determinant of (F\,...,Fp) of order 
p does not vanish identically along Zz. 


Proof. Observe that (dd°u)? is well defined thanks to Cor. 4.11. The comparison theo- 
rem 7.8 applied with y(z) = log|z—z|, v1 =... = vp =U, H1 =... = Up =ypandT =1 
shows that the Lelong number of (dd°u)? is equal to 0 at every point of X \ Z. Hence 
E.((dd°u)?) is contained in Z and its (n—p)-dimensional components are members of the 
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family (Z;,). The asserted decomposition follows from Siu’s formula 8.16. We must have 
lz, R = 0 for all irreducible components of Z: when codim Z;, > p this is automatically 
true, and when codim Z; = p this follows from (8.16) and the fact that codim E,(R) > p. 
If det (OF; /Ozk)i<j,hk<p #0 at some point xo € Zp, then (Z,x%0) = (Zp, Xo) is a smooth 
germ defined by the equations F; =... = F, = 0. If we denote v = log }> ‘ep |Fj|% with 
V1 <...< yn, then u~ v near Z, and Th. 7.8 implies v((dd°u)?, x) = v((dd°v)”, x) for 
all « € Z, near zp. On the other hand, if G := (Fi,...,F,) : X — C?, Cor. 7.4 gives 


Pp 
(dd°v)? = G* (aa log SS zal) =1---Yp G*d0 = 71- ++ Yp [Ze] 
1<j<p 


near Zo. This implies that the generic Lelong number of (dd°u)? along Z; is Ax = V1 ---Yp- 
The integrality of A; when 71,..., yn are integers will be proved in the next section. 


§9. Transformation of Lelong Numbers by Direct Images 


Let F : X — Y bea holomorphic map between complex manifolds of respective 
dimensions dim X = n, dimY = m, and let T be a closed positive current of bidimension 
(p,p) on X. If Fisupp 7 is proper, the direct image FT is defined by 


(9.1) (FT, a) = (T, F*a) 


for every test form a of bidegree (p,p) on Y. This makes sense because Supp TN 
F—'(Supp a) is compact. It is easily seen that FT is a closed positive current of bidi- 
mension (p, p) on Y. 


(9.2) Example. Let T = [A] where A is a p-dimensional irreducible analytic set in X 
such that F}4 is proper. We know by Remmert’s theorem 2.7.8 that F(A) is an analytic 
set in Y. Two cases may occur. Either F}, is generically finite and F’ induces an étale 
covering A \ F~!(Z) —> F(A) \ Z for some nowhere dense analytic subset Z C F(A), 
or F;4 has generic fibers of positive dimension and dim F(A) < dim A. In the first case, 
let s < +00 be the covering degree. Then for every test form a of bidegree (p,p) on Y 
we get 


(F,[A], a) = fren ie Fans] a= s((P(A)ja) 


because Z and F'~'(Z) are negligible sets. Hence F,[A] = s[F(A)]. On the other hand, 
if dim F(A) < dim A = p, the restriction of a to F(A);eg is zero, and therefore so is this 
the restriction of F*a to Ayes. Hence F,[A] = 0. 


Now, let ~ be a continuous plurisubharmonic function on Y which is semi-exhaustive 
on F'(Supp 7’) (this set certainly contains Supp F,T). Since Fisupp 7 is proper, it follows 
that qo F’ is semi-exhaustive on Supp T’, for 


Supp TN {oF < R} =F '(F(Supp T) N {wv < R}). 
(9.3) Proposition. [f F(Supp T)N {wv < R} CCY, we have 
V(F,T,v,r)=v(T,woF,r) forallr< R, 
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in particular v(E,T, p) =v(T, po F). 


Here, we do not necessarily assume that X or Y are Stein; we thus replace w with 
Uss = max{v,s}, s <r, in the definition of v( FT, ~,r) and v(T, po Fr). 


Proof. The first equality can be written 


| FT A Upper (dds)? = : T A (Upper 0 F)(dd Ws, 0 F)?. 
Y xX 


This follows almost immediately from the adjunction formula (9.1) when w is smooth 
and when we write I;,,<R} = lim | gx for some sequence of smooth functions gx. In 
general, we write 7,, as a decreasing limit of smooth plurisubharmonic functions and 
we apply our monotone continuity theorems (if Y is not Stein, Richberg’s theorem shows 
that we can obtain a decreasing sequence of almost plurisubharmonic approximations 
such that the negative part of dd° converges uniformly to 0; this is good enough to apply 
the monotone continuity theorem; note that the integration is made on compact subsets, 
thanks to the semi-exhaustivity assumption on 7). 


It follows from this that understanding the transformation of Lelong numbers under 
direct images is equivalent to understanding the effect of F’ on the weight. We are 
mostly interested in computing the ordinary Lelong numbers v(F,T,y) associated with 
the weight w(w) = log |w — y| in some local coordinates (w1,...,Wm) on Y near y. Then 
Prop. 9.3 gives 


(9.4) V(F,T,y) =v(T,log|F —y|) with 


1 
log |F(z) — y| = 5 los, Fj) =", Ba wpor. 


We are going to show that v(T,log|F — y|) is bounded below by a linear combination 
of the Lelong numbers of T at points x in the fiber F~(y), with suitable multiplicities 
attached to F' at these points. These multiplicities can be seen as generalizations of the 
notion of multiplicity of an analytic map introduced by [Stoll 1966]. 


(9.5) Definition. Let x © X and y = F(x). Suppose that the codimension of the fiber 
F-1(y) at x is >p. Then we set 


[ip (F, x) = v((dd° log |F — y|)?, 2). 


Observe that (dd° log |F' — y|)? is well defined thanks to Cor. 4.10. The second com- 
parison theorem 7.8 immediately shows that j.,(F’, x) is independent of the choice of local 
coordinates on Y (and also on X, since Lelong nombers do not depend on coordinates). 
By definition, 1,(F, x) is the mass carried by {x} of the measure 


(dd° log |F(z) — yl)? A (dd® log |z — x|)""”. 


We are going to give a more geometric interpretation of this multiplicity, from which it 
will follow that y,(F,x) is always a positive integer (in particular, the proof of (8.18) 
will be complete). 
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(9.6) Example. For p = n = dim X, the assumption codim, F~'(y) > p means 
that the germ of map F’: (X,x) —= (Y,y) is finite. Let U, be a neighborhood of x 
such that U, 9 F7'(y) = {x}, let W, be a neighborhood of y disjoint from F(0U,) 
and let V, = U, F7'(W,). Then F': V, — W, is proper and finite, and we have 
F,|V,] = s [F(V,)] where s is the local covering degree of F': V; — F(V;) at x. Therefore 


Un(F, x) =| \ (dd log |F — y|)" = v([Ve], log |F — yl) = (Fy [Ve], y) 
= sv(F(Vz),y): 


In the particular case when dim Y = dim X, we have (F'(V,), y) = (Y,y), 80 Un(F, x) = s. 
In general, it is a well known fact that the ideal generated by (Fy — yi,.-., Fm — Ym) in 
©x 2 has the same integral closure as the ideal generated by n generic linear combinations 
of the generators, that is, for a generic choice of coordinates w’ = (wj,...,Wn), w” = 
(Wn41,-++;Wm) on (Y,y), we have |F'(z)—y| < Clw’o F(z)| (this is a simple consequence 
of Lemma 7.5 applied to A = F(V,,)). Hence for p = n, the comparison theorem 7.1 gives 


Lin(F, ©) = Ln (w’ o F, x) = local covering degree of w’o F at z, 


for a generic choice of coordinates (w’, w”’) on (Y,y). 


(9.7) Geometric interpretation of j,(F,2). An application of Crofton’s formula 7.11 
shows, after a translation, that there is a small ball B(x,7ro) on which 


(dd® log |F'(z) — yl)? A (dd® log|z — x|)""? = 


(9.7 a) i (dd° log |F'(z) — y|)? A [a + S] dv(S). 
SEG(p,n) 


For a rigorous proof of (9.7a), we replace log |F'(z) — y| by the “regularized” function 
4 log(|F(z) — y|? + €?) and let tend to 0 on both sides. By (4.3) (resp. by (4.10)), the 
wedge product (dd° log |F'(z) — y|)? A [x + S] is well defined on a small ball B(x,ro) as 
soon as ++ $' does not intersect F~'(y) M9 OB(x, ro) (resp. intersects F~1(y)N B(x, rq) at 
finitely many points); thanks to the assumption codim(F'~!(y), x) > p, Sard’s theorem 
shows that this is the case for all S outside a negligible closed subset EF in G(p,n) (resp. 
by Bertini, an analytic subset A in G(p,n) with A C FE). Fatou’s lemma then implies 
that the inequality > holds in (9.7a). To get equality, we observe that we have bounded 
convergence on all complements G(p,n) \ V(E) of neighborhoods V(E) of E. However 
the mass of Svpy [x +S] dv(S) in B(x, 7ro) is proportional to v(V(E£)) and therefore tends 
to 0 when V(£) is small; this is sufficient to complete the proof, since Prop. 4.6 b) gives 


/ a (dd° log(|F(z) — y|? + ?))? A / [x + S] du(S) < Cu(V(E)) 
z€B(a,ro) SEV(E) 


with a constant C independent of ¢. By evaluating (9.7a) on {x}, we get 


(9.7 b) pl z= i v ((dd° log |Fiz+s — 2|)?, x) dv(S). 
SEG(p,n)\A 


§9. Transformation of Lelong Numbers by Direct Images 185 


Let us choose a linear parametrization gs : C? — S depending analytically on local 
coordinates of S in G(p,n). Then Theorem 8.4 with T = [C?] and y(z,S) = log|F o 
gs(z) — y| shows that 


v((dd° log |Fiz+s — |), x) = v([C?], log |F 0 gs(z) — yl) 


is Zariski upper semicontinuous in S on G(p,n) \ A. However, (9.6) shows that these 
numbers are integers, so S++ v((dd° log |Fiz+s — z|)?,#) must be constant on a Zariski 
open subset in G(p,n). By (9.7b), we obtain 


(9.7c) Mp(F, ©) = pp(Fia+s,2) = local degree of w’ o Fyaig at x 
for generic subspaces S € G(p,n) and generic coordinates w’ = (wj,...,Wp), w” = 
(Wp41, nisi Wm) on ee y). 


(9.8) Example. Let F' : C” —> C” be defined by 


PUA ree Se) Sy eae ey. Siu lS Sie 


We claim that up(F,0) = s1...8p. In fact, for a generic p-dimensional subspace S C C” 


such that z1,..., 2p are coordinates on S and Zp41,...,2%n are linear forms in 21,..., 2p, 
and for generic coordinates w’ = (w1,...,Wp), Ww” = (Wp41,---,Wn) on C”, we can rear- 
range w’ by linear combinations so that w; 0 F}g is a linear combination of (277 betas) 
and has non zero coefficient in Zz as a polynomial in (z;,..., Zp). It is then an exercise 
to show that w’ o Fy}g has covering degree s;...s, at 0 [compute inductively the roots 
Zny Zn—15+++,%; Of w; 0 Fys(z) = a; and use Lemma II.3.10 to show that the s; values of 
z; lie near 0 when (a1,...,@,) are small]. 


We are now ready to prove the main result of this section, which describes the be- 
haviour of Lelong numbers under proper morphisms. A similar weaker result was already 
proved in [Demailly 1982b] with some other non optimal multiplicities 4,(F, x). 


(9.9) Theorem. Let T be a closed positive current of bidimension (p,p) on X and let 
F:X — Y be an analytic map such that the restriction Fisupp 7 is proper. Let I(y) be 
the set of points x € Supp TN F~*(y) such that x is equal to its connected component in 
Supp TN F-'(y) and codim(F—!(y),x) > p. Then we have 


V(F,T,y) > S- [gle Ls 
rel (y) 


In particular, we have v(F,T, y) > Dee TG) v(T,x). This inequality no longer holds 
if the summation is extended to all points  € Supp TN F~1(Y) and if this set contains 
positive dimensional connected components: for example, if F': X —> Y contracts some 
exceptional subspace EF in X to a point yo (e.g. if F is a blow-up map, see § 7.12), then 
T = [E] has direct image F,[E] = 0 thanks to (9.2). 


Proof. We proceed in three steps. 
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Step 1. Reduction to the case of a single point x in the fiber. It is sufficient to prove 
the inequality when the summation is taken over an arbitrary finite subset {x,,...,2~} 
of I(y). As x; is equal to its connected component in Supp TN F~!(y), it has a fon- 
damental system of relative open-closed neighborhoods, hence there are disjoint neigh- 
borhoods U; of 2; such that OU; does not intersect Supp TM F~'(y). Then the image 
F (OU; Supp T) is a closed set which does not contain y. Let W be a neighborhood of 
y disjoint from all sets F(0U; M Supp T), and let V; = U; 7 F~'(W). It is clear that V; 
is a neighborhood of x; and that Fyy, : Vj + W has a proper restriction to Supp TN Vj. 
Moreover, we obviously have F',T > >) ,(Fiv;)xT’ on W. Therefore, it is enough to check 
the inequality v(F.T,y) > up(F,x) v(T, x) for a single point x € I(y), in the case when 
X CC”, Y C C™ are open subsets and x = y = 0. 


Step 2. Reduction to the case when F is finite. By (9.4), we have 


iy ess log |F|)? 
v(F.T, 0) int [Tad og |F'|) 


=a : Cy F N\\P 
inf lim ee og(|F| +elz|"))", 


and the integrals are well defined as soon as OV does not intersect the set Supp TNF 1(0) 
(may be after replacing log |F'| by max{log|F'|, s} with s < 0). For every V and «, the 
last integral is larger than v(G,7,0) where G is the finite morphism defined by 
GEXA Oy it 8) Eck, Peet ee: 
We claim that for N large enough we have ppy(F,0) = up(G,0). In fact, « € I(y) 
implies by definition codim(F~'(0),0) > p. Hence, if S = {uy = ... = Un—p = O} 
is a generic p-dimensional subspace of C”, the germ of variety F~'(0) MS defined by 
(Fi,...,Fim,U1,.--,Un—p) is {0}. Hilbert’s Nullstellensatz implies that some powers 
of z1,...,2, are in the ideal (Fj,u,). Therefore |F(z)| + |u(z)| 2 Clz|* near 0 for 
some integer a independent of S (to see this, take coefficients of the u,’s as additional 
variables); in particular |F'(z)| > C|z|% for z € S near 0. The comparison theorem 7.1 
then shows that up(F,0) = pp(G,0) for N > a. If we are able to prove that v(G,T, 0) > 
L(G, 0)v(T, 0) in case G is finite, the obvious inequality v(F,T, 0) > v(G,T, 0) concludes 
the proof. 
Step 3. Proof of the inequality v(F.T, y) > [p(F, x) v(T, x) when F is finite and F~'(y) = 
x. Then y(z) = log|F(z) — y| has a single isolated pole at x and we have pp(F,x) = 
v((dd°y)?, x). It is therefore sufficient to apply to following Proposition. 


(9.10) Proposition. Let y be a semi-erhaustive continuous plurisubharmonic function 
on X with a single isolated pole at x. Then 


V(T, yp) > v(T, x) v((dd°y)?, x). 


Proof. Since the question is local, we can suppose that X is the ball B(0,7ro) in C” 
and « = 0. Set X’ = B(0,ri) with r1 < ro and ®(z,g) = yo g(z) for g € Gl, (C). 
Then there is a small neighborhood 2 of the unitary group U(n) C Gl,(C) such that ® 
is plurisubharmonic on X’ x 2“, and semi-exhaustive with respect to X’. Theorem 8.4 
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implies that the map g +> v(T, yog) is Zariski upper semi-continuous on 2. In particular, 
we must have v(T,yog) < v(T,y) for all g € Q\N A in the complement of a complex 
analytic set A. Since Gl,(C) is the complexification of U(n), the intersection U(n)N A 
must be a nowhere dense real analytic subset of U(n). Therefore, if dv is the Haar 
measure of mass 1 on U(n), we have 


v(T, yp) > | v(T, po g) du(g) 
gcU(n) 


(9.11) = lim du(qg) | T A (dd°y og)?. 
r0 JgeU(n) B(0,r) 
Since Sgeu(ny (4d°eog)?dv(g) is a unitary invariant (p, p)-form on B, Lemma 7.10 implies 


ip (dd°y 0 g)Pdv(g) = (da°x (log |2|))” 
gcU(n) 


where y is a convex increasing function. The Lelong number at 0 of the left hand side is 
equal to v((dd°y)?,0), and must be equal to the Lelong number of the right hand side, 
which is limz.—o0 x(t)? (to see this, use either Formula (5.5) or Th. 7.8). Thanks to the 
last equality, Formulas (9.11) and (5.5) imply 


vV(T, yp) > lim T A (dd°x(log |z|))” 
r0 JB(O,r) 


= lim x‘ (log r — 0)? (T, 0, r) > v((dd°y)”, 0) v(T, 0). 


Another interesting question is to know whether it is possible to get inequalities in 
the opposite direction, i.e. to find upper bounds for v(F,T,y) in terms of the Lelong 
numbers v(T,x). The example T = [I] with the curve T: t + (¢%,t?*,t) in C? and 
F:C3 5 C?, (21, 22, 23) (21, 22), for which v(T, 0) = 1 and v(F,T, 0) =a, shows that 
this may be possible only when F is finite. In this case, we have: 


(9.12) Theorem. Let F': X — Y be a proper and finite analytic map and let T be a 
closed positive current of bidimension (p,p) on X. Then 


(a) V(F.T,y) < sy Ti, (F, x) v(T, «) 


xe€Supp TNF —1!(y) 


where [i,(F, x) is the multiplicity defined as follows: if H : (X,x) — (C",0) is a germ of 
finite map, we set 


(b) o(H, x) = inf {a > 0; AC > 0, |A(z)| > Clz — a|* near z}, 
= _ ,o(GoF,x)P 
Pao Ss 
() Bip (F.) = ing 


where G runs over all germs of maps (Y,y) —> (C",0) such that Go F is finite. 


Proof. If F~'(y) = {a1,...,ay}, there is a neighborhood W of y and disjoint neigh- 
borhoods V; of x; such that F~'(W) = UV;. Then F,T = >°(Fiv,).T on W, so it 
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is enough to consider the case when F~+(y) consists of a single point 2. Therefore, we 
assume that F’': V — W is proper and finite, where V, W are neighborhoods of 0 in C”, 
C™ and F~1(0) = {0}. Let G: (C™,0) —> (C”,0) be a germ of map such that Go F 
is finite. Hilbert’s Nullstellensatz shows that there exists a > 0 and C’ > 0 such that 
|G o F(z)| > Clz|° near 0. Then the comparison theorem 7.1 implies 


V(G,F,T, 0) =v (TL, log|Go F|) < a?v(T, log |z|) = a? v(T, 0). 
On the other hand, Th. 9.9 applied to 0 = FT on W gives 
V(G,F,T, 0) > pp(G, 0) v( FLT, 0). 


Therefore 


QP 
v(F,T,0) < —“__u(T, 0). 
(TT a 


The infimum of all possible values of a is by definition o(G o F,0), thus by taking the 
infimum over G we obtain 


V(F.T, 0) < fi,(F,0) v(T, 0). 


(9.13) Example. Let F(z1,...,2n) = (zj',.--, 28"), $1 < ... < Sp as in 9.8. Then we 
have 


pl, 0) SS Sys Py(F, 0) = 8n—pti---8n- 


To see this, let s be the lowest common multiple of s1,...,s, and let G(z1,...,2n) = 
eae ..., 28/8"). Clearly Lp(G, 0) = (8/S8n-p41)---(8/8n) and o(GoF,0) = s, so we get 
by definition 7, (F,0) < 8,—p41---8n- Finally, if T = [A] is the current of integration over 
the p-dimensional subspace A = {z1 =... = Zn-p = O}, then F,[A] = sp_p41--- Sn [A] 
because F4 has covering degree 8,—p+41-.-.8n. Theorem 9.12 shows that we must have 
Sieh ser Sy Ey (F, 0), QED. If Ay <... < Ay are positive real numbers and s, is taken 
to be the integer part of kA; as k tends to +oo, Theorems 9.9 and 9.12 imply in the limit 
the following: 


(9.14) Corollary. For0 < Ay <...< An, Kiselman’s directional Lelong numbers satisfy 
the inequalities 


Ai Apt Dy) VCE ON) SO Ne eae ey UL at) 


(9.15) Remark. It would be interesting to have a direct geometric interpretation 
of 71, (F, x). In fact, we do not even know whether 7,(F', x) is always an integer. 
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§10. A Schwarz Lemma. Application to Number Theory 


In this section, we show how Jensen’s formula and Lelong numbers can be used to 
prove a fairly general Schwarz lemma relating growth and zeros of entire functions in C”. 
In order to simplify notations, we denote by |F'|, the supremum of the modulus of a 
function F' on the ball of center 0 and radius r. Then, following [Demailly 1982a], we 
present some applications with a more arithmetical flavour. 


(10.1) Schwarz lemma. Let P;,...,Py € C[z,...,2n] be polynomials of degree 6, 
such that their homogeneous parts of degree 6 do not vanish simultaneously except at 0. 
Then there is a constant C >2 such that for all entire functions F € ©(C"”) and all 
R>r-2>1 we have 


_ R 
log |F |, < log|F |x — 5°" »([Zr], log |P|) log = 


where Zp is the zero divisor of F and P = (P,,...,Pn):C™ —+C%. Moreover 


v((Zp],log|P|) > S$  ord(F, w) pn—i(P, w) 
we P-1(0) 


where ord(F’,w) denotes the vanishing order of F at w and Un—1(P,w) is the (n — 1)- 
multiplicity of P at w, as defined in (9.5) and (9.7). 

Proof. Our assumptions imply that P is a proper and finite map. The last inequality is 
then just a formal consequence of formula (9.4) and Th. 9.9 applied to T = [Zp]. Let Q; 


be the homogeneous part of degree 6 in P;. For z € B(0,r), we introduce the weight 
functions 


y(z) =log|P(z)|, YW (z) = log |Q(z — 20)]. 


Since Q~1(0) = {0} by hypothesis, the homogeneity of Q shows that there are constants 
C1, C2 > 0 such that 


(10.2) Ci\z\° < |Q(z)| < Calz|® on C. 


The homogeneity also implies (dd°w)” = 6" 6,,. We apply the Lelong Jensen formula 6.5 
to the measures /t,; associated with = and to V = log|F'|. This gives 


(10.3) uy «(log |F) — 8" log |F(20)| = / dt i seg ZELM trv) 


By (6.2), U»,s has total mass 6” and has support in 


{w(z) = s} = {Q(z — 2) =e*} C B(0, r+ (e°/C1)). 


Note that the inequality in the Schwarz lemma is obvious if R < Cr, so we can assume 
R>Cr > 2r. We take s = 6 log(R/2) + log C,; then 


{w(z) = s} C B(0,r + R/2) C B(O, R). 
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In particular, we get jy,s(log |F'|) < 6” log|F'|z and formula (10.3) gives 
(10.4) log |F |r — log |F'(z0)| = py at | [Zr] A (dd°y)"—" 
so {p<t} 


for any real number sg < s. The proof will be complete if we are able to compare the 
integral in (10.4) to the corresponding integral with y in place of w. The argument for 
this is quite similar to the proof of the comparison theorem, if we observe that w ~ » at 
infinity. We introduce the auxiliary function 


_ Jmax{y,1-—elpt+et—e} on {py 2zt—2}, 
ata (l-—e)lp+et—e on {wy < t— 2}, 


with a constant € to be determined later, such that (l—¢e)py+et—e > w near {yy =t—2} 
and (l—«e)p+et—e<w near {~ =t}. Then Stokes’ theorem implies 


i: [Zr] A (ddy)"-1 = i [Zp] A (dd°w)"~1 

{w<t} {y<t} 

(10.5) S(l=<y" : [Zr] A (dd°y)""! > (1 —e€)” "vy ([Zp), log |P}). 
{p<t—2} 


By (10.2) and our hypothesis |z9| < r, the condition ¢(z) = t implies 
\Qz- alae => A/C" < |z- a0] < e9/0,”, 
|P(z) — Q(z — z)| < C3(1 + |20])(1 + [zl + [0l)°* < Car(r + e/9)9™?, 


noEMIEs — 1 < Gyre (re 4.1)9 4 < 2° Gare, 
Q(z — 20) 


provided that t > dlogr. Hence for w(z) = t > so > dlog(2°C4r), we get 


yi OO neti 
Je(2) ~ #2) = |los Be | < Care". 


Now, we have 

[1 —e)ptet—e] -p=(1-e)(y—¥) +e(t-1-y), 
so this difference is < Csre~*/® — e on {y = t} and > —Csre@-®)/ + € on {y = t — 2}. 
Hence it is sufficient to take ¢ = Csre?—/°. This number has to be < 1, so we take 
t > so > 2+6log(Csr). Moreover, (10.5) actually holds only if P~1(0) c {yp < t — 2}, 


so by (10.2) it is enough to take t > so > 2 + log(Co(r + Ce)>) where C¢ is such that 
P~1(0) c B(O, Cg). Finally, we see that we can choose 


s=dlogR—C,, So = Ologr+ Cg, 


and inequalities (10.4), (10.5) together imply 


log |F |r — log |F(zo)| > ma) G=Cret Oh 4 dt) (Zr, log |P}). 


s0 
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The integral is bounded below by 


6 log(R/r)—Cz 
: (1 — Coe~*/) dt > 6 log(R/Cr). 
Cg 


This concludes the proof, by taking the infimum when zo runs over B(0,r). 


(10.6) Corollary. Let S be a finite subset of C” and let 6 be the minimal degree of 
algebraic hypersurfaces containing S. Then there is a constant C > 2 such that for all 
Fe@(C") andall R>r>1 we have 


d6+n(n—1)/2 eee 


log |F'|, < log|F'|z — ord(F, S) A an 


where ord(F, S) = minweg ord(F, w). 


Proof. In view of Th. 10.1, we only have to select suitable polynomials P,,..., Py. The 
vector space C[z1,...,Zn]<5 of polynomials of degree < 6 in C” has dimension 


m(d) = 


Ga 5(5+1)...(6+n—-1) 


n n! 


By definition of 6, the linear forms 
C[z1,.--,2nles —-C, ProPWw), wes 


vanish simultaneously only when P = 0. Hence we can find m = m(6) points wi,..., 
Wm € S such that the linear forms P +> P(w;) define a basis of C[z1,..., 2n]£5. This 
means that there is a unique polynomial P € C[zj,...,2n]<5 which takes given val- 
ues P(w,;) for 1 < j < m. In particular, for every multiindex a, |a| = 6, there is a 
unique polynomial Ro € C[z,...,2n]<s such that Ro(w;) = wi. Then the polynomials 
Py(z) = 2* — Ra(z) have degree 6, vanish at all points w; and their homogeneous parts 
of maximum degree Q,(z) = z® do not vanish simultaneously except at 0. We simply 
use the fact that u,_1(P, w;) > 1 to get 


V([Zr],log|P|) > YS ord(F,w) > m(64) ord(F, $). 
we P-1(0) 


Theorem 10.1 then gives the desired inequality, because m(6) is a polynomial with posi- 
tive coefficients and with leading terms 


i n n-1 
71 +n(n—1)/26""* +...). 


Let S be a finite subset of C”. According to [Waldschmidt 1976], we introduce 
for every integer t > 0 a number u,(S) equal to the minimal degree of polynomials 
P €C{z1,...,2n] which vanish at order > t at every point of S. The obvious subadditivity 
property 

Wts+te (S) < wy, (S) + wr, (5) 
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easily shows that 
Oe a i 
t>o ¢ t++oo ¢ 


We call wi(S) the degree of S (minimal degree of algebraic hypersurfaces containing S$) 
and 2(S) the singular degree of S. If we apply Cor. 10.6 to a polynomial F’ vanishing at 
order t on S and fix r = 1, we get 


pot nln =1)/ 


2 R 
log|F |r = log = + log |Fi 
n! C 


with 6 = w,(S), in particular 


wi(S) + n(n — 1)/2 


deg Ff >t 
n! 


The minimum of deg F' over all such F is by definition w;(S). If we divide by t and take 
the infimum over t, we get the interesting inequality 


w(S') 
t 


wi(S) +n(n — 1)/2 


(10.7) = 


2 XS) 2 


(10.8) Remark. The constant wi(S) prin ))/2 in (10.6) and (10.7) is optimal for n = 1, 2 
but not for n > 3. It can be shown by means of Hérmander’s L? estimates [Waldschmidt 
1978] that for every ¢ > 0 the Schwarz lemma (10.6) holds with coefficient Q(S) — e: 


log |F |, < log|F |r — ord(F, S)(Q(S) — €) log = 


and that Q(S) > (wu(S) + 1)/(w+n-—1) for every u > 1; this last inequality is due 
to [Esnault-Viehweg 1983], who used deep tools of algebraic geometry; [Azhari 1990] 
reproved it recently by means of Hérmander’s L? estimates. Rather simple examples 
[Demailly 1982a] lead to the conjecture 


Wu(S)+n—-1 


OQ(S) > 
utn—-l 


for every u > 1. 
The special case u = 1 of the conjecture was first stated by [Chudnovsky 1979]. 


Finally, let us mention that Cor. 10.6 contains Bombieri’s theorem on algebraic values 
of meromorphic maps satisfying algebraic differential equations [Bombieri 1970]. Recall 
that an entire function F’ € ©(C”) is said to be of order < p if for every ¢ > 0 there is a 
constant C. such that |F(z)| < C:exp(|z|?**). A meromorphic function is said to be of 
order < p if it can be written G/H where G, H are entire functions of order < p. 


(10.9) Theorem (|Bombieri 1970]). Let Fi,..., Fi be meromorphic functions on C”, 
such that Fy,...,Fa, n < d < N, are algebraically independent over Q and have fi- 
nite orders pi,...,pa. Let K be a number field of degree |K :Q). Suppose that the 
ring K|fi,..., fn] ts stable under all derivations d/dz,...,d/dz,. Then the set S of 
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points z € C”, distinct from the poles of the F;’s, such that (Fi(z),...,Fn(z)) € K% is 
contained in an algebraic hypersurface whose degree 6 satisfies 


d+n(n—1)/2 . pp t...+ pa 
SN ee ese 
n! d—n 


[K : Q]. 


Proof. If the set S is not contained in any algebraic hypersurface of degree < 6, the linear 
algebra argument used in the proof of Cor. 10.6 shows that we can find m = m(6) points 
W1,-++,;Wm € S which are not located on any algebraic hypersurface of degree < 6. Let 
M,,..., Ha be the denominators of F,,..., Fag. The standard arithmetical methods of 
transcendental number theory allow us to construct a sequence of entire functions in the 
following way: we set 

G=P( Pi...) Pa)(Ays. Hg)’ 


where P is a polynomial of degree < s in each variable with integer coefficients. The 
polynomials P are chosen so that G vanishes at a very high order at each point w;. This 
amounts to solving a linear system whose unknowns are the coefficients of P and whose 
coefficients are polynomials in the derivatives of the F;’s (hence lying in the number field 
Kk). Careful estimates of size and denominators and a use of the Dirichlet-Siegel box 
principle lead to the following lemma, see e.g. [Waldschmidt 1978]. 


(10.10) Lemma. For every ¢ > 0, there exist constants C,,Cg > 0, r > 1 and an 
infinite sequence G; of entire functions, t € T C N (depending on m and on the choice 
of the points w;), such that 


a) G, vanishes at order >t at all points w1,...,Wm; 
b) |Gelr > (Cit) * Ol; 
c) |Gilray < C8 where R(t) = (t-"/log t)/(1+-- Feat), 


An application of Cor. 10.6 to F = G; and R = R(t) gives the desired bound for the 
degree 6 as t tends to +oo and ¢ tends to 0. If do is the largest integer which satisfies 
the inequality of Th. 10.9, we get a contradiction if we take 6 = dg + 1. This shows that 
S must be contained in an algebraic hypersurface of degree 6 < do. 
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Chapter IV 


Sheaf Cohomology and Spectral Sequences 


One of the main topics of this book is the computation of various cohomology groups arising in 
algebraic geometry. The theory of sheaves provides a general framework in which many cohomology 
theories can be treated in a unified way. The cohomology theory of sheaves will be constructed here 
by means of Godement’s simplicial flabby resolution. However, we have emphasized the analogy with 
Alexander-Spanier cochains in order to give a simple definition of the cup product. In this way, all the 
basic properties of cohomology groups (long exact sequences, Mayer Vietoris exact sequence, Leray’s 
theorem, relations with Cech cohomology, De Rham-Weil isomorphism theorem) can be derived in a 
very elementary way from the definitions. Spectral sequences and hypercohomology groups are then 
introduced, with two principal examples in view: the Leray spectral sequence and the Hodge-Frolicher 
spectral sequence. The basic results concerning cohomology groups with constant or locally constant 
coefficients (invariance by homotopy, Poincaré duality, Leray-Hirsch theorem) are also included, in order 
to present a self-contained approach of algebraic topology. 


§1. Basic Results of Homological Algebra 


Let us first recall briefly some standard notations and results of homological algebra 
that will be used systematically in the sequel. Let R be a commutative ring with unit. A 
differential module (K,d) is a R-module Kk together with an endomorphism d: kK — K, 
called the differential, such that dod = 0. The modules of cycles and of boundaries of 
K are defined respectively by 


(1.1) Z(K)=kerd, B(kK)=Imd. 


Our hypothesis dod = 0 implies B(’) C Z(K). The homology group of K is by definition 
the quotient module 


(1.2) H(K) = Z(K)/B(K). 


A morphism of differential modules py : K —> L is a R-homomorphism y : kK —> L such 
that doy = yod; here we denote by the same symbol d the differentials of kK and L. It 
is then clear that p(Z(K)) C Z(L) and y(B(K)) C B(L). Therefore, we get an induced 
morphism on homology groups, denoted 


(1.3) H(y): H(K) — H(L). 


It is easily seen that H is a functor, ie. H(W oy) = H(wW)o H(y). We say that two 
morphisms y, ~y : kK —> L are homotopic if there exists a R-linear map h: K —> L such 
that 


(1.4) doh+hod=jy-y. 
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Then h is said to be a homotopy between vy and w. For every cocycle z € Z(K), we infer 
W(z) — y(z) = dh(z), hence the maps H(y) and H(w) coincide. The module K itself is 
said to be homotopic to 0 if Idx is homotopic to 0; then H(i) = 0. 


(1.5) Snake lemma. Let 
(ey ae aeg eee) meee 


be a short exact sequence of morphisms of differential modules. Then there exists a homo- 
morphism 0: H(M) —> H(Kk), called the connecting homomorphism, and a homology 


exact sequence 


H(¢) A(w) 
—> ——> 


H(K) H(L) H(M) 
Me OL 


Moreover, to any commutative diagram of short exact sequences 


0O— kK —L—~ M —0 
a an) ees 
is associated a commutative diagram of homology exact sequences 


H(K) —+ H(L) — H(M) “> H(K) —--- 


Proof. We first define the connecting homomorphism 0: let m € Z(M) represent a given 
cohomology class {m} in H(M). Then 


O{m} = {k} € H(K) 


is the class of any element k € y~'dy~1(m), as obtained through the following construc- 
tion: 


le [a 
kek ae ie ae OE M. 


The element / is chosen to be a preimage of m by the surjective map w ; as Y¥(dl) = 
d(m) = 0, there exists a unique element & € K such that y(k) = dl. The element & is 
actually a cocycle in Z(k’) because ¢ is injective and 


(dk) = dy(k) =d(dl) =0 =} dk=0. 


The map 0 will be well defined if we show that the cohomology class {k} depends only 
on {m} and not on the choices made for the representatives m and J. Consider another 
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representative m’ = m+dm,. Let 1, € L such that w(l,) = m,. Then / has to be 
replaced by an element I’ € LD such that 


w(l') =m+dm,= wil + dl,). 
It follows that l’ = 1+ dl, + y(k1) for some k, € K, hence 
dl! = dl + dp(k1) = y(k) + y(dk1) = p(k’), 


therefore k’ = k + dk, and k’ has the same cohomology class as k. 


Now, let us show that ker 0 = Im H(w). If {m} is in the image of H(q), we can take 
m= v(l) with dl = 0, thus 0{m} = 0. Conversely, if 0{m} = {k} = 0, we have k = dk 
for some ky; € K, hence dl = y(k) = dp(ky), z :=1— y(ki) € Z(L) and m = w(l) = V(z) 
is in Im H(w). We leave the verification of the other equalities Im H(y) = ker H(w), 
Im 0 = ker H(vy) and of the commutation statement to the reader. 


In most applications, the differential modules come with a natural Z-grading. A 
homological complex is a graded differential module kK, = @® qez ia together with a 
differential d of degree —1, ie. d = @dy with d, : Kg — Kg-i and dy_1 od, = 
0. Similarly, a cohomological complex is a graded differential module K* = @B gen: 
with differentials d? : K? —+ K4*} such that d?*! o d% = 0 (superscripts are always 
used instead of subscripts in that case). The corresponding (co)cycle, (co)boundary and 
(co)homology modules inherit a natural Z-grading. In the case of cohomology, say, these 
modules will be denoted 


Z°(K*) =@ ZK"), B(K*) =G BK), HK) =QaA(K’). 
Unless otherwise stated, morphisms of complexes are assumed to be of degree 0, i.e. of 
the form y* = Py! with yp! : KY — L%. Any short exact sequence 
Ok 227° “340 
gives rise to a corresponding long exact sequence of cohomology groups 


Tuy q e a q+l1/ne 
(6) -Ha(K*) EO) races) BO) pracy & wettcRsy) FD. 


and there is a similar homology long exact sequence with a connecting homomorphism 0, 
of degree —1. When dealing with commutative diagrams of such sequences, the following 
simple lemma is often useful; the proof consists in a straightforward diagram chasing. 


(1.7) Five lemma. Consider a commutative diagram of R-modules 
A Age AS SS Ag Ss 
ler lee ys fe Ls 
B, — By — Bz; — By — Bs 
where the rows are exact sequences. If pg and v4 are injective and :~; surjective, then 


3 is injective. If po and wy, is surjective and ys injective, then 3 is surjective. In 
particular, p3 1s an isomorphism as soon as 1,92, 94, 5 are 1somorphisms. 
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§2. The Simplicial Flabby Resolution of a Sheaf 


Let X be a topological space and let 51 be a sheaf of abelian groups on X (see § II-2 
for the definition). All the sheaves appearing in the sequel are assumed implicitly to 
be sheaves of abelian groups, unless otherwise stated. The first useful notion is that of 
resolution. 


(2.1) Definition. A (cohomological) resolution of s1 is a differential complex of sheaves 
(£°,d) with £1=0, d1 =0 for q <0, such that there is an exact sequence 


a 0 a 
(sh a ke ep, a 5 


If p: A —> B is a morphism of sheaves and (.M°,d) a resolution of B, a morphism of 
resolutions p® : £° —>+ M° is a commutative diagram 


ee ee ee ee ee 2 a 
le |e [et hee’ aeeee 
o0>g@ 2.4 “0 —...—3 mw 4 mt —.... 


(2.2) Example. Let X be a differentiable manifold and 4% the sheaf of germs of 
“€°° differential forms of degree q with real values. The exterior derivative d defines a 
resolution (%°*,d) of the sheaf R of locally constant functions with real values. In fact 
Poincaré’s lemma asserts that d is locally exact in degree g > 1, and it is clear that the 
sections of ker d° on connected open sets are constants. 


In the sequel, we will be interested by special resolutions in which the sheaves &% have 
no local “rigidity”. For that purpose, we introduce flabby sheaves, which have become a 
standard tool in sheaf theory since the publication of Godement’s book [Godement 1957]. 


(2.3) Definition. A sheaf F is called flabby if for every open subset U of X, the 
restriction map F(X) —+ F(U) is onto, i.e. if every section of F¥ on U can be extended 
to X. 


Let 7: 9 —+ X bea sheaf on X. We denote by 9f!°! the sheaf of germs of sections 
X —> sl which are not necessarily continuous. In other words, sf!°!(U) is the set of all 
maps f : U —> sf such that f(x) € A, for all x € U, or equivalently sfl(U) = [rey Me- 
It is clear that s([°! is flabby and there is a canonical injection 

j:ad— ll 

defined as follows: to any s € Sl, we associate the germ 5 € 9? equal to the continuous 
section y +—> s(y) near x such that s(2) = s. In the sequel we merely denote s : y +— s(y) 
for simplicity. The sheaf s([°! is called the canonical flabby sheaf associated to sl. We 


define inductively 
sla] = (sgla-1) ll, 
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The stalk gla can be considered as the set of equivalence classes of maps f : X?+! —> sf 
such that f(ao,...,%q) € Mz,, with two such maps identified if they coincide on a set of 
the form 

(2.4) toe Vy ere V (ao), ky @y eV Wap s.5 heat); 

where V is an open neighborhood of x and V(ao,...,%;) an open neighborhood of 
x;, depending on %,...,x;. This is easily seen by induction on q, if we identify a 
map f : Xt! — sf to the map X — AIT, ag H f,, such that fos tay tg) = 
f (Poy Piss« +; 0g )s Similarly, sfl2](U) is the set of equivalence classes of functions X¢+! 5 
(x0,-..,%q) > f(£0,-..,%q) € Ax,, with two such functions identified if they coincide 
on a set of the form 

(2.4’) Geel. we V tals. aes Bee Vices eae 


Here, we may of course suppose V(ao,...,%g-1) C .-. C V(x0, 21) C V(ao) C U. We 
define a differential d? : s(!4] —. sqla+"l by 


(2.5) (d7f)(xo,- mete) a 
», (-1) (xo, ae: ae $78 24) Po44) SIE (-1)**" f (xo, aaa Lq)(Lq+41)- 
O<j<4q 
The meaning of the last term is to be understood as follows: the element s = f(xo,..., %q) 
is a germ in S(,,, therefore s defines a continuous section 241 +> s(%q41) of Mina 
neighborhood V(a,...,%q) of %q. In low degrees, we have the formulas 
(7s)(2o) = s(Xo), aS Mer 
(2.6) (a°f)(ao, 1) = f(a1) — f(wo)(ai), f € sal, 


(d' f)(xo, 21,22) = (21,22) — f (20,22) + f (x0, 21)(x2), fe All. 


(2.7) Theorem ([Godement 1957]). The complex (sfl*!,d) is a resolution of the sheaf 
SM, called the simplicial flabby resolution of SA. 


Proof. For s € Mz, the associated continuous germ obviously satisfies s(xo)(x1) = s(21) 
for ry € V, x1 € V(2q) small enough. The reader will easily infer from this that d°oj = 0 
and d%+1 o d¥ = 0. In order to verify that (sil*!,d) is a resolution of s1, we show that the 
complex 

dt 


Ph 55 2 QI PS eas ale sc glart al cast 


is homotopic to zero for every point x € X. Set sil-] = sf, d~! = 7 and 
no: sill — st, n°(f) = f(x) € SMe, 
nr: sll —, ole U RAT Wiese 249 PG a) = 7 hy Bis we ga) 
A straightforward computation shows that (h7t1 od? + d?~! 0 h%)(f) = f for all q € Z 
and f € otal, 


If py: Sl —> Bisasheaf morphism, it is clear that y induces a morphism of resolutions 
(2.8) gle! ; gle) — gl, 


For every short exact sequence 4 — & — © of sheaves, we get a corresponding short 
exact sequence of sheaf complexes 


(2.9) sql] —, gle] —, elel, 
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§ 3. Cohomology Groups with Values in a Sheaf 


§ 3.A. Definition and Functorial Properties 


If 7 : sl > X isa sheaf of abelian groups, the cohomology groups of Sl on X are (in 
a vague sense) algebraic invariants which describe the rigidity properties of the global 
sections of 94. 


(3.1) Definition. For every q € Z, the q-th cohomology group of X with values in SA is 
H4(X, fh) = H4(sil*l(X)) = 
= ker (d?: sf!l(X)  sil9 4X) /Im(d2? : ofl U(X) sll x) 
with the convention sill = 0, d? = 0, H4(X,s1) =0 when q < 0. 
For any subset S C X, we denote by S4)g the restriction of sf to S, i.e. the sheaf 
tgs = m~1(S) equipped with the projection m3 onto S$. Then we write H4(S, l;s) = 
H4(S, sf) for simplicity. When U is open, we see that (sl!) ;y coincides with (sf;y)!4, 


thus we have H4(U, 1) = H4(sil*l(u)). It is easy to show that every exact sequence of 
sheaves 0 > of > L° — YF! induces an exact sequence 


(3.2) O— st(X) — LOX) a IX). 
If we apply this to £4 = sfl@!, q = 0,1, we conclude that 


(3.3) H°(X, of) = A(X). 


Let y : S —> B be asheaf morphism; (2.8) shows that there is an induced morphism 
(3.4) H4(y) : H4(X, of) — HX, B) 


on cohomology groups. Let 0 - 4 — B—- & — 0 be an exact sequence of sheaves. 
Then we have an exact sequence of groups 


0 — sfx) — Blix) — ex) — 0 


because ll(x) = [Lex Mx. Similarly, (2.9) yields for every q an exact sequence of 
groups 
0 — sill(x) — Blix) — ¢ld(x) — 0. 


If we take (3.3) into account, the snake lemma implies: 


(3.5) Theorem. To any exact sequence of sheaves 0 > sl - B— CE — 0 is associated 
a long exact sequence of cohomology groups 


0— M(X) — BX — CX) — AN(X,x) —-:: 
-—> H(X,x4) — H(X,B) — H(X,6) — AM1(X,a1) — ---. 


(3.6) Corollary. Let B— € be a surjective sheaf morphism and let sl be its kernel. If 
H'(X, ol) =0, then B(X) > €(X) is surjective. 
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§ 3.B. Exact Sequence Associated to a Closed Subset 
Let S be a closed subset of X and U = X \S. For any sheaf 4 on X, the presheaf 


Qs A(SNQ), QACX open 


with the obvious restriction maps satisfies axioms (II-2.4’) and (II-2.4”), so it defines a 
sheaf on X which we denote by 1°. This sheaf should not be confused with the restriction 
sheaf 94+, which is a sheaf on S. We easily find 


(3.7) (M5), =M, if eS, (M5), =0 if ceU. 
Observe that these relations would completely fail if S were not closed. The restriction 


morphism f +> f}g induces a surjective sheaf morphism sf — AS. We let ly be its 
kernel, so that we have the relations 


(3.8) (dy)e=0 if cES, (My)2e=M, if c EU. 
From the definition, we obtain in particular 
(3.9) AS (X) =A(S), sly(X) = {sections of sf(X) vanishing on S}. 


Theorem 3.5 applied to the exact sequence 0 > sly — sl — AS > 0 on X gives a long 
exact sequence 


(3.9) O—> sly(X) — A(X) — wM(S) — HAY(X,sy) --- 
— H(X,aAy) — H4(X,a) — H4(X,A5) — HI+1(X, oly) --- 


§ 3.C. Mayer-Vietoris Exact Sequence 
Let U,, Uz be open subsets of X and U = U, UU2, V = U, NU». For any sheaf 4 on 
X and any gq we have an exact sequence 


0— aldo) — all(u,) @ sill(u.) — swlal(v) — 0 


where the injection is given by f +> (fiu,, fu.) and the surjection by (91,92) +> 
g2tv — gitv ; the surjectivity of this map follows immediately from the fact that sla] is 
flabby. An application of the snake lemma yields: 


(3.11) Theorem. For any sheaf sl on X and any open sets U;, Uz C X, set U = U,UU 2, 
V =U,NU2. Then there is an exact sequence 


H4(U, M) + HU), 8) © 4 (Uz, 8) > HV, St) —> HEU, A) 
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§4. Acyclic Sheaves 


Given a sheaf Sf on _X, it is usually very important to decide whether the cohomology 
groups H4(U, 4) vanish for g > 1, and if this is the case, for which type of open sets U. 
Note that one cannot expect to have H°(U, si) = 0 in general, since a sheaf always has 
local sections. 


(4.1) Definition. A sheaf s{ is said to be acyclic on an open subset U if H2(U, A) = 0 
Jorg 2.1; 


§4.A. Case of Flabby Sheaves 


We are going to show that flabby sheaves are acyclic. First we need the following 
simple result. 


(4.2) Proposition. Let si be a sheaf with the following property: for every section f of 
SA on an open subset U C X and every point x © X, there exists a neighborhood Q of x 
and a section h € A(Q) such thath = f on UNQ. Then of is flabby. 


A consequence of this proposition is that flabbiness is a local property: a sheaf 94 is 
flabby on X if and only if it is flabby on a neighborhood of every point of X. 


Proof. Let f € s(U) be given. Consider the set of pairs (v,V) where v in @(V) is an 
extension of f on an open subset V > U. This set is inductively ordered, so there exists 
a maximal extension (v,V) by Zorn’s lemma. The assumption shows that V must be 
equal to X. 


(4.3) Proposition. Let 0 — sl +, BR 2s € — 0 be an exact sequence of sheaves. 
If A is flabby, the sequence of groups 


0— wu) 2+ BU) 24 eU) 0 


is exact for every open set U. If A and B are flabby, then € is flabby. 


Proof. Let g € “é(U) be given. Consider the set FE of pairs (v,V) where V is an open 
subset of U and v € S&(V) is such that p(v) = g on V. It is clear that F is inductively 
ordered, so £ has a maximal element (v,V), and we will prove that V = U. Otherwise, 
let c €U \V and let h be a section of & in a neighborhood of x such that p(hz) = ga. 
Then p(h) = g on a neighborhood 2 of z, thus p(v — h) = 0 on VNQ and v—h = J(u) 
with uc A(VNQ). If 4 is flabby, u has an extension u € si(X) and we can define a 
section w € B(V UQ) such that p(w) = g by 


w=von V, w=h+j(u) on Q, 
contradicting the maximality of (v,V). Therefore V = U, v € BU) and p(v) = g on 


U. The first statement is proved. If & is also flabby, v has an extension v € B(X) and 
g = p(v) € “E(X) is an extension of g. Hence © is flabby. 


(4.4) Theorem. A flabby sheaf Sl is acyclic on all open sets U CX. 
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Proof. Let £4 = ker (d4 : lal _, slat) Then &%° = sf and we have an exact sequence 
of sheaves . 
Qs ee gi cglal) Ag pal og 


because Imd% = ker d?+! = ¥4%*!_ Proposition 4.3 implies by induction on q that all 
sheaves 4% are flabby, and yields exact sequences 


0— xu) — alu) & ¥41(y) — 0. 
For q > 1, we find therefore 


ker (d?:: sill) — silat(y)) = £1(U) 
= Im (d?7?: fla") = il1(U)), 


that is, H4(U, fl) = H4(sil*l(U)) =0. 


§ 4.B. Soft Sheaves over Paracompact Spaces 


We now discuss another general situation which produces acyclic sheaves. Recall 
that a topological space X is said to be paracompact if X is Hausdorff and if every open 
covering of X has a locally finite refinement. For instance, it is well known that every 
metric space is paracompact. A paracompact space X is always normal; in particular, 
for any locally finite open covering (U,) of X there exists an open covering (V,) such 
that Vg C Ug. We will also need another closely related concept. 


(4.5) Definition. We say that a subspace S is strongly paracompact in X if S is 
Hausdorff and if the following property is satisfied: for every covering (U.) of S by open 
sets in X, there exists another such covering (Vg) and a neighborhood W of S such 
that each set WM Ve is contained in some Ug, and such that every point of S has a 
neighborhood intersecting only finitely many sets Vg. 


It is clear that a strongly paracompact subspace S is itself paracompact. Conversely, 
the following result is easy to check: 


(4.6) Lemma. A subspace S is strongly paracompact in X as soon as one of the following 
situations occurs: 


a) X is paracompact and S is closed; 
b) S has a fundamental family of paracompact neighborhoods in X ; 


c) S is paracompact and has a neighborhood homeomorphic to some product S x T, in 
which S is embedded as a slice S x {to}. 


(4.7) Theorem. Let si be a sheaf on X and S a strongly paracompact subspace of 
X. Then every section f of A on S can be extended to a section of A on some open 
neighborhood Q. of SM. 


Proof. Let f € A(S). For every point z € S there exists an open neighborhood U, and _a 
section f, € M(U~z) such that f,(z) = f(z). After shrinking U,, we may assume that f, 
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and f coincide on SNU,. Let (V.) be an open covering of S' that is locally finite near S 
and W a neighborhood of S such that WN V4 C Uz(a) (Def. 4.5). We let 


= {a ewn Ria fo) (a) = f-(a)(2), Va, 8 with x € Va NVe}. 


Then (QM V,) is an open covering of 2 and all pairs of sections Totes coincide in pairwise 
intersections. Thus there exists a section F' of sf on 2 which is equal to fz(q) on NN Va. 
It remains only to show that (2 is a neighborhood of S. Let zo € S. There exists a 
neighborhood U’ of zo which meets only finitely many sets Vy,,... Vay: After shrinking 
U', we may keep only those V,, such that zo € Va,. The sections fx(a,) coincide at Zp, 
so they coincide on some neighborhood U” of this point. Hence WOU” CQ, so Disa 
neighborhood of S. 


(4.8) Corollary. If X is paracompact, every section f € SA(S) defined on a closed set 
S extends to a neighborhood Q of S. 


(4.9) Definition. A sheaf 1 on X is said to be soft if every section f of A on a closed 
set S can be extended to X, i.e. if the restriction map A(X) —> SA(S) is onto for every 
closed set S. 


(4.10) Example. On a paracompact space, every flabby sheaf sf is soft: this is a 
consequence of Cor. 4.8. 


(4.11) Example. On a paracompact space, the Tietze-Urysohn extension theorem 
shows that the sheaf “éx of germs of continuous functions on X is a soft sheaf of rings. 
However, observe that “Ex is not flabby as soon as X is not discrete. 


(4.12) Example. If X is a paracompact differentiable manifold, the sheaf x of germs 
of “6° functions on X is a soft sheaf of rings. 


Until the end of this section, we assume that X is a paracompact topological space. 
We first show that softness is a local property. 


(4.13) Proposition. A sheaf si is soft on X if and only if it is soft in a neighborhood 
of every pointx Ee X. 


Proof. If 4 is soft on X, it is soft on any closed neighborhood of a given point. Con- 
versely, let (Ua)aer be a locally finite open covering of X which refine some covering by 
neighborhoods on which 94 is soft. Let (V.) be a finer covering such that Va C U2, and 
f € A(S) be a section of sf on a closed subset S of X. We consider the set EF of pairs 
(g, J), where J C I and where g is a section over Fy := SU ees a, such. that.g =f 
on S. As the family (V..) is locally finite, a section of sf over Fy is continuous as soon 
it is continuous on S$ and on each V,. Then (f,0) € E and E is inductively ordered by 
the relation 
(g’, J’) — (g", J") if J’C J” and g’ = g" on Fy 


No element (g, J), J J, can be maximal: the assumption shows that I PAV. has an 
extension to V,, thus such ag has an extension to Fyysq} for any a ¢ I. Hence E has 
a maximal element (g, J) defined on Fy = X. 
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(4.14) Proposition. Let 0 — sl - B—- € — 0 be an exact sequence of sheaves. If 
is soft, the map B(S) — €(S) is onto for any closed subset S of X. If A and B are 
soft, then € is soft. 


By the above inductive method, this result can be proved in a way similar to its 
analogue for flabby sheaves. We therefore obtain: 


(4.15) Theorem. On a paracompact space, a soft sheaf is acyclic on all closed subsets. 


(4.16) Definition. The support of a section f € A(X) is defined by 
Supp f = {ze X; f(x) £0}. 


Supp f is always a closed set: as 91 — X is a local homeomorphism, the equality 
f(x) =0 implies f = 0 in a neighborhood of z. 


(4.17) Theorem. Let (Ua)aer be an open covering of X. If Sl is soft and f € A(X), 
there exists a partition of f subordinate to (U.), t.e. a family of sections fa € A(X) such 
that (Supp fa) ts locally finite, Supp fa C Ua and >> fa =f on X. 


Proof. Assume first that (U,) is locally finite. There exists an open covering (V,) such 
that Va C U,. Let (fo)aey, J C I, be a maximal family of sections fy € 9f(X) such 
that Supp fa C Ua and oye; fa = f on S = [eee Vee If JAI and GB EIN J, there 
exists a section fg € M(X) such that 


fe=90 on X\Ug and fea=f- > fo on SUVg 
aed 
because (X \ Ug) US UVg is closed and f — > fa = 0 on (X \U,) NS. This is a 
contradiction unless J = I. 
In general, let (V;) be a locally finite refinement of (U.), such that V; C U,,;), and 
let (f;) be a partition of f subordinate to (Vj). Then fa = er f; is the required 
partition of f. 


Finally, we discuss a special situation which occurs very often in practice. Let % be 
a sheaf of commutative rings on X ; the rings &, are supposed to have a unit element. 
Assume that 9f is a sheaf of modules over &. It is clear that 9f!° is a R!l-module, and 
thus also a &R-module. Therefore all sheaves of!@] are R-modules and the cohomology 
groups H4(U, 91) have a natural structure of R(U)-module. 


(4.18) Lemma. /[f & is soft, every sheaf A of R-modules is soft. 


Proof. Every section f € (S$) defined on a closed set S has an extension to some open 
neighborhood 2. Let w € K(X) be such that 7% = 1 on S and yw =0o0n X \Q. Then 
wf, defined as 0 on X \ Q, is an extension of f to X. 


(4.19) Corollary. Let sf be a sheaf of €x-modules on a paracompact differentiable 
manifold X. Then H4(X, sl) =0 for all q > 1. 
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§5. Cech Cohomology 
§5.A. Definitions 


In many important circumstances, cohomology groups with values in a sheaf sf can 
be computed by means of the complex of Cech cochains, which is directly related to the 
spaces of sections of sf on sufficiently fine coverings of X. This more concrete approach 
was historically the first one used to define sheaf cohomology ([Leray 1950], [Cartan 
1950] ); however Cech cohomology does not always coincide with the “good” cohomology 
on non paracompact spaces. Let UU = (Ua)aer be an open covering of X. For the sake 
of simplicity, we denote 


Op tre ie Oe ay CP nee gy oe 


The group C2 (U, 91) of Cech q-cochains is the set of families 


C= (Con apcue) € I] MO eaidccs) 


(Qo,---,%q)E19t+1 


The group structure on C47(U, A) is the obvious one deduced from the addition law on 
sections of sl. The Cech differential 64 : C4(U, 4) —+ C%+1(U, sf) is defined by the 


formula 


(5.1) (O70) oi: Bat = S- aE? O ig S04 slg 14 Wag...2 


D) 
+1 
0<j<q+1 ; 


and we set C4(U, sl) = 0, 62 = 0 for q < 0. In degrees 0 and 1, we get for example 


(5.2) q=0, c=(ca), (eas =e — Ca Uap: 
(5.2’) Gal. oe (eng); (0'c)apy eg) SOx Cie aes t 


Easy verifications left to the reader show that 57+! 0 64 = 0. We get therefore a cochain 
complex (C*(U, sf), 6), called the complex of Cech cochains relative to the covering U. 


(5.3) Definition. The Cech cohomology group of A relative to U is 


HU, fh) = H4(C*(U, sf)). 


Formula (5.2) shows that the set of Cech 0-cocycles is the set of families (cy) € 
I] %(U2) such that cg = cq on Uy N Ug. Such a family defines in a unique way a global 
section f € W(X) with fru, = cq. Hence 


(5.4) A (U, sl) = si(X). 

Now, let ‘VY = (Vg)gez be another open covering of X that is finer than UW ; this means 
that there exists a map p: J — I such that Vg C U,,g) for every 6 € J. Then we can 
define a morphism p® : C*®(U, 1) —+ C®(‘V, 1) by 


(5.5) (07C) Go...8q = ©p(Bo)---P(Bq) 1Vio...04 3 
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the commutation property dp* = p*6 is immediate. If p’ : J — I is another refinement 
map such that V3 C U,(g) for all 3, the morphisms p*, p’* are homotopic. To see this, 
we define a map h? : C4(U, A) —+ CU1(V, A) by 


(RC) 60...Bq—1 = y (=1)? €o(49)...0(8)0"(8))--p"(Bq—1) IVie9...Bg—1° 


O<j<q-1 


The homotopy identity 64~! o h? + h4t1 o 64 = p'4 — p4 is easy to verify. Hence p* and 
p’* induce a map depending only on ‘U, V : 


(5.6) H4(p*) = H%(p') : H4(U, ) — HI(V, A). 


Now, we want to define a direct limit H4(X, A) of the groups H4(U, 1) by means of 
the refinement mappings (5.6). In order to avoid set theoretic difficulties, the coverings 
used in this definition will be considered as subsets of the power set P(X), so that the 
collection of all coverings becomes actually a set. 


(5.7) Definition. The Cech cohomology group H4(X, 4) is the direct limit 


H4(X, 91) = lim H4(U, sf) 
U 


when U runs over the collection of all open coverings of X. Explicitly, this means that 
the elements of H4(X, SA) are the equivalence classes in the disjoint union of the groups 
HU, A), with an element in H4(U,) and another in H4(°V, sl) identified if their 
images in H4(°W, A) coincide for some refinement W of the coverings U and V. 


If p : 4 — B® is a sheaf morphism, we have an obvious induced morphism y® : 
C*(U, A) —+ C®(U, B), and therefore we find a morphism 


H4(p*) : H4(U, A) —> H4(U, B). 


Let 0 — 4 — B— EG > O be an exact sequence of sheaves. We have an exact sequence 
of groups 


(5.8) 0 — C47(U, 8) — C47(U, B) — C4(U, 6), 
but in general the last map is not surjective, because every section in BOO aA aciseus) need 
not have a lifting in B(Ua,,....a,). The image of C*(U, B) in C*(U, @) will be denoted 


C$,(U, ) and called the complex of liftable cochains of “é in %. By construction, the 
sequence 


(5.9) 0 — C7(U, 4) — C2(U, B) — CZ(U, 6) — 0 
is exact, thus we get a corresponding long exact sequence of cohomology 
(5.10) AYU, A) — H9(U, B) — HE (U, 6) — Ht (U, of) —---. 


If of is flabby, Prop. 4.3 shows that we have C4,(U, @) = C47(U, €), hence ALU, €) = 
H4(U, €). 
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(5.11) Proposition. Let 1 be a sheaf on X. Assume that either 

a) Sf is flabby, or: 

b) X is paracompact and SM is a sheaf of modules over a soft sheaf of rings R on X. 
Then H4(U, 1) = 0 for every q > 1 and every open covering U= (Ua)aer of X. 

Proof. b) Let (Wa)aer be a partition of unity in & subordinate to U (Prop. 4.17). We 


define a map h? : C4(U, 4) —> C42-1(U, A) by 


(5.12) (DC) os segs = Sob Cvag...@q—1 


vel 


where Wy Cyag...ag-1 18 extended by 0 on UVay...ag-1 CU,_. It is clear that 


(Oe) ag = Soy (eeak a Olan ce 


vel 
ie. 67-1hd + hY+164 = Id. Hence 6%c = 0 implies 67-'h%e = c if gq > 1. 


a) First we show that the result is true for the sheaf s(!°. One can find a family of sets 
L, C U, such that (£,) is a partition of X. If w, is the characteristic function of L,, 
Formula (5.12) makes sense for any cochain c € C4%(U, sf!) because sf!°! is a module 
over the ring Z!°! of germs of arbitrary functions X > Z. Hence H4(U, si!) = 0 for 
q > 1. We shall prove this property for all flabby sheaves by induction on gq. Consider 
the exact sequence 

0—+a — whel_—§£§. € — 0 


where @ = of!°l/si. By the remark after (5.10), we have exact sequences 


ol!l(X) — €(X) — A (U, st) — H*(U, ofl!) = 0, 
HY(U, 6) — HU, 8) — HIt1(U, All) = 0. 


Then sfll(X) — €(X) is surjective by Prop. 4.3, thus AAU, SM) = 0. By 4.3 again, “6 
is flabby; the induction hypothesis H4(U, €@) = 0 implies that H9+1(U, sf) = 0. 


§5.B. Leray’s Theorem for Acyclic Coverings 

We first show the existence of a natural morphism from Cech cohomology to ordinary 
cohomology. Let WU = (Ua)acr be a covering of X. Select a map A’: X — I such that 
x € Uyz) for every x € X. To every cochain c € C4(U, 1) we associate the section 
Me = f € Alal(X) such that 
(5.13) f (xo, oe ote) = CX(a9)...A(aq) (Ze) € She, ; 


note that the right hand side is well defined as soon as 


TeEX, i © UN ayy xorg Be SE On aojurAG@gea): 
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A comparison of (2.5) and (5.13) immediately shows that the section of sf!?+4(X) asso- 
ciated to 6%c is 


ae Ge ©. (mp)... XB) Mayr) StL) = (AF) (#0, -- +, q+1): 


O<j<qtl 


In this way we get a morphism of complexes \® : C*(U, sl) —> sil*l(X). There is a 
corresponding morphism 


(5.14) H4(\°) : H9(U, A) — H49(X, sf). 


If = (Vg)eez is a refinement of U such that Vg C U,g) and x € V,) for all x, 3, we 
get a commutative diagram 


H9(u, 0) LO, Facer, s0) 
H2(A*) \y LZ (ue) 
H4(X, si) 


with A = poy. In particular, (5.6) shows that the map H4(X°) in (5.14) does not 
depend on the choice of : if A’ is another choice, then H7(\°) and H7(A’*) can be both 
factorized through the group H4(°V’, 1) with V, = Uy(@) Uy" (@) and p = Idx. By the 
universal property of direct limits, we get an induced morphism 


(5.15) H4(X, sl) — H4(X, sf). 


Let 0 — df — ZB— € — 0 be an exact sequence of sheaves. There is a commutative 
diagram 
0— CU, A) — C°(U,B) — C§(U, 6) — 0 


{ { { 


0— sill(x) — Blix) — ell(x) — 0 
where the vertical arrows are given by the morphisms A*®. We obtain therefore a com- 
mutative diagram 
AAU, A) =<; AAU, B) => ALU, €) _ Hark, SA) — Oy: B) 


On). { ) { : 


HX, 0) — H(X,B) — HUX,€) — H1(xX,M) — H1(x,B). 


(5.17) Theorem (Leray). Assume that 
FH (Uan...01, 4) = 0 


for all indices ap,...,a, and s > 1. Then (5.14) gives an isomorphism AAU, Mt) ~ 
H4(X, SA). 


We say that the covering U is acyclic (with respect to Sl) if the hypothesis of Th. 5.17 
is satisfied. Leray’s theorem asserts that the cohomology groups of 4% on X can be 
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computed by means of an arbitrary acyclic covering (if such a covering exists), without 
using the direct limit procedure. 


Proof. By induction on q, the result being obvious for g = 0. Consider the exact sequence 
0-4 — Bo € > 0 with B= Al and € = sll /sf. As B is acyclic, the hypothesis 
on Sf and the long exact sequence of cohomology imply H*(Uq,...a,, 6) = 0 for s > 1, 
t > 0. Moreover C$,(U, 6) = C*(U, ) thanks to Cor. 3.6. The induction hypothesis in 
degree q and diagram (5.16) give 


HU, B) — HU, €) — Ht (Ul, 1) — 0 


zi | | 


H4(X,B) — H(X,€) — H+1(X, sl) — 0, 


hence H4+1(U, 91) —+ H9+!(X, sf) is also an isomorphism. 


(5.18) Remark. The morphism H!(\*) : H+ (U, 91) —> H!(X, sf) is always injective. 
Indeed, we have a commutative diagram 
H°(U,B) — AY(U,6) — H(U, sl) — 0 


H°(X,B) — H(X,€) — H(X,x) — 0, 


where H,(U, €) is the subspace of €(X) = H°(X, €) consisting of sections which can 
be lifted in B over each U,. As a consequence, the refinement mappings 


H1(p*) : H1(U, 8) — H1(V, of) 


are also injective. 


§5.C. Cech Cohomology on Paracompact Spaces 


We will prove here that Cech cohomology theory coincides with the ordinary one on 
paracompact spaces. 


(5.19) Proposition. Assume that X is paracompact. If 
0— sl — B— C— 0 
is an exact sequence of sheaves, there is an exact sequence 
H4(X, sl) —> H9(X, B) — HX, €) — Ht1(X,a) — --- 
which is the direct limit of the exact sequences (5.10) over all coverings U. 
Proof. We have to show that the natural map 
lim HG(U,€) — lim H4(U, €) 


is an isomorphism. This follows easily from the following lemma, which says essentially 
that every cochain in “6 becomes liftable in & after a refinement of the covering. 
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(5.20) Lifting lemma. Let UW = (Ua)aer be an open covering of X and c € C4(U, €). 
If X is paracompact, there exists a finer covering V = (Vg)gez and a refinement map 
p:J— I such that p!c € C3(V, €). 


Proof. Since “U admits a locally finite refinement, we may assume that ‘U itself is locally 
finite. There exists an open covering “i = (W.)aer of X such that W, C Uq. For every 
point x © X, we can select an open neighborhood V, of « with the following properties: 


a) if x € Wa, then Vz C Wa ; 
b) if x € Ug or if Vz NW, # 9G, then V, C Ug ; 
c) if @ € Uag...aqg> then Cag...aq € C%Uag...a4; €) admits a lifting in B(Vz). 


Indeed, a) (resp. c)) can be achieved because x belongs to only finitely many sets W, 
(resp. U,), and so only finitely many sections of “€ have to be lifted in B. b) can be 
achieved because x has a neighborhood V/ that meets only finitely many sets U, ; then 


we take — 
Vise Ver (| Uae (i) (Vee) 
Ug2d2£ Ug2ux 


Choose p : X — I such that x € W,:.) for every x. Then a) implies V, C W,,z), so 
V = (Vz)cex is finer than U, and p defines a refinement map. If Vz,...2, #0, we have 


V, 0 VW xj) > Veo VV2, FO for (0: jeg; 


thus Vz, C Up(a)...p(aq) bY b). Now, c) implies that the section Co(ao)...(aq) admits a 
lifting in B(V;,), and in particular in B(Vz,...c,). Therefore p%c is liftable in B. 


(5.21) Theorem. If X is a paracompact topological space, the canonical morphism 
HX, A) ~ H4(X, sl) is an isomorphism. 


Proof. Argue by induction on q as in Leray’s theorem, with the Cech cohomology exact 
sequence over ‘Ul replaced by its direct limit in (5.16). 


In the next chapters, we will be concerned only by paracompact spaces, and most 
often in fact by manifolds that are either compact or countable at infinity. In these cases, 
we will not distinguish H7(X, 1) and H42(X, 94). 


§5.D. Alternate Cech Cochains 


For explicit calculations, it is sometimes useful to consider a slightly modified Cech 
complex which has the advantage of producing much smaller cochain groups. If 1 is a 
sheaf and “WU = (Ua)aer an open covering of X, we let AC4(U, sl) C C7(U, sf) be the 


subgroup of alternate Cech cochains, consisting of Cech cochains ¢ = (Cay. a,) such that 

Cag...a@ = 0 if a; =a;, 4 \, 

(5.22) 0 q j re j 
Cag (0)--8o(q) = ECF) Cao...c44 


for any permutation o of {1,...,q} of signature e(7). Then the Cech differential (5.1) of 
an alternate cochain is still alternate, so AC®(U, 9) is a subcomplex of C*(U, 1). We 
are going to show that the inclusion induces an isomorphism in cohomology: 


(5.23) H7(AC*(U, M)) ~ H9(C*(U, M)) = H9(U, of). 


212 Chapter IV. Sheaf Cohomology and Spectral Sequences 


Select a total ordering on the index set J. For each such ordering, we can define a 
projection 7? : C4(U, A) —>+ AC2(U, A) Cc CI(U, A) by 


ct— alternate c such that Coy...a, =Cao...a, Whenever ao <...< aq. 


As 7° is a morphism of complexes, it is enough to verify that 7° is homotopic to the 
identity on C*(U, 4). For a given multi-index a = (ao,...,Q@q), which may contain 
repeated indices, there is a unique permutation (m(0), ad ct m(q)) of (0,...,q) such that 


Am(0) S++» <Am(qg) and ml) <m(I+1) whenever my = Om(i+1): 


For p < q, we let e(a,p) be the sign of the permutation 


—. _—_- 


(0,...,q) > (m(0),...,m(p —1),0,1,...,m(0),...,m(p— 1),...,4) 


if the elements Q(9),---;Qm(p) are all distinct, and e(a,p) = 0 otherwise. Finally, we 
set h? = 0 for gq < 0 and 


(h4C)ag...ag-1 = S- (—1)"e(a,p)c 5s 6 cates 


Am(0) +++&m(p) C01 ---AHm(0) +++&m(p—1)+++Aq-1 
O<p<q-1 


for q > 1; observe that the index a,,(p) is repeated twice in the right hand side. A rather 
tedious calculation left to the reader shows that 


(67 "hic + ee ee — Cag...aq _ eE(a, qd) Cam (0) +m (q) = (é _ TG) rcctves 


An interesting consequence of the isomorphism (5.23) is the following: 


(5.24) Proposition. Let si be a sheaf on a paracompact space X. If X has arbitrarily 
fine open coverings or at least one acyclic open covering U = (U,) such that more than 
n+1 distinct sets Ug,,...,Ua, have empty intersection, then H4(X, 4) =0 for g>n. 


Proof. In fact, we have AC4(U, 91) = 0 for q > n. 


§6. The De Rham-Weil Isomorphism Theorem 


In § 3 we defined cohomology groups by means of the simplicial flabby resolution. 
We show here that any resolution by acyclic sheaves could have been used instead. Let 
(£°,d) be a resolution of a sheaf sf. We assume in addition that all ¥% are acyclic on X, 
ic. H°(X, £2) = 0 for allg >Oand s >1. Set £4 = kerd?. Then %° = sf and for every 
q > 1 we get a short exact sequence 


CS at = ZI —> 0. 


Theorem 3.5 yields an exact sequence 


(6.1) (xX, 9972) © weex, ey & ett (x, ¥I-1)  WEtI(X, GT) = 0. 
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If s > 1, the first group is also zero and we get an isomorphism 
Oe HF) =X at), 
For s = 0 we have H°(X, £7~1) = £49-1(X) and H°(X, £42) = ¥4(X) is the q-cocycle 
group of £*(X), so the connecting map 0°? gives an isomorphism 
H9(£(X)) = EUX)/LI-(a) 2 WX, EM). 
The composite map 02-11 0---o0d!4-lo 8-4 therefore defines an isomorphism 


e971 1 


ood : 0 
HX, £)=H(X, of). 


(6.2) H4(L£°(X)) — > H1(X, 7 


This isomorphism behaves functorially with respect to morphisms of resolutions. Our 
assertion means that for every sheaf morphism y : 4% — & and every morphism of 
resolutions y*® : £° —> Jl*®, there is a commutative diagram 


H* (£°(X)) — H°(X, sf) 
(6.3) [H°(¢°) [A*(¢) 
Hs (Ml°(X)) —+ H°(X, B). 


If W4 = ker(d? : M? — M2"), the functoriality comes from the fact that we have 
commutative diagrams 


03%¥01 490-1970, (xX, ¥9 © Hex, E-1) 
Leen. pte hee LH*(¢") LH*t (yt?) 
03WI-! MI! a0, | SX, WI) OS etx, we), 


(6.4) De Rham-Weil isomorphism theorem. I/f (¥°,d) is a resolution of A by 
sheaves £4 which are acyclic on X, there is a functorial isomorphism 


H4(L£°(X)) — H4(X, sf). 


(6.5) Example: De Rham cohomology. Let X be a n-dimensional paracompact 
differential manifold. Consider the resolution 


CSR Se Bed iss a2), oe STE ce. gay ce Cee 


given by the exterior derivative d acting on germs of “6°° differential q-forms (cf. Exam- 
ple 2.2). The De Rham cohomology groups of X are precisely 


(6.6) Hip (X,R) = H4(€*(X)). 


All sheaves 6% are €x-modules, so 6% is acyclic by Cor. 4.19. Therefore, we get an 
isomorphism 


(6.7) H§p(X,R) — H4(X,R) 
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from the De Rham cohomology onto the cohomology with values in the constant sheaf R. 
Instead of using “6°° differential forms, one can consider the resolution of R given by the 
exterior derivative d acting on currents: 


, a ! ! d ! 
Oa ce es eM Re eee ee ae 


poe > HO. 
The sheaves %/, are also @x-modules, hence acyclic. Thanks to (6.3), the inclusion 
61 C D,_, induces an isomorphism 


(6.8) H4(€°(X)) ~ H9(Dy_.(X)), 


both groups being isomorphic to H4(X,R). The isomorphism between cohomology of 
differential forms and singular cohomology (another topological invariant) was first es- 
tablished by [De Rham 1931]. The above proof follows essentially the method given by 
[Weil 1952], in a more abstract setting. As we will see, the isomorphism (6.7) can be put 
under a very explicit form in terms of Cech cohomology. We need a simple lemma. 


(6.9) Lemma. Let X be a paracompact differentiable manifold. There are arbitrarily 
fine open coverings U = (U,) such that all intersections Vag... are diffeomorphic to 
convex sets. 


Proof. Select locally finite coverings 0, cc 9; of X by open sets diffeomorphic to 
concentric euclidean balls in R”. Let us denote by 7;;, the transition diffeomorphism from 


the coordinates in ; to those in Q;. For any point a € OY, the function x + |x — al? 
2 


computed in terms of the coordinates of 2; becomes |7;x(x) — 7% (a)|" on any patch 
Q; > a. It is clear that these functions are strictly convex at a, thus there is a euclidean 
ball B(a,e) CQ such that all functions are strictly convex on B(a,€) 1 0%, C Qe (only 
a finite number of indices k is involved). Now, choose ‘U to be a (locally finite) covering 
of X by such balls Ua = B(da,€a) with Ug C Qa): Then the intersection Uay...c, is 
defined in Q;, k = p(ag), by the equations 


\7j4(@) — Tie (Gam)? < €2,, 


where j = p(@m), 0 < m < q. Hence the intersection is convex in the open coordinate 
chart Q 


p(ao)* 


Let 2 be an open subset of R” which is starshaped with respect to the origin. Then the 
De Rham complex R —> °(Q) is acyclic: indeed, Poincaré’s lemma yields a homotopy 
operator k? : €4(Q) —> €7-1(Q) such that 


1 

Re PetGisek pega) = sae Fee Grigonis Cg-4) dt, x € M2, &j S R”, 
0 

kof =f(O)ER for f e S(O). 


Hence Hip (Q, R) = 0 for g > 1. Now, consider the resolution €® of the constant sheaf R 
on X, and apply the proof of the De Rham-Weil isomorphism theorem to Cech cohomol- 
ogy groups over a covering “UW chosen as in Lemma 6.9. Since the intersections Ua,..., 
are convex, all Cech cochains in C*(U, £%) are liftable in €4—! by means of k%. Hence 
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for all s = 1,...,q we have isomorphisms 0°9~* : H°(U, £I-°) —> H®t+(U, £t-*-1) 
for s > 1 and we get a resulting isomorphism 


O11 4... 091 6 M04: HY, (X,R) => H(U,R) 


We are going to compute the connecting homomorphisms 0*4~* and their inverses ex- 
plicitly. 

Let c in C*(U, £2-*) such that d*c = 0. As cay...a, is d-closed, we can write c = 
d(k?~’c) where the cochain k?~*c € C*(U, €7~*—1) is defined as the family of sections 
ko Copia, © Cl (Uopuca,)) Then d(o*k? *e)= 0° (dk? °c) = 0" ¢ = 0 and 


BI fc} = {6k Fc} € HU, EI“), 


The isomorphism Hp (X,R) —> H4(U, RR) is thus defined as follows: to the cohomology 
class {f} of a closed q-form f € €%(X), we associate the cocycle (c2) = (fiu,) € 
C°(U, £7), then the cocycle 

Cag = k4cB — keh, € C*(U, ET"), 
and by induction cocycles (c%,,. a.) € C°(U, £7 *) given by 


(6.10) et! = S- (-1)3kt*c8 x On Ui ess 


QQ---Ast1 OO -.-Aj---Ast 
O0<j<stl1 


The image of {f} in H4(U, R) is the class of the q-cocycle (cho...0,) in C4(U, R). 


Conversely, let (Wa) be a 6* partition of unity subordinate to WU. Any Cech cocycle 
c€ C8*1(U, £I-$—1) can be written c = 6°y with y € C*(U, €2-8—") given by 


Yao...a3 — S Wy Cyag...d5) 


vel 


(cf. Prop. 5.11 b)), thus {ce} = (0%4~%)~'{c} can be represented by the cochain c! = 
dy € C*(U, £1-*) such that 


Con AEN Cay te AIT tS Copco 


vel vel 


For a reason that will become apparent later, we shall in fact modify the sign of our 
isomorphism 0°-4~* by the factor (—1)4~*~'. Starting from a class {c} € H4(U,R), we 
obtain inductively {6} € H°(U, £%) such that 


(6.11) ba = De aed Nac Ny: 4. Tone Uys, 


VO y+ Vq—1 


corresponding to {f} € Hii, (X,R) given by the explicit formula 


(6.12) P= Ye Uybepa) DS ey. che dig Nah Myce 


VO +++ q 
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The choice of sign corresponds to (6.2) multiplied by (—1)4(7-)/?, 

(6.13) Example: Dolbeault cohomology groups. Let X be a C-analytic manifold 
of dimension n, and let 6”: be the sheaf of germs of “€° differential forms of type (p, q) 
with complex values. For every p = 0,1,...,, the Dolbeault-Grothendieck Lemma I-2.9 
shows that (6?*,d") is a resolution of the sheaf 04 of germs of holomorphic forms of 
degree p on X. The Dolbeault cohomology groups of X already considered in chapter 1 
can be defined by 

(6.14) H”1(X, C) = 116?" (X)): 


The sheaves 6”4 are acyclic, so we get the Dolbeault isomorphism theorem, originally 
proved in [Dolbeault 1953], which relates d’-cohomology and sheaf cohomology: 


(6.15) HP-4(X,C) —+ H9(X,0%,). 


The case p = 0 is especially interesting: 


(6.16) H°4(X,C) ~ H4(X, Gx). 

As in the case of De Rham cohomology, there is an inclusion 6?:? C oe gt and the 
complex of currents (H),_».n—.,@’) defines also a resolution of Q4,. Hence there is an 
isomorphism: 

(6.17) HPA XC) = AT EPP (Xx) & FOr oy) 


§ 7. Cohomology with Supports 


As its name indicates, cohomology with supports deals with sections of sheaves having 
supports in prescribed closed sets. We first introduce what is an admissible family of 
supports. 


(7.1) Definition. A family of supports on a topological space X is a collection ® of 
closed subsets of X with the following two properties: 


a) If F, F'€®, thn FUF’€®,; 
b) If F € © and F’ C F is closed, then F" € ®. 


(7.2) Example. Let S be an arbitrary subset of X. Then the family of all closed subsets 
of X contained in S is a family of supports. 


(7.3) Example. The collection of all compact (non necessarily Hausdorff) subsets of X 
is a family of supports, which will be denoted simply c in the sequel. 


(7.4) Definition. For any sheaf A and any family of supports ® on X, Ae(X) will 
denote the set of all sections f € A(X) such that Supp f € ®. 
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It is clear that 9le(X) is a subgroup of si(X). We can now introduce cohomology 
groups with arbitrary supports. 


(7.5) Definition. The cohomology groups of A with supports in ® are 
H4(X, of) = H9(0f!(x)). 


The cohomology groups with compact supports will be denoted H4(X, 1) and the coho- 
mology groups with supports in a subset S' will be denoted H3(X, A). 


In particular H2(X, sl) = e(X). If 0 - 1 — B- € — 0 is an exact sequence, 
there are corresponding exact sequences 


(7.6) “or Ixy, 5: cope —:. SX). 4 
HZ (X, x) — HE(X,B) — HEX, 6) — HEX, 91)  -. 


When 3 is flabby, there is an exact sequence 
(7.7) 0 — ta(X) — Ba(X) — €Ea(X) — 0 


and every g € €o(X) can be lifted to v € Be(X) without enlarging the support: apply 
the proof of Prop. 4.3 to a maximal lifting which extends w = 0 on W = C(Supp g). It 
follows that a flabby sheaf 94 is ®-acyclic, ie. HZ(X,) = 0 for all g > 1. Similarly, 
assume that X is paracompact and that of is soft, and suppose that ® has the following 
additional property: every set F' € ® has a neighborhood G € ®. An adaptation of the 
proofs of Prop. 4.3 and 4.13 shows that (7.7) is again exact. Therefore every soft sheaf 
is also ®-acyclic in that case. 


As a consequence of (7.6), any resolution £° of si by ®-acyclic sheaves provides a 
canonical De Rham-Weil isomorphism 


(7.8) H4(L3(X)) — H4(X, sl). 


(7.9) Example: De Rham cohomology with compact support. In the special case 
of the De Rham resolution R —> €® on a paracompact manifold, we get an isomorphism 


(7.10) Hbpo(X,R) = H1((B*(X)) — H(X,R), 


where %2(X) is the space of smooth differential q-forms with compact support in X. 
These groups are called the De Rham cohomology groups of X with compact support. 
When_X is oriented, dim X = n, we can also consider the complex of compactly supported 
currents: 

ee Ce) ea ee os 
Note that G°(X) and €!,_,(X) are respectively the subgroups of compactly supported 
sections in €6® and & both of which are acyclic resolutions of R. Therefore the 


n—e@) 


inclusion %*(X) Cc E!)_.(X) induces an isomorphism 


(7.11) H4(D*(X)) ~ H(E)_.(X)), 
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both groups being isomorphic to H{(X, R). 


Now, we concentrate our attention on cohomology groups with compact support. We 
assume until the end of this section that X is a locally compact space. 


(7.12) Proposition. There is an isomorphism 


HY(X, ol) = lim H4(0, tu) 
UCCX 


where Sly is the sheaf of sections of Sl vanishing on X \U (cf. §3). 


Proof. By definition 


H4(X, sl) = H4(s091(X)) = lim H4((sll*!)y@)) 
UCCX 


since sections of (sfl*!);,(U) can be extended by 0 on X \ U. _However, (sil*l);; is a 
resolution of sly and (sfl4!)y is a Z!4-module, so it is acyclic on U. The De Rham-Weil 
isomorphism theorem implies 


H4((f!*!)(0)) = H°(0, Ay) 


and the proposition follows. The reader should take care of the fact that (sil), does 
not coincide in general with (sly)! 


The cohomology groups with compact support can also be defined by means of Cech 
cohomology. 


(7.13) Definition. Assume that X is a separable locally compact space. If U = (U,) is 
a locally finite covering of X by relatively compact open subsets, we let C2(U, Sf) be the 
subgroups of cochains such that only finitely many coefficients Cog...0, are non zero. The 
Cech cohomology groups with compact support are defined by 


Hi(U, ft) = H2(C2(U, sf)) 
Hi(X, ot) = lim H4(C3(U, sf)) 


u 
For such coverings ‘U, Formula (5.13) yields canonical morphisms 
(7.14) HX°) : H(U, st) — H9(X, sf). 


Now, the lifting Lemma 5.20 is valid for cochains with compact supports, and the same 
proof as the one given in §5 gives an isomorphism 


(7.15) Hi(X, sl) ~ H4(X, sf). 
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§ 8. Cup Product 


Let & be a sheaf of commutative rings and SM, B sheaves of AR-modules on a space 
X. We denote by 4 ®y» B the sheaf on X defined by 


(8.1) (M @ B)z = Ae On, Be, 


with the weakest topology such that the range of any section given by 4(U) @a vy) BU) 


is open in 91 ®yB for any open set U C X. Given f € og PI and g € gid the cup product 
fi ge (A @y B)?* is defined by 


(8.2) if SG My Ch eT Oi ne Pa) SO ing ene ote) 
A simple computation shows that 
(8.3) aP*a( fF ~ g) = (dP f) ~ g + (-1)? f ~ (d'%9). 
In particular, f ~ g is a cocycle if f,g are cocycles, and we have 
Cf ah PS od gat eg eg eles Sg y= dg) 
Consequently, there is a well defined #(X )-bilinear morphism 
(8.4) H?(X, fl) x H9(X, B) — H?t4(X, A @q B) 


which maps a pair ({f}, {g}) to {fv g}. 


Let 0 — B= B — B" — 0 be an exact sequence of sheaves. Assume that the 
sequence obtained after taking the tensor product by 94 is also exact: 


0 — A Qu B— A @mH B’ — A @y B"” — 0. 
Then we obtain connecting homomorphisms 


07: H4(X,B") — H*1(X, B), 
04: H4(X,s1 @y B") — HI (X, fl @y B). 


For every a € H?(X, 91), B” € H4(X, B") we have 


(8.5) OPTa(a ~ ") = (—1)Pa~ (078"), 
(8.5’) OPra(B" ~ a) = (0%8") ~ a, 


where the second line corresponds to the tensor product of the exact sequence by Sf on the 
right side. These formulas are deduced from (8.3) applied to a representant f € sil?!(X) 
of a and to a lifting g’ € B'l(X) of a representative g” of 3” (note that d? f = 0). 


(8.6) Associativity and anticommutativity. Let i: sl @2 B— By I be the 
canonical isomorphism s @tt+t@®s. For alla € H?(X,A), GB € H1(X,B) we have 


B~ a= (-1)Pi(a~ 8). 
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If € is another sheaf of R-modules and y € H"(X,“€), then 


ESB) eS ae ey), 


Proof. The associativity property is easily seen to hold already for all cochains 
(frg)vh=fr(grh), fest, ge Rll, he ell. 


The commutation property is obvious for p = q = 0, and can be proved in general by 
induction on p+ q. Assume for example q > 1. Consider the exact sequence 


0 — B— F’ — ZF" —-0 


where B’ = Bl! and B’” = Bll/B. This exact sequence splits on each stalk (but 
not globally, nor even locally): a left inverse Ble Ig B, of the inclusion is given by 
g +> g(x). Hence the sequence remains exact after taking the tensor product with sf. 
Now, as %’ is acyclic, the connecting homomorphism H?~!(X,B"”) — H4(X,B) is 
onto, so there is 8” € H4~1(X, B”) such that BG = 07-18". Using (8.5’), (8.5) and the 
induction hypothesis, we find 


Bra=OPtrl(g" Caja opt ((_1)P@-) i(av 8") 
= (—1)P-Y gaPt9- Kaw ") = (—1)P-Y(-1)P i(a © 8). 


Theorem 8.6 shows in particular that H°®(X, &) is a graded associative and supercom- 
mutative algebra, i.e. G ~ a = (—1)?2 a ~ @G for all classes a € H?(X,R), B © HX, KR). 
If ol is a R-module, then H*°(X, SM) is a graded H®(X, K)-module. 


(8.7) Remark. The cup product can also be defined for Cech cochains. Given ¢ € 
CP(U, A) and ¢ € C4(U, B), the cochain cv c’ € CP*I(U, Sl @y B) is defined by 


! 
(c “eC Vaicieenue = Cao. Xp & Co. .Ap+q on Oo. -Aptq’ 


Straightforward calculations show that 
SP (oc) = (Pe) ~ e+: (—1 Pew (de) 
and that there is a commutative diagram 


HP (U, 4) x H4(U, B) — H?+4(AU, ol @y B) 


l { 


H?(X, s)xH(X,B) —+ H?+4(X, of Oy B), 


where the vertical arrows are the canonical morphisms H*(A°) of (5.14). Note that the 
commutativity already holds in fact on cochains. 


(8.8) Remark. Let ® and W be families of supports on X. Then ®NW is again a family 
of supports, and Formula (8.2) defines a bilinear map 


(8.9) HE(X, sl) x HY(X, B) — HET (X, A @y B) 
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on cohomology groups with supports. This follows immediately from the fact that 
Supp(f + g) C Supp f Supp g. 


(8.10) Remark. Assume that X is a differentiable manifold. Then the cohomology 
complex H}jp(X,R) has a natural structure of supercommutative algebra given by the 
wedge product of differential forms. We shall prove the following compatibility statement: 


Let H4(X,R) —> H§,(X,R) be the De Rham-Weil isomorphism given by Formula 
(6.12). Then the cup product c' ~ c” is mapped on the wedge product f' A f” of the 
corresponding De Rham cohomology classes. 


By remark 8.7, we may suppose that c’,c’ are Cech cohomology classes of respective 
degrees p,q. Formulas (6.11) and (6.12) give 


fru, row S- Crewe es AW, \ ee Ae mee 


VO 5+++)Y¥p—-1 
f'= vO @ by, , dy A... Add 
Vp. Vpt+q 'Y¥pt+a Vp mie Vp+q-1° 
Vp yerey Vp+q 


We get therefore 


1 / 1" 
aa /\ f = S- Cyg...Up OY iin Dri qgtPro \ rinad A Weis 043 


VO,++-Upt+q 


which is precisely the image of c~ c’ in the De Rham cohomology. 


§9. Inverse Images and Cartesian Products 


§9.A. Inverse Image of a Sheaf 


Let F : X — Y be a continuous map between topological spaces X,Y, and let 
mq: 9 — Y bea sheaf of abelian groups. Recall that inverse image F~'sf is defined as 
the sheaf-space 

F-'s@=a xy X = {(s, 2); 1(s) = F(x)} 


with projection 7’ = pr. : F~tsl — X. The stalks of F~!sf are given by 


and the sections 0 € F~'si(U) can be considered as continuous mappings o : U — 
such that too = F. In particular, any section s € si(U) has a pull-back 


(9.2) F*s=soFe€F 'MA(F '(U)). 
For any v € ofl), we define F*v € (F~' st)! by 


(9.3) Bry Get gt) SU PG) tet Gp) Le eS SM (2,4) 


222 Chapter IV. Sheaf Cohomology and Spectral Sequences 


for zo € V(x), 21 € V(&o),---,L¢ € vA ...,%q-1). We get in this way a morphism 
of complexes F* : sfl*l(Y) — (F A154 sf)'*1(X). On cohomology groups, we thus have an 
induced morphism 


(9.4) F* : H4(Y,sl) — H49(X, F7'sst). 


Let 0 — 1 — B—- ECE — 0 be an exact sequence of sheaves on X. Thanks to property 
(9.1), there is an exact sequence 


0-3: F's POG Ss Pe 0. 


It is clear on the definitions that the morphism F™* in (9.4) commutes with the associated 
cohomology exact sequences. Also, F* preserves the cup product, i.e. F*(a vv ZB) = 
F*qa ~ F*@ whenever a, @ are cohomology classes with values in sheaves sf, Bon X. 
Furthermore, if G: Y — Z is a continuous map, we have 


(9.5) (Gory = F*eG?: 


(9.6) Remark. Similar definitions can be given for Cech cohomology. If Wd = (Ua)aer 
is an open covering of Y, then F~'U = (f-*(U2)) is an open covering of X. For 
c€ C4(U, 1), we set 


ael 


CPC) esas = Cag...aq © Be CFU, F-'sf). 


This definition is obviously compatible with the morphism from Cech cohomology to 
ordinary cohomology. 


(9.7) Remark. Let © be a family of supports on Y. We define F~!W to be the family 
of closed sets K C X such that F'\(/) is contained in some set L € VW. Then (9.4) can be 
generalized in the form 


(9.8) F* : Ha(Y,) — Hi, (X, F's). 


(9.9) Remark. Assume that X and Y are paracompact differentiable manifolds and 
that F: X > Y isa 6% map. If (Wa)aer is a partition of unity subordinate to U, then 
(W. 0° F)aer is a partition of unity on X subordinate to F~'U. Let ¢ € C4(U, R). The 
differential form associated to F'*c in the De Rham cohomology is 


Sy Gay igs Pda, oP) Ns chang 5 8P) 


VO +++ ,Vq 


= F*( yee bugduy A. drg-1): 


VO +++ Vq 


Hence we have a commutative diagram 
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§9.B. Cohomology Groups of a Subspace 


Let of be a sheaf on a topological space X, let S be a subspace of X and ig : S —> X 
the inclusion. Then i594 is the restriction of Mf to 9, so that H4(S, 1) = H4(S,ig' sf) by 
definition. For any two subspaces S’ C S, the inclusion of S’ in S' induces a restriction 
morphism 


H4%(S, 1) — H4(8", sf). 


(9.10) Theorem. Let si be a sheaf on X and S a strongly paracompact subspace in X. 
When Q ranges over open neighborhoods of S, we have 


H(S, 9) = lim H4(Q, sf). 
QDS 


Proof. When q = 0, the property is equivalent to Prop. 4.7. The general case follows 
by induction on q if we use the long cohomology exact sequences associated to the short 
exact sequence 

0— of — fll — gll/a — 0 


on S$ and on its neighborhoods 2 (note that the restriction of a flabby sheaf to S is soft 
by Prop. 4.7 and the fact that every closed subspace of a strongly paracompact subspace 
is strongly paracompact). 


§9.C. Cartesian Product 


We use here the formalism of inverse images to deduce the cartesian product from 
the cup product. Let R be a fixed commutative ring and 4% — X, B— Y sheaves of 
R-modules. We define the external tensor product by 


(9.11) ABR B= pry A @rpry'B 


where pr), pr. are the projections of X x Y onto X,Y respectively. The sheaf A kp B 
is thus the sheaf on X x Y whose stalks are 


(9.12) (sd Xr B) (x,y) = A, @R By. 

For all cohomology classes a € H?(X,s1), @ € H%(Y,B) the cartesian product a x 3 € 
H?*4(X x Y, 91 Bp B) is defined by 

(9.13) a x 3 = (pria) ~ (pr3>8). 


More generally, let @ and W be families of supports in X and Y respectively. If ® x U 
denotes the family of all closed subsets of X x Y contained in products K x L of elements 
ke, LEW, the cartesian product defines a R-bilinear map 


(9.14) HE(X, ol) x HEY, B) — HEIL (X x Y, BR B). 


If fl’ + X, B’ — Y are sheaves of abelian groups and if a’, 3’ are cohomology classes 
of degree p’, q’ with values in sl’, B’, one gets easily 


(9.15) (a x B) v (a! x 6") = (-1)™ (av a’) x (8 8’). 
Furthermore, if F': X’ — X and G: Y’ — Y are continuous maps, then 


(9.16) (F x G)*(a x 8) = (F*a) x (G*8). 
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§10. Spectral Sequence of a Filtered Complex 


§10.A. Construction of the Spectral Sequence 


The theory of spectral sequences consists essentially in computing the homology 
groups of a differential module (K,d) by “successive approximations”, once a filtra- 
tion F,(4‘) is given in K and the cohomology groups of the graded modules G',(K) are 
known. Let us first recall some standard definitions and notations concerning filtrations. 


(10.1) Definition. Let R be a commutative ring. A filtration of a R-module M is a 
sequence of submodules M, C M, p € Z, also denoted M, = F,(M), such that Mp+1 C 
M, for allp € Z, JM, =M and (\M, = {0}. The associated graded module is 


G(M) = QD G,(™), Gp(M) = Mp/Mp+1 
pEZ 


Let (,d) be a differential module equipped with a filtration (K,) by differential 
submodules (i.e. dk, C K, for every p). For any number r € NU {oo}, we define 
ZP, BEC Gp(K) = Kp/Kp+1 by 
(10.2) ZP=K,(Vd- Key mod Kyi, Z2s—Ky 0d “{0} mod Ky+1, 
(10.2’) Be 1G Veh pay mod Kae, (Behe (ae mod: Kaan: 


(10.3) Lemma. For every p and r, there are inclusions 


ter BE Baie Wa Ds CEC are ACA. Bie 


and the differential d induces an isomorphism 


dS LR ZB Bee 


Proof. It is clear that (Z?) decreases with r, that (B?) increases with r, and that 
Be, Cc Ze. By definition 

Zp = (KpN d-"Kp+r)/(Kpt1 M d*Kp+r), 

BE = (4G Nd hoar4i)/ (Boe dK p74). 


The differential d induces a morphism 
Zp — (dKp 0 Kpyr)/(dK p41 Kp4r) 
whose kernel is (KM d~'{0})/(Ky419 d~!{0}) = Z2,, whence isomorphisms 
d : ZP/Z?, — (Kp4, dK) /(Kpar NK p41), 
d: Zp Zr 41 —> (Kptr VdKp)/(Kptr 1 dK py + Kpprg dK). 
The right hand side of the last arrow can be identified to B?{7/BP+", for 


Br” = (Kp4r dK p41)/(Kp4rg1 1 dK p41), 
Bry = (Kptr 1 dKp)/(Kppr41 dK). 
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Now, for each r € N, we define a complex E? = @, <7 EP with a differential d, : 
EP —> EP*" of degree r as follows: we set H? = Z?/BP and take 


(10.4) d, + ZP/BP—» ze/z?,, 2, petr/Betr —, zptr /Betr 


where the first arrow is the obvious projection and the third arrow the obvious inclusion. 
Since d,. is induced by d, we actually have d,.o d, = 0 ; this can also be seen directly by 
the'fact that Bos, CZi:,. 


(10.5) Theorem and definition. There is a canonical isomorphism E?,, ~ H*(E®). 
The sequence of differential complexes (E*,d®) is called the spectral sequence of the filtered 
differential module (K, d). 


Proof. Since d is an isomorphism in (10.4), we have 


ker:d, = 77 .4/Be. Img, = BP Be. 


Hence the image of d, : EP~" —> EP is BP, /BP and 


H?(E?) = (2714 / BE) (Bal BP) = 24) Brey = Ey ey 


(10.6) Theorem. Consider the filtration of the homology module H(K) defined by 
F,(H(K)) =Im (H(Kp) — H(K)). 
Then there is a canonical isomorphism 


Ey = Gp(H(K)). 


Proof. Clearly F,(H(K)) = (Kp d~!{0})/(K, 1 dK), whereas 


ZB, = (Kp Md "{0})/(Kp4iNd*{0}), BY, = (Ky NdK)/(Kpai N dK), 
BR, = Z2,/BY, = (Ky Nd-1{0})/(Kpai Nd-1{0} + Ky dK). 


It follows that E®, ~ F,(H(K))/Fp41(H(4)). 


In most applications, the differential module kK has a natural grading compatible 
with the filtration. Let us consider for example the case of a cohomology complex K* = 
Diez K'. The filtration Ks = F,(K°) is said to be compatible with the differential 
complex structure if each Af is a subcomplex of K®, i.e. 


K3 =D, 
1eZ 


where (Kf) is a filtration of K’. Then we define Z?7, B?-4, E*4 to be the sets of elements 
of Z?, BP, EP of total degree p+ q. Therefore 
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(10.7) ZPt= Ketan d- Ket) mod KPtT, Ze = @ZPs, 
(10.7') Bea Ketan dKeta) mod KPti, BP = @ B?-4, 
(10.7”) Epis Zp [Bet , B= Dee, 


and the differential d, has bidegree (r, —r + 1), ie. 
(10.8) dp < EPO EP rey 


For an element of pure bidegree (p, q), p is called the filtering degree, q the complementary 
degree and p+ q the total degree. 


(10.9) Definition. A filtration (K}) of a complex K® is said to be regular if for each 
degree | there are indices v(l) < N(l) such that Ge = K! for p < v(l) and Ky = 0 for 
p> Nil). 


If the filtration is regular, then (10.7) and (10.7’) show that 


ZP4 = ZPI—...=ZP9 for r> N(p+qtl1)—p, 
Bed = Bet =...= Bet for r>p+1—v(p+q-1), 


therefore EP? = EP:4 for r > ro(p,q). We say that the spectral sequence converges to its 
limit term, and we write symbolically 


(10.10) EP4 —» HP+4(K*) 


to express the following facts: there is a spectral sequence whose terms of the r-th 
generation are E?-7, the sequence converges to a limit term 2:4, and E?:'~? is the term 
G,(H'(K°)) in the graded module associated to some filtration of H'(K®). 


(10.11) Definition. The spectral sequence is said to collapse in E® if all terms Z?", 
Bet, EP" are constant fork >r, or equivalently if d, = 0 in all bidegrees for k > r. 


(10.12) Special case. Assume that there exists an integer r > 2 and an index go such 
that EP? = 0 for g # q. Then this property remains true for larger values of r, and we 
must have d, = 0. It follows that the spectral sequence collapses in E* and that 


H'(K°) — fFy!—-40,90. 


Similarly, if £24 = 0 for p ¥ po and some r > 1 then 


EK) = Bpo ee. 


§ 10.B. Computation of the First Terms 


Consider an arbitrary spectral sequence. For r = 0, we have Z§ = K,/Kyp41, BO = 
{0}, thus 


(10.13) EQ = Kp/Kp+1 = G)(K). 
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The differential do is induced by d on the quotients, and 
(10.14) E? = H(G,(K)). 
Now, there is a short exact sequence of differential modules 
0 — Gpyi(K) — Kp/Kp+2 — Gp(K) — 0. 
We get therefore a connecting homomorphism 
(10.15) EP? = H(G,(K)) 4 H(Gpy1(K)) = ERM. 


We claim that 0 coincides with the differential d, : indeed, both are induced by d. When 
K°® is a filtered cohomology complex, d; is the connecting homomorphism 


(10.16) BP = PG, (K)) 2s HO Gy (KO) = EE, 


§11. Spectral Sequence of a Double Complex 


A double complex is a bigraded module K** = @Q K”*4 together with a differential 
d= d' +d" such that 


(11.1) es ds eee CeO; CC OL, eee (2 ean 
and dod =0. In particular, d’ and d” satisfy the relations 
(2) d’2 As qi’? = 0, d'd’ zs dd’ =f}, 


The simple complex associated to K°** is defined by 


K'= @ KPa 


ptq=l 


together with the differential d. We will suppose here that both graduations of K°* are 
positive, ie. K?*? = 0 for p< O0orgq< 0. The first filtration of K® is defined by 


(11.3) Kh= @ Ks OR. 


i+j=l, izp PRI 


The graded module associated to this filtration is of course Gp(K') = K?'~?, and the 
differential induced by d on the quotient coincides with d” because d’ takes K . to K. aie 
Thus we have a spectral sequence beginning by 


(11.4) Bo Stet pad EES TB). 
By (10.16), d; is the connecting homomorphism associated to the short exact sequence 


0— KPtl® _, KP* @ KPthe _, KP.* —_, 0 
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where the differential is given by (d mod K?*?**) for the central term and by d” for 
the two others. The definition of the connecting homomorphism in the proof of Th. 1.5 
shows that 

d=0: H4,(K”*) — H4,(K?th*) 


is induced by d’. Consequently, we find 
(115) BS" = HE (ED) = HE (HY(KO")). 


For such a spectral sequence, several interesting additional features can be pointed 
out. For all r and J, there is an injective homomorphism 


I 
E°: 


: 0,1 
r+1 Es; 


whose image can be identified with the set of d,-cocycles in E®" ; the coboundary group 
is zero because E?:4 = 0 for q < 0. Similarly, E4° is equal to its cocycle submodule, and 
there is a surjective homomorphism 


1,0 10 . 7,0 l—r,r-1 
E. oe Esa = Ei /d,E,, 


Furthermore, the filtration on H'(K*) begins at p = 0 and stops at p = J, ie. 
(11.6) HH) SHC), BK) =0) for pS 
Therefore, there are canonical maps 
ann H'(K*)—» Go(H'(K*)) = Ey — EQ”, 

Ey —» E®® = Gi (H'(K*)) — H'(K*). 


These maps are called the edge homomorphisms of the spectral sequence. 


(11.8) Theorem. There is an exact sequence 
0— Ey? — H1(K*) — BS" &, F2° _, H?(K°) 


where the non indicated arrows are edge homomorphisms. 


Proof. By 11.6, the graded module associated to H'(K°*) has only two components, and 
we have an exact sequence 


0— Elo —, H'(K*) — Eo! — 0. 


However E1:° = E5’° because all differentials d, starting from E}° or abuting to E}-° 
must be zero for r > 2. Similarly, E2:' = ee and £29 = Ee”. thus there is an exact 
sequence 

0— Eo! _, pas ues (oe — £2 —, 0, 


A combination of the two above exact sequences yields 


dz 


Oe A Se 
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Taking into account the injection E2:° —+ H?(K°) in (11.7), we get the required exact 
sequence. 


(11.9) Example. Let X be a complex manifold of dimension n. Consider the double 
complex K?4 = éx<,(X,C) together with the exterior derivative d = d'+d”. Then there 
is a spectral sequence which starts from the Dolbeault cohomology groups 


EP’ — HP4(X,C) 


and which converges to the graded module associated to a filtration of the De Rham 
cohomology groups: 
EPs EOC). 


This spectral sequence is called the Hodge-Frélicher spectral sequence |Frélicher 1955]. 
We will study it in much more detail in chapter 6 when X is compact. 


Frequently, the spectral sequence under consideration can be obtained from two dis- 
tinct double complexes and one needs to compare the final cohomology groups. The 
following lemma can often be applied. 


(11.10) Lemma. Let K?:4 —+ L?*4 be a morphism of double complexes (i.e. a double 
sequence of maps commuting with d’ and d''). Then there are induced morphisms 


KES — pe, r = 0 


of the associated spectral sequences. If one of these morphisms is an isomorphism for 
some r, then H'(K*) —> H'(L®) is an isomorphism. 


Proof. If the r-terms are isomorphic, they have the same cohomology groups, thus 
KER, ~ LES, and . ES? ~ 1 ES in the limit. The lemma follows from the fact that 
if a morphism of graded modules y : M —> M" induces an isomorphism G,(M) —> 


G.(M’), then y is an isomorphism. 


§ 12. Hypercohomology Groups 
Let (£°,6) be a complex of sheaves 


ee a, 
on a topological space X. We denote by HY = #4(L°) the q-th sheaf of cohomology 
of this complex; thus #2 is a sheaf of abelian groups over X. Our goal is to define 
“veneralized cohomology groups” attached to £° on X, in such a way that these groups 
only depend on the cohomology sheaves #%. For this, we associate to £%* the double 
complex of groups 


(12.1) KE? = (£9I(X) 


with differential d’ = d? given by (2.5), and with d” = (—1)?(59)#!. As (62)l*! : 
(gall —. (¢2+})l*] is a morphism of complexes, we get the expected relation d'd!’ + 
dd =; 
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12.2) Definition. The groups H4(K®&,) are called the hypercohomology groups of £° 
L 
and are denoted H4(X, £°). 


Clearly H°(X, £°) = #°(X) where #° = ker 6° is the first cohomology sheaf of &£°. 
If yp? : £° —> M® is a morphism of sheaf complexes, there is an associated morphism of 
double complexes y** : K%;* —> K4*, hence a natural morphism 


(12.3) H%(y*) : HX, £°) — HX, Ml). 


We first list a few immediate properties of hypercohomology groups, whose proofs are 
left to the reader. 


(12.4) Proposition. The following properties hold: 


a) If £7=0 forq #0, then H%(X, £°) = H4(X, L£°). 


b) If £°[s] denotes the complex L° shifted of s indices to the right, i.e. £°[s]? = LI-*, 
then H4(X, £°[s]) = H2-*(X, £°). 


c) If0 —> £° — M* —+ N* —+ 0 is an exact sequence of sheaf complexes, there is a 
long exact sequence 


-HI2(X, £°) —> H2(X, °) — W(X, v*) 25 Wet1X, &)--, 


If £° is a sheaf complex, the spectral sequence associated to the first filtration of KS, 
is given by 
ER = HE(KE*) = HY(£*)(X)). 


However by (2.9) the functor sf ++ sflP?](X) preserves exact sequences. Therefore, we 
get 


(12.5) EP — (#1(£%)) (x), 
(12:57) Eg = HPUX, HAL"); 


since ER! = H!,(E7"). If p® : £° —> Ml is a morphism, an application of Lemma 
11.10 to the £-term of the associated first spectral sequences of K%;* and K4j° yields: 


(12.6) Corollary. Jf y® : £° — WM® is a quasi-isomorphism (this means that y* 
induces an isomorphism H*(L°) —> H*(M*) ), then 


Hi(y*) : Hi(xX, £°) — HX, Ml?) 


is an isomorphism. 


Now, we may reverse the roles of the indices p,q and of the differentials d’,d’”. The 


second filtration F,(K4) = Disp a is associated to a spectral sequence such that 


BY! = 4 (K%?) = H4,((£?)"1(X)), hence 


(12.7) EPt — H4(X, LP), 
2:7) PS = Be aX ee), 
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These two spectral sequences converge to limit terms which are the graded modules 
associated to filtrations of H®(X, &°) ; these filtrations are in general different. Let us 
mention two interesting special cases. 


e Assume first that the complex ¥° is a resolution of a sheaf 91, so that #° = sf and 
#4 = 0 for gq > 1. Then we find 


E>? — H?(X,x), ER%=0 for q>1. 


It follows that the first spectral sequence collapses in E’$, and 10.12 implies 


(12.8) HI! (X, £°) ~ H'(X, sf). 


e Now, assume that the sheaves £74 are acyclic. The second spectral sequence gives 
ER = HP(£°(X)), EP — 0 for q>1, 
(12.9) Hl’ (X, £°) ~ H'(£°(X)). 


If both conditions hold, i.e. if £*° is a resolution of a sheaf s1 by acyclic sheaves, 
then (12.8) and (12.9) can be combined to obtain a new proof of the De Rham-Weil 
isomorphism H'(X, sf) ~ H'(L£°(X)). 


§ 13. Direct Images and the Leray Spectral Sequence 


§13.A. Direct Images of a Sheaf 


Let X,Y be topological spaces, Ff’: X — Y acontinuous map and “a sheaf of abelian 
groups on X. Recall that the direct image F’,S4 is the presheaf on Y defined for any open 
set U CY by 


(13.1) (F,1)(U) = A(F*(U)). 


Axioms (I]-2.4’ and (II-2.4”) are clearly satisfied, thus FS( is in fact a sheaf. The 
following result is obvious: 


(13.2) A is flabby => F,91 is flabby. 
Every sheaf morphism y : si — & induces a corresponding morphism 
Fy : FSM =z. PB, 


so fF, is a functor on the category of sheaves on X to the category of sheaves on Y. 
This functor is exact on the left: indeed, to every exact sequence 0 > 1 - B— © is 
associated an exact sequence 


0— FA — FB F,S, 


but F,B — F,€ need not be onto if B — © is. All this follows immediately from 
the considerations of §3. In particular, the simplicial flabby resolution (si!*!,d) yields a 
complex of sheaves 


(13.3) 0— Fl — fyi] —....—3 Fylel ee Pole as oe 
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(13.4) Definition. The q-th direct image of sl by F is the q-th cohomology sheaf of the 
sheaf complex (13.3). It is denoted 


RIF A = HF, Al), 


As F, is exact on the left, the sequence 0 — F, 4 > F, 9! 4 F,si!! is exact, thus 
(135) R°F,A = F,sA. 


We now compute the stalks of RYF,s1. As the kernel or cokernel of a sheaf morphism is 
obtained stalk by stalk, we have 


(RIF. A)y = H1(F,t*!),) = lim H41(F,s1!"(U)). 
Udy 


The very definition of F, and of sheaf cohomology groups implies 
H(F,All(u)) = H2(ll(r-l(U))) = H4(F 1), 9), 
hence we find 


(13.6) (RIF,M)y = lim H4(F7*(U), 94), 
Udy 


i.e. RIF,SI is the sheaf associated to the presheaf U ++ H4(F~1(U), sl). We must stress 
here that the stronger relation RIF, 9(U) = H4(F—*(U), Ml) need not be true in general. 
If the fiber F—!(y) is strongly paracompact in X and if the family of open sets F~!(U) is 
a fundamental family of neighborhoods of F~!(y) (this situation occurs for example if X 
and Y are locally compact spaces and F' a proper map, or if fF = pr;: X =Y xS—Y 
where S' is compact), Th. 9.10 implies the more natural relation 


(13.6’) (RIF, SM), = H9(F*(y), of). 


Let 0 — sl — B—- EC — 0 be an exact sequence of sheaves on X. Apply the long 
exact sequence of cohomology on every open set F~'(U) and take the direct limit over U. 
We get an exact sequence of sheaves: 


(13-7) 0=—> Bol — BB — = BS = BESS 
—+ RIF SM — RIP B— RLS RIF sl —> +s 


§13.B. Leray Spectral Sequence 


For any continuous map F': X — Y, the Leray spectral sequence relates the coho- 
mology groups of a sheaf sf on X and those of its direct images R4F,51 on Y. Consider 
the two spectral sequences E*®, E® associated with the complex of sheaves L£° = F, sil) 
on Y, as in § 12. By definition we have #4(L°) = RIF,s1. By (12.5’) the second term 
of the first spectral sequence is 


EP — HP(Y, RIF, SM), 
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and this spectral sequence converges to the graded module associated to a filtration of 
Ht! (Y, F,sfl*!). On the other hand, (13.2) implies that F, 91! is flabby. Hence, the second 
special case (12.9) can be applied: 


H'(Y, Fst!) ~ A(R, sl*l(v)) = A! (stll(x)) = H'(X, of). 


We may conclude this discussion by the following 


(13.8) Theorem. For any continuous map F : X — Y and any sheaf A of abelian 
groups on X, there exists a spectral sequence whose E'S term is 


EP — HP(Y, RIF, SA), 


which converges to a limit term E®:'-? equal to the graded module associated with a 
filtration of H'(X, 1). The edge homomorphism 


HY, Ft) —» EL — A(X, sf) 
coincides with the composite morphism 


* L 
F#. Ay, FA) © wx, FOR) DY wx, o) 


where up: F-'F,s1 — sf is the canonical sheaf morphism. 


Proof. Only the last statement remains to be proved. The morphism pr is defined 
as follows: every element s € (F~'F,S)2 = (F,9l) r(z) is the germ of a section § € 
F,A(V) = (F—'(V)) on a neighborhood V of F(a). Then F~!(V) is a neighborhood 
of x and we let urs be the germ of 5 at x. 

Now, we observe that to any commutative diagram of topological spaces and contin- 


uous maps is associated a commutative diagram involving the direct image sheaves and 
their cohomology groups: 


F FH 
y ay H'(X, of) & HY, F.9f) 
real \a a#T Tu# 
xf yy H'(X', Gs) £7 HY’, F’G, 9M). 


There is a similar commutative diagram in which F* and F’* are replaced by the 
edge homomorphisms of the spectral sequences of F' and F’ : indeed there is a natural 
morphism H~!F’R — F,G~'# for any sheaf B on X’, so we get a morphism of sheaf 
complexes 


HOPG Sse (60) SFG a) =, 


hence also a morphism of the spectral sequences associated to both ends. 


The special case X’' = Y' = Y, G= F, F’ = H = Idy then shows that our statement 
is true for F if it is true for F’. Hence we may assume that F is the identity map; in 
this case, we need only show that the edge homomorphism of the spectral sequence of 
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F,sil*! = sfl*] is the identity map. This is an immediate consequence of the fact that we 
have a quasi-isomorphism 


(60S Oe el 


(13.9) Corollary. If RYF,91 = 0 for q > 1, there is an isomorphism H'(Y,F,A) ~ 
H'(X, sl) induced by F*. 


Proof. We are in the special case 10.12 with E5’? = 0 for q 4 0, so 


H'(Y, F,f) = E5° ~ H'(X, sf). 


(13.10) Corollary. Let F : X —+Y be a proper finite-to-one map. For any sheaf A on 
X, we have R°F,s1 = 0 for q >1 and there is an isomorphism H'(Y, FSA) ~ H'(X, sf). 


Proof. By definition of higher direct images, we have 


(RIF, M)y = lim H4(st!*!(F7(U))). 
U5y 


If F~1(y) = {a1,..., 2m}, the assumptions imply that (F’~'(U)) is a fundamental system 
of neighborhoods of {x1,...,2m}. Therefore 


(RIF. A)y = aE, H1(s4!¢!) _ es cle; for q=0, 


for g>1 
1<j<m ree 


and we conclude by Cor. 13.9. 


Corollary 13.10 can be applied in particular to the inclusion 7 : S — X of a closed 
subspace S$. Then j,54 coincides with the sheaf 5° defined in §3 and we get H4(5, sl) = 
H4(X,s°). It is very important to observe that the property R%j,s1 = 0 for q > 1 need 
not be true if S is not closed. 


§13.C. Topological Dimension 


As a first application of the Leray spectral sequence, we are going to derive some 
properties related to the concept of topological dimension. 


(13.11) Definition. A non empty space X is said to be of topological dimension < n if 
H(X,) = 0 for any q>n and any sheaf A on X. We let topdim X be the smallest 
such integer n if it exists, and +o0 otherwise. 


(13.12) Criterion. For a paracompact space X , the following conditions are equivalent: 
a) topdimX <n; 
b) the sheaf &” = ker(silm] —. sfl"+1]) is soft for every sheaf sf ; 


c) every sheaf A admits a resolution 0 ~ £9 > --- = L" — 0 of length n by soft 
sheaves. 
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Proof. b) => c). Take £4 = ofl] for g<n and £” = FE". 


c) = > a). For every sheaf sf, the De Rham-Weil isomorphism implies H4(X,s) = 
H4(L°(X)) = 0 when gq >n. 


a) —> b). Let S be a closed set and U = X \ S. As in Prop. 7.12, (sf!*!)y is an acyclic 
resolution of My. Clearly ker ((sl™l)y — (sain +11) 77) = £7,, so the isomorphisms (6.2) 
obtained in the proof of the De Rham-Weil theorem imply 

ANX 2) 2H Oy) =. 
By (3.10), the restriction map E"(X) —> E"(S$) is onto, so E” is soft. 


(13.13) Theorem. The following properties hold: 


a) If X is paracompact and if every point of X has a neighborhood of topological dimen- 
sion <n, then topdimX <n. 


b) If S Cc X, then topdim S < topdim X provided that S is closed or X metrizable. 


c) If X,Y are metrizable spaces, one of them locally compact, then 


topdim (X x Y) < topdim X + topdim Y. 


d) If X is metrizable and locally homeomorphic to a subspace of R", then topdim X <n. 


Proof. a) Apply criterion 13.12 b) and the fact that softness is a local property (Prop. 
419). 


b) When S is closed in X, the property follows from Cor. 13.10. When X is metrizable, 
any subset S is strongly paracompact. Let 7 : S —> X be the injection and sf a sheaf 
on S. As 4 = (j,9);5, we have 
H4(S, A) = H4(S, 3,4) = lim H7(Q, 3,54) 
QDS 
by Th. 9.10. We may therefore assume that S is open in X. Then every point of S has 
a neighborhood which is closed in X, so we conclude by a) and the first case of b). 


c) Thanks to a) and b), we may assume for example that X is compact. Let of be a 
sheaf on X x Y and 7: X x Y —~ Y the second projection. Set nx = topdim X, 
ny = topdimY. In virtue of (13.6’), we have R’z, = 0 for gq > nx. In the Leray 
spectral sequence, we obtain therefore 


He =H (Y, Rn) =0- for p> ny or ¢> nx, 
thus E?:!-P = 0 when 1 > nx + ny and we infer H'(X x Y, sl) =0. 
d) The unit interval [0,1] C R is of topological dimension < 1, because [0,1] admits 
arbitrarily fine coverings 
(13.14) Ux = ( [0,1] A \(a — 1)/k, (a+ 1)/k{ ) 


for which only consecutive open sets U,, Ug+1 intersect; we may therefore apply Prop. 
5.24. Hence R” ~ j0, 1["C [0, 1]” is of topological dimension < n by b) and c). Property 
d) follows. 


O0<ax<k 
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§14. Alexander-Spanier Cohomology 


§14.A. Invariance by Homotopy 


Alexander-Spanier’s theory can be viewed as the special case of sheaf cohomology 
theory with constant coefficients, i.e. with values in constant sheaves. 


(14.1) Definition. Let X be a topological space, R a commutative ring and M a R- 
module. The constant sheaf X x M is denoted M for simplicity. The Alexander-Spanier 
q-th cohomology group with values in M is the sheaf cohomology group H4(X,M). 


In particular H°(X,M) is the set of locally constant functions X — M, therefore 
H°(X,M) ~ M®, where E is the set of connected components of X. We will not repeat 
here the properties of Alexander-Spanier cohomology groups that are formal consequences 
of those of general sheaf theory, but we focus our attention instead on new features, such 
as invariance by homotopy. 


(14.2) Lemma. Let I denote the interval [0,1] of real numbers. Then H°(I,M) = M 
and H4(I,M)=0 forqg #0. 


Proof. Let us employ alternate Cech cochains for the coverings WU, defined in (13.14). 
As I is paracompact, we have 


H4(I,M) = lim H4(Un, M). 


However, the alternate Cech complex has only two non zero components and one non 


zero differential: 
AC*(Un, M) = {(ca)o<agn} = M"*?, 


AC*(Un, M) = {(caa+1)o<gegn-1} = M", 
a (es) i Caprese = (Cats 7 Gis 


We see that d° is surjective, and that ker d° = {(m, Tse h m)} =M. 


For any continuous map f : X — Y, the inverse image of the constant sheaf M on 
Y is f- 1M =M. We get therefore a morphism 


(14.3) f* : H(Y,M) — H4(x, M), 
which, as already mentioned in 89, is compatible with cup product. 


(14.4) Proposition. For any space X, the projection n : X x I —> X and the injections 
ip: X —> X x I, e+ > (a2,t) induce inverse isomorphisms 


* 


H(X,M) 2 H%(X xI,M). 


In particular, 14¢ does not depend on t. 


Proof. As 70% = Id, we have i¥ o 7* = Id, so it is sufficient to check that 7* is an 
isomorphism. However (R!7,M), = H4(I, M) in virtue of (13.6’), so we get 


R°7,M=M, R%x,M=0 for q # 0 
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and conclude by Cor. 13.9. 
(14.4) Theorem. /f f,g : X — Y are homotopic maps, then 
f* =g*: H4(Y,M) — A4(X,M),. 


Proof. Let H : X x I —+ Y be a homotopy between f and g, with f = H o 7% and 
g = H 074. Proposition 14.3 implies 


x +k * +k kok 
f S15 0H S14, oH = @": 


We denote f ~ g the homotopy equivalence relation. Two spaces X,Y are said to 
be homotopically equivalent (X ~ Y) if there exist continuous maps u: X — Y, 
v:Y — X such that vou~ Idx and uov~ Idy. Then H9(X,M) ~ H49(Y, M) and 
u*,v* are inverse isomorphisms. 


(14.5) Example. A subspace S C X is said to be a (strong) deformation retract of X 
if there exists a retraction of X onto S, i.e. a map r: X —> S such that roj = Idg 
(j = inclusion of S in X), which is a deformation of Idx, i.e. there exists a homotopy 
H:X xI—  X relative to S between Idx and jor: 


He, 0) =o. Hal y=r ee) on: XxX, -Aayt) =e ono x. 


Then X and S are homotopically equivalent. In particular X is said to be contractible if 
X has a deformation retraction onto a point x. In this case 


M for q=0 


HX, M) = H%({ao},M) = \ for q # 0. 


(14.6) Corollary. If X is a compact differentiable manifold, the cohomology groups 
H4(X, R) are finitely generated over R. 


Proof. Lemma 6.9 shows that X has a finite covering “W such that the intersections 
Uny..cq ave contractible. Hence U is acyclic, H1(X,R) = H4(C*(U, R)) and each Cech 
cochain space is a finitely generated (free) module. 


(14.7) Example: Cohomology Groups of Spheres. Set 
S" ={ee RR"; sf+ait+...¢a2=1}, nZBl. 
We will prove by induction on n that 


n M forq=Oorq=n 
14.8 H4(S",M) = { 
aes rant) 0 otherwise. 
As S” is connected, we have H°(S", M) = M. In order to compute the higher cohomol- 
ogy groups, we apply the Mayer-Vietoris exact sequence 3.11 to the covering (U1, U2) 
with 
Op 8 eS 0p Os Up = S115 0, 2, <0) be 


238 Chapter IV. Sheaf Cohomology and Spectral Sequences 


Then U,, Uz © R” are contractible, and U; M U2 can be retracted by deformation on the 
equator S"N {rp = 0} & S"~!. Omitting M in the notations of cohomology groups, we 
get exact sequences 


(14.9’) H°(U,) @ H°(U2) — H°(U, NU2) — H1(S") — 0, 
(14.9’) 0 — H?-!(U, NU2) — H4(S") —0, q>2. 


For n = 1, Uj; N U2 consists of two open arcs, so we have 
H°(U,) © H°(U2) = H°(U,; N U2) = M x M, 


and the first arrow in (14.9’) is (m1,m2) +> (mz — m1, m2 — m1). We infer easily that 
H'(S') = M and that 


H4(S*) = H4'(U;NU2) =0 for q>2. 
For n > 2, U; MN U2 is connected, so the first arrow in (14.9’) is onto and H1($”) = 0. 


The second sequence (14.9’) yields H7(S”") ~ H4~-1(S"~'). An induction concludes the 
proof. 


§ 14.B. Relative Cohomology Groups and Excision Theorem 


Let X be a topological space and S asubspace. We denote by M/4I(X, S)) the subgroup 
of sections u € M'4)(X) such that u(xo,...,2q) = 0 when 


(Gomeey) Sot. Bre Vidal ot ete V mies tates): 


Then M*I(X,,S) is asubcomplex of Ml*!(X) and we define the relative cohomology group 
of the pair (X, S) with values in M as 


(14.10) H4(X,S; M) = H4(MUI(X, S)). 
By definition of M/!9](X,,S), there is an exact sequence 
(14.11) 0 — Mix, Ss) — M(x) — (M;s)1(S) — 0. 


The reader should take care of the fact that (M;s)!#1(S) does not coincide with the 
module of sections M!4I(,S) of the sheaf M' on X, except if S is open. The snake lemma 
shows that there is an “exact sequence of the pair”: 


(14.12) H%(X,S; M) > H9(X,M) > H4(S, M) — H9*1(X,5; M)---. 


We have in particular H°(X,9; M) = M®, where E is the set of connected components 
of X which do not meet S. More generally, for a triple (X, 5,7) with X DS DT, there 
is an “exact sequence of the triple”: 


(14.12") 0— Mix, 5) — Ml(x,T) — MiI(5,T) — 0, 
H4(X,S;M) — H%(X,T; M) — H4(S,T; M) — H%*1(X,S; M). 
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The definition of the cup product in (8.2) shows that a ~ (3 vanishes on S' US” if a, 3 
vanish on S, S’ respectively. Therefore, we obtain a bilinear map 


(14.13) H?(X,S; M) x H%(X, 8"; M') — H®+4(X,SUS'; M@M’). 


If f : (X,S) — (Y,T) is a morphism of pairs, i.e. a continuous map X — Y such that 
f(S) CT, there is an induced pull-back morphism 


(14.14) ft: HUY,T; M) — H%(X,S; M) 


which is compatible with the cup product. Two morphisms of pairs f,g are said to be 
homotopic when there is a pair homotopy H : (X x I,S x I) —> (Y,T). An application 
of the exact sequence of the pair shows that 


nm :H4(X,S; M) —- H9(X x I,Sx I; M) 
is an isomorphism. It follows as above that f* = g* as soon as f,g are homotopic. 


(14.15) Excision theorem. For subspaces T C S° of X, the restriction morphism 
HYUX,S; M) — H9(X \T,S\T; M) is an isomorphism. 


Proof. Under our assumption, it is not difficult to check that the surjective restriction 
map Mll(x,S) —> M!I(X \T,S \ T) is also injective, because the kernel consists of 
sections u € Ml4(X) such that u(zo,...,%q) = 0 on (X \ T)?+1US4!, and this set is 
a neighborhood of the diagonal of X¢@*!. 


(14.16) Proposition. If S is open or strongly paracompact in X , the relative cohomology 
groups can be written in terms of cohomology groups with supports in X \ S: 


HY(X,S; M) ~ HY. o(X,M). 
In particular, if X \ S is relatively compact in X, we have 


H(X,S;M)~ HX ~S,M). 


Proof. We have an exact sequence 
(14.17) 0 — ME! (x) — Mix) — mils) 0 


where Me! (X) denotes sections with support in X \ S. If S is open, then M/*](S) = 
XNS 


(Mys)!*l(.S), hence ME! (Xx) = Ml*|(X,S) and the result follows. If S$ is strongly 
paracompact, Prop. 4.7 and Th. 9.10 show that 


H4(M'*l(S)) = H4( lim M'*(Q)) = lim H4(Q, M) = H%(S, Mys). 
QDS QDS 


If we consider the diagram 
OVE (el (6) ap 


i | Id {Ts 


0 — MIl(x,S) — MIl(x) — (Mys)'*(5) — 0 
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we see that the last two vertical arrows induce isomorphisms in cohomology. Therefore, 
the first one also does. 


(14.18) Corollary. Let X,Y be locally compact spaces and f,g: X — Y proper maps. 
We say that f,g are properly homotopic if they are homotopic through a proper homotopy 
H:XxI-—/Y. Then 


fag : Hi(Y, M) == XM). 


Proof. Let X = XU {oo}, Y=YuU {oo} be the Alexandrov compactifications of X,Y. 
Then f,g, H can be extended as continuous maps 


fai XY, H: XxI—¥Y 


a~ 


with f(oo) = g(oo) = H(o,t) = ov, so that £G are homotopic as maps (X, 00) — 
(Y, co). Proposition 14.16 implies H2(X,M) = H2(X,co; M) and the result follows. 


§15. Ktinneth Formula 
§15.A. Flat Modules and Tor Functors 


The goal of this section is to investigate homological properties related to tensor 
products. We work in the category of modules over a commutative ring R with unit. 
All tensor products appearing here are tensor products over R. The starting point is 
the observation that tensor product with a given module is a right exact functor: if 
0— A— B—C — 0 is an exact sequence and M a R-module, then 


A®M—>+BeM—CeM— 0 


is exact, but the map A ® M —> B® M need not be injective. A counterexample is 
given by the sequence 


032 7422/22 0 over R=Z 


tensorized by M = Z/2Z. However, the injectivity holds if M is a free R-module. More 
generally, one says that M is a flat R-module if the tensor product by M preserves 
injectivity, or equivalently, if ®M is a left exact functor. 


A flat resolution C, of a R-module A is a homology exact sequence 
ih Ce et — Cp — A— 0 


where Cy are flat R-modules and C, = 0 for gq < 0. Such a resolution always exists 
because every module A is a quotient of a free module Co. Inductively, we take C41 to 
be a free module such that ker(Cg — Cg_1) is a quotient of Cj41. In terms of homology 
groups, we have Ho(C,) = A and H,(C.) = 0 for ¢g 4 0. Given R-modules A, B and free 
resolutions d': C, —> A, d’ : D, —> B, we consider the double homology complex 


Kpq=Cp®Dg, d=d' @Id+(-1)? Id @d” 
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and the associated first and second spectral sequences. Since C’, is free, we have 


C,®B for q=0, 


a = 
hg = Hy(Cp® De) = § for ¢+ 0. 


Pp 


Similarly, the second spectral sequence also collapses and we have 
AK.) = Hi(C,. ® B) = H(A®D,). 


This implies in particular that the homology groups H7(K,) do not depend on the choice 
of the resolutions C, or D.. 


(15.1) Definition. The q-th torsion module of A and B is 


Tor,(A, B) = H, (Ke) = H,(C. ® B) = H,(A® D,). 


Since the definition of K, is symmetric with respect to A, B, we have Tor,(A, B) ~ 
Tor,(B, A). By the right-exactness of ®B, we find in particular Toro(A, B) = A® B. 
Moreover, if B is flat, ®B is also left exact, thus Tor,(A,B) = 0 for all g > 1 and all 
modules A. If 0 — A — A’ — A” — 0 is an exact sequence, there is a corresponding 
exact sequence of homology complexes 


0—AaD, — A’ OD, — A” @D, — 0, 
thus a long exact sequence 


— Tor,(A, B)— Tor,(A’, B)— Tor,(A”, B)— Torg_i(A, B) 


(15.2) + ASQB —+ A@B — A" @B — 20. 


It follows that B is flat if and only if Tor;(A, B) = 0 for every R-module A. 


Suppose now that R is a principal ring. Then every module A has a free resolution 
0 > Cy — Co — A — 0 because the kernel of any surjective map Co — A is free (every 
submodule of a free module is free). It follows that one always has Tor,(A, B) = 0 for 
q > 2. In this case, we denote Tor,(A, B) = Ax B and call it the torsion product of A 
and B. The above exact sequence (15.2) reduces to 


(15.3) O- AxBoANkBo A" «Bo AQ®BHA OBA" OBO. 


In order to compute A «x B, we may restrict ourselves to finitely generated modules, 
because every module is a direct limit of such modules and the x product commutes with 
direct limits. Over a principal ring R, every finitely generated module is a direct sum of 
a free module and of cyclic modules R/aR. It is thus sufficient to compute R/aRx R/bR. 
The obvious free resolution R “> R of R/aR shows that R/aR* R/bR is the kernel of 
the map R/bR “> R/bR. Hence 


(15.4) R/aRxR/bR~ R/(aAb)R 


where a/b denotes the greatest common divisor of a and 6. It follows that a module B is 
flat if and only if it is torsion free. If R is a field, every R-module is free, thus Ax B = 0 
for all A and B. 
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§ 15.B. Kiinneth and Universal Coefficient Formulas 


The algebraic Kiinneth formula describes the cohomology groups of the tensor product 
of two differential complexes. 


(15.5) Algebraic Kiinneth formula. Let (K°,d’), (L°,d”) be complexes of R-modules 
and (K ®L)° the simple complex associated to the double complez (K @ L)?4 = K? @L4. 
If K® or L® is torsion free, there is a split exact sequence 


0> @— A (K*)@HUL!) 5 H'((K@L)*) > GQ H?(K*)x HL) 
p+q=l p+qal+1 > 0 


where the map ps is defined by u({k?} x {12}) = {k? @14} for all cocycles {k?} € H?(K°), 
{l1} € H4(L°). 


(15.6) Corollary. Jf R is a field, or if one of the graded modules H*(K*), H°(L®) is 
torsion free, then 
H'((K @L)*)~ @ H(K*) @ HL’). 
p+q=l 


Proof. Assume for example that K°® is torsion free. There is a short exact sequence of 
complexes 


0— Z° — K° Le sera 
where Z°, B® C K°® are respectively the graded modules of cocycles and coboundaries 
in K*, considered as subcomplexes with zero differential. As B*t! is torsion free, the 


tensor product of the above sequence with L® is still exact. The corresponding long exact 
sequence for the associated simple complexes yields: 


H'((B@L)*) — H'((Z@L)*) — H'((K @L)*) “+ H"((B@L)*) 
(15.7) — H'*1((Z@L)*)---. 
The first and last arrows are connecting homomorphisms; in this situation, they are easily 
seen to be induced by the inclusion B® C Z*. Since the differential of Z° is zero, the 


simple complex (Z @ L)® is isomorphic to the direct sum ®, Z” ® L°-?, where Z? is 
torsion free. Similar properties hold for (B @ L)*®, hence 


H'((Z@L)*)= @Q 7?eH(L H'((B@L)*) = @ B’@H(L’). 
ptq=l p+q=l 


The exact sequence 
0 — BP —, Z? —, H”’(K*) — 0 


tensorized by H4(L*) yields an exact sequence of the type (15.3): 


0 > H?(K*) + H4(L*) = B°@H"(L*) > Z? @ HL) 
— H?(K*) @ H4(L*) — 0. 
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By the above equalities, we get 


0— @ A(K*)« H(L*) — H'((B@L)*) — H'((Z@L)*) 
pt+q=l 
— co) H?(K°) @ H%(L°) — 0. 
pt+q=l 


In our initial long exact sequence (15.7), the cokernel of the first arrow is thus 


@ H?(K*) @ HL) 

p+q=l 
and the kernel of the last arrow is the torsion sum ©, ,-14, H?(K°) * H1(L*). This 
gives the exact sequence of the lemma. We leave the computation of the map p as an 
exercise for the reader. The splitting assertion can be obtained by observing that there 
always exists a torsion free complex K® that splits (i.e. Z* C K® splits), and a morphism 
Kk K* inducing an isomorphism in cohomology; then the projection KS 7° 
yields a projection 


H'((K @L)*) > H'((Z@L)*)~ GQ 2 @ HL") 
p+q=l 
— @ A(K*)@ HL). 
ptq=l 


To construct Ke *, let Z * —+ Z* be asurjective map with Te free, B® the inverse image of 
B* in ¥° and Ke = =7Z° eBet, where the differential K* —> Kev | is given by Z* —> 0 
and B*t! c Z*+1 90; as B® is free, the map B*t! — B°*? can be lifted to a map 
Bett 5 K°*, and this lifting combined with the composite Gene de yields the 
required complex morphism K* = Z* 6 B*t! — K°. 


(15.8) Universal coefficient formula. Let K* be a complex of R-modules and M a 
R-module such that either K® or M is torsion free. Then there is a split exact sequence 


0 — H?(K*°)@ M — H?(K* @ M) — H?*!(K*)xM — 0. 


Indeed, this is a special case of Formula 15.5 when the complex L® is reduced to 
one term L° = M. In general, it is interesting to observe that the spectral sequence of 
Kk* © L® collapses in EF» if K® is torsion free: AK (Kk ® L)°) is in fact the direct sum of 
the terms £2! = H?(K* @ H4(L°)) thanks to (15.8). 


§15.C. Kiinneth Formula for Sheaf Cohomology 


Here we apply the general algebraic machinery to compute cohomology groups over 
a product space X x Y. The main argument is a combination of the Leray spectral 
sequence with the universal coefficient formula for sheaf cohomology. 


(15.9) Theorem. Let si be a sheaf of R-modules over a topological space X and M a 
R-module. Assume that either Sl or M is torsion free and that either X is compact or 
M is finitely generated. Then there is a split exact sequence 


0 —+ H?(X, sl) ®@ M — H?(X,s1@ M) — H?t1(X, sl) * M — 0. 
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Proof. If M is finitely generated, we get (si @ M)!*(X) = sil*l(X) @ M easily, so the 
above exact sequence is a consequence of Formula 15.8. If X is compact, we may consider 
Cech cochains C4(U, si @ M) over finite coverings. There is an obvious morphism 


C7(U, A) @ M — C7(U, A @ M) 
but this morphism need not be surjective nor injective. However, since 


(1 @M), =, ®M=lim sl(V)@M, 
V3e 


the following properties are easy to verify: 


a) If c € C1(U, A ® M), there is a refinement “V/ of WU and p : Vv — WU such that 
pxc € C4(V, A @ M) is in the image of C4(V, 1) @ M. 


b) If a tensor t € C4(U, 1) ® M is mapped to 0 in C7(U, 1 @ M), there is a refinement 
V of U such that p*t € C4(V, A) @ M equals 0. 


From a) and b) it follows that 


H4(X,9@M)= lim H4(C*(U, 8 @M)) = lim H4(C*(U, st) @ M) 
U U 


and the desired exact sequence is the direct limit of the exact sequences of Formula 15.8 
obtained for K* = C®(U, SM). 


(15.10) Theorem (Kiinneth). Let 4 and B be sheaves of R-modules over topological 
spaces X and Y. Assume that 4 is torsion free, that Y is compact and that either X is 
compact or the cohomology groups H4(Y,B) are finitely generated R-modules. There is 
a split exact sequence 


0— @ A(X, sl) @ H(Y,B) > H'(X x Y, 1a B) 
pt+q=l 
— @ A(X, sl)*H"(Y,B) 0 
p+qal41 


where 4 is the map given by the cartesian product QB ay ® Bg > D> ap X By. 
Proof. We compute H'(X,®&) by means of the Leray spectral sequence of the pro- 


jection 7: X x Y —> X. This means that we are considering the differential sheaf 
£4 = 7,( BH)! and the double complex 


KP4 — (£9) PI (X). 


By (12.5’) we have x E}! = H?(X,#%(L°)). As Y is compact, the cohomology sheaves 
H1(L°) = R%7,(91 8B) are given by 


Rr, (8B), =H4({2} x ¥, MB Bysyxv)=HUY, Ay ® B)=Ay @ HY, B) 
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thanks to the compact case of Th. 15.9 where M = sf, is torsion free. We obtain 


therefore 
R'r,(ABB) = A @ AY, B), 


KE = H?(X, 1 @ H4(Y, B)). 


Theorem 15.9 shows that the F-term is actually given by the desired exact sequence, 
but it is not a priori clear that the spectral sequence collapses in E2. In order to check 
this, we consider the double complex 


ced — PIX) @ Blal(y) 


and construct a natural morphism C'*’* —> K°**. We may consider the set K?4 = 
(7,.(4B FB) la!) Plex ) as the set of equivalence classes of functions 


h(f0,--+.&) € (Ma B) el = lim (sf a B){4I (n—* (V(E,))) 


or more precisely 


h(£o, Jotyep boy Uolieses (eae) EW, ®@ By, with 

foe X, €reVidoseeuGar, LSpap, 

(Zo, yo) € V(€o,---€p) x Y, 

(ey ag eV Gunes s5bps (os Mo)exs (Opt). DRS. 
Then f ®g € C?*4 is mapped to h € K?? by the formula 

PEG janie bps (Noy) pasay Chg Va)) =F Covousyep) a) OGY isin Va) 
As s(lPI(X) is torsion free, we find 
cE? = flPl(X) @ H4(Y, B). 
Since either X is compact or H12(Y,&B) finitely generated, Th. 15.9 yields 
cE}! = H?(X,4@ HY, B)) ~ cE} 

hence H'(K*) ~ H'(C®) and the algebraic Kiinneth formula 15.5 concludes the proof. 


(15.11) Remark. The exact sequences of Th. 15.9 and of Kiinneth’s theorem also 
hold for cohomology groups with compact support, provided that X and Y are locally 
compact and sf (or %) is torsion free. This is an immediate consequence of Prop. 7.12 
on direct limits of cohomology groups over compact subsets. 


(15.12) Corollary. When 1 and & are torsion free constant sheaves, e.g. A= B=Z 
or R, the Ktinneth formula holds as soon as X or Y has the same homotopy type as a 
finite cell complex. 


Proof. If Y satisfies the assumption, we may suppose in fact that Y is a finite cell complex 
by the homotopy invariance. Then Y is compact and H°(Y,&) is finitely generated, so 
Th. 15.10 can be applied. 
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§ 16. Poincaré duality 
§16.A. Injective Modules and Ext Functors 


The study of duality requires some algebraic preliminaries on the Hom functor and 
its derived functors Ext’. Let R be a commutative ring with unit, M@ a R-module and 


0—A— B—C—0 
an exact sequence of R-modules. Then we have exact sequences 


0 — Homr(M, A) — Homr(M, B) — Homr(M,C), 
Homp,(A, M) — Homr(B, MW) — Hompr(C, M) — 0, 


i.e. Hom(M, e) is a covariant left exact functor and Hom(e, /) a contravariant right exact 
functor. The module M is said to be projective if Hom(M,e) is also right exact, and 
injective if Hom(e, M) is also left exact. Every free R-module is projective. Conversely, 
if M is projective, any surjective morphism F’' —+ M from a free module F' onto M 
must split (Id u has a preimage in Hom(M, F Ne if R is a principal ring, “projective” is 
therefore equivalent to “free”. 


(16.1) Proposition. Over a principal ring R, a module M is injective if and only if 
it is divisible, i.e. if for everyx € M and A € Rw {0}, there exists y € M such that 
AY =D: 


Proof. If M is injective, the exact sequence 0 —> R a R/XAR — 0 shows that 
M =Hom(R, M) *% Hom(R,M) = M 


must be surjective, thus M is divisible. 


Conversely, assume that R is divisible. Let f : A —+ M be a morphism and B D A. 
Zorn’s lemma implies that there is a maximal extension f : A —> M of f where A C 
AC B. If AFB, select x € B\ A and consider the ideal J of elements \ € R such that 
Az € A. As Rf is principal we have I = ApR for some Ag. If Ao # 0, select y € M such 
that Aoy = - for) and if Ag = 0 take y arbitrary. Then 7 can be extended to A+ Rr 
by letting f(x) = y. This is a contradiction, so we must have A=B. 


(16.2) Proposition. Every module M can be embedded in an injective module M. 
Proof. Assume first R = Z. Then set 
M' = Homz(M,Q/Z), M” = Homz(M’,Q/Z) c Q/Z™’. 


Since Q/Z is divisible, Q/Z and Q/Z™ " are injective. It is therefore sufficient to show 
that the canonical morphism M —> M” is injective. In fact, for any « € M ~ {0}, the 
subgroup Zz is cyclic (finite or infinite), so there is a non trivial morphism Za —> Q/Z, 
and we can extend this morphism into a morphism u : M —> Q/Z. Then u € M’ and 
u(x) #0, so M —> M”" is injective. 


Now, for an arbitrary ring R, we set M = Homz (R, Q/Z™’). There are R-linear 
embeddings 


M = Homr(R, M) —> Homz(R, M) —> Homz (R,Q/Z™) = M 
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and since Homp(e, M) ~ Homz (e, Q/zZ™’), it is clear that M is injective over the ring R. 


As a consequence, any module has a (cohomological) resolution by injective modules. 
Let A,B be given R-modules, let d’ : B — D® be an injective resolution of B and let 
d” : C, — A be a free (or projective) resolution of A. We consider the cohomology 
double complex 

KP = Hom(C,,D?), d=d'+(-1)?(d’)I 


({} means transposition) and the associated first and second spectral sequences. Since 
Hom(e, D?) and Hom(C4, e) are exact, we get 


E?° — Hom(A,D?), E?° = Hom(C,, B), 
BS eee wore 0. 
Therefore, both spectral sequences collapse in £; and we get 
H'(K*) = H'( Hom(A, D*)) = H'(Hom(C., B)) ; 


in particular, the cohomology groups H'(K*) do not depend on the choice of the resolu- 
tions C, or D®. 


(16.3) Definition. The q-th extension module of A, B is 


Ext?(A, B) = H4(K*) = H%(Hom(A, D*)) = H4(Hom(C,, B)). 


By the left exactness of Hom(A,e), we get in particular Ext?(A,B) = Hom(A, B). 
If A is projective or B injective, then clearly Ext?(A, B) = 0 for all g > 1. Any exact 
sequence 0 — A — A’ — A” — 0 is converted into an exact sequence by Hom(e, D°), 
thus we get a long exact sequence 


0 —>+ Hom(A”, B) —> Hom(A’, B) —> Hom(A, B) —> Ext'(A”, B)--- 
— Ext?(A”, B) —> Ext?(A’, B) — Ext?(A, B) — Ext?*1(A”, B)--- 


Similarly, any exact sequence 0 — B — B’ — B” — 0 yields 


0 —>+ Hom(A, B) —> Hom(A, B’) —+ Hom(A, B”) —> Ext'(A, B)--- 
— Ext?(A, B) — Ext?(A, B’) —> Ext?(A, B”) — Ext?*!(A, B)--- 


Suppose now that FR is a principal ring. Then the resolutions C, or D® can be taken 
of length 1 (any quotient of a divisible module is divisible), thus Ext?(A, B) is always 
0 for gq > 2. In this case, we simply denote Ext’(A,B) = Ext(A,B). When A is 
finitely generated, the computation of Ext(A, B) can be reduced to the cyclic case, since 
Ext(A, B) = 0 when A is free. For A = R/aR, the obvious free resolution R “+R gives 


(16.4) Extr(R/aR, B) = B/aB. 
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(16.5) Lemma. Let K, be a homology complex and let M — M® be an injective resolu- 
tion of a R-module M. Let L® be the simple complex associated to L?*4 = Homr(K,, M*). 
There is a split exact sequence 


0 — Ext(H,_1(K.),M) — H%(L°) — Hom (H,(K.),M) — 0. 


Proof. As the functor Homr(e, MW”) is exact, we get 


LEY? = Hom tah), M?), 
Hom (H,(K.),M) for p=0, 
pp = Ext(H,(K.),M) for p=1, 
0 for p> 2. 


The spectral sequence collapses in F2, therefore we get 


Go (H4(L°)) = Hom (Hho eM), 
Gi (H%(L°)) = Ext(Hg-1(K.), M) 
and the expected exact sequence follows. By the same arguments as at the end of the 
proof of Formula 15.5, we may assume that K, is split, so that there is a projection 
Ky — Z,. Then the composite morphism 
Hom (H,(K.),M@) = Hom(Z,/B,,M) — Hom(K,/B,, M) 
Cc Z7(L*°) —> H4(L°) 


defines a splitting of the exact sequence. 


§ 16.B. Poincaré Duality for Sheaves 


Let SM be a sheaf of abelian groups on a locally compact topological space X of finite 
topological dimension n = topdim X. By 13.12 c), admits a soft resolution L&° of 
length n. If M — M° — M! — 0 is an injective resolution of a R-module M, we 
introduce the double complex of presheaves Fou defined by 


(16.6) Fu (U) = Home (L3-4(U), MP), 

where the restriction map F%j4,(U) —> F%j%4,(V) is the adjoint of the inclusion map 
L2-4(V) — £2-49(U) when V CU. As £"~4 is soft, any f € £2~4(U) can be written 
as f = > fa with (f.) subordinate to any open covering (U,,) of U ; it follows easily 
that Fi, satisfy axioms (II-2.4) of sheaves. The injectivity of M? implies that F774, 
is a flabby sheaf. By Lemma 16.5, we get a split exact sequence 


0 — Ext(H?7~9*1(X, of), M) — H9(F% 4(X)) 
(16.7) — Hom (H?~4(X, sl), M) — 0. 


This can be seen as an abstract Poincaré duality formula, relating the cohomology groups 
of a differential sheaf ¥%, ,, “dual” of si to the dual of the cohomology with compact 


support of st. In concrete applications, it still remains to compute H lca ul(X ))e This 
can be done easily when X is a manifold and sf is a constant or locally constant sheaf. 
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§16.C. Poincaré Duality on Topological Manifolds 


Here, X denotes a paracompact topological manifold of dimension n. 


(16.8) Definition. Let L be a R-module. A locally constant sheaf of stalk L on X is 
a sheaf A such that every point has a neighborhood Q on which Arg is R-isomorphic to 
the constant sheaf L. 


Thus, a locally constant sheaf Sf can be seen as a discrete fiber bundle over X whose 
fibers are R-modules and whose transition automorphisms are R-linear. If X is locally 
contractible, a locally constant sheaf of stalk L is given, up to isomorphism, by a rep- 
resentation p : ™(X) —> Autr(L) of the fundamental group of X, up to conjugation; 
denoting by X the universal covering of X, the sheaf si associated to p can be viewed 
as the quotient of X x L by the diagonal action of 7,(X). We leave the reader check 
himself the details of these assertions: in fact similar arguments will be explained in full 
details in 8V-6 when properties of flat vector bundles are discussed. 

Let sf be a locally constant sheaf of stalk L, let £° be a soft resolution of sf and 
F'/4,, the associated flabby sheaves. For an arbitrary open set U C X, Formula (16.7) 
gives a (non canonical) isomorphism 


H4(F% yy (U)) ~ Hom (H?2-4(U, Mf), M) @ Ext(H?~9*"(U, sf), M) 
and in the special case g = 0 a canonical isomorphism 
(16.9) H°(F4u(U)) = Hom (H?(U, fl), M). 


For an open subset {2 homeomorphic to R”, we have S%;q ~ L. Proposition 14.16 and 
the exact sequence of the pair yield 


E. foreg=n, 


AG(Q, L) = HS", {oo}; L) = e for q#n. 


If Q ~ R”, we find 


H°(F¥ u(Q)) ~ Hom(L,M), Ht (FS y¢(O)) & Ext(L, M) 


and H4 (FS (2) = 0 for g 4 0,1. Consider open sets V C 2 where V is a deformation 
retract of 2. Then the restriction map HFS y4(Q)) — H4 (F%(V)) is an isomor- 
phism. Taking the direct limit over all such neighborhoods V of a given point x € Q, 
we see that #°(F% y,) and #'(F%, 47) are locally constant sheaves of stalks Hom(L, M) 
and Ext(L, M), and that #9(F%, y,) = 0 for g # 0,1. When Ext(Z, M) = 0, the complex 
F* u is thus a flabby resolution of Ho = OFS, ur) and we get isomorphisms 


(16.10) AY(FY uy (X)) = HX, #), 
(16.11) HO(U) = H°(F% yy (U)) = Hom (H2(U, fl), M). 


? 


(16.12) Definition. The locally constant sheaf Tx = H(F3z) of stalk Z defined by 


tx(U) = Homz (H?(U, Z), Z) 
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is called the orientation sheaf (or dualizing sheaf) of X. 


This sheaf is given by a homomorphism 71(X) —> {1,—1} ; it is not difficult to check 
that Tx coincides with the trivial sheaf Z if and only if X is orientable (cf. exercice 18.7). 
In general, H?(U, A) = H2?(U, Z) @zA(U) for any small open set U on which 1 is trivial, 
thus 

H(F% vs) =Tx OZ Hom(s, M). 


A combination of (16.7) and (16.10) then gives: 


(16.13) Poincaré duality theorem. Let X be a topological manifold, let SA be a locally 
constant sheaf over X of stalk L and let M be a R-module such that Ext(L,M) = 0. 
There is a split exact sequence 


0 —> Ext(H?~91"(X, ol), M) — H1(X,rx ® Hom(sl, M)) 
— Hom (H?~9(X, sl), M) — 0. 


In particular, if either X is orientable or R has characteristic 2, then 


0 — Ext(H?-9t"(X, R), R) — H4(X, R) — Hom (H?~4(X, R), R) 


— 0. 


(16.14) Corollary. Let X be a connected topological manifold, n = dim X. Then for 
any R-module L 


a) HP (X,Tx @L)~L; 
b) H2(X,L)~L/2L if X is not orientable. 


Proof. First assume that L is free. For gq = 0 and 4% = Tx ® L, the Poincaré duality 
formula gives an isomorphism 


Hom (H?(X,Tx ® L), M) ~ Hom(L, M) 


and the isomorphism is functorial with respect to morphisms M —> M’. Taking M = L 
or M = H?(X,Tx ®L), we easily obtain the existence of inverse morphisms 


AP(X,Tx @L)— L and L— A? (X,Tx ®D), 
hence equality a). Similarly, for 4 = L we get 
Hom (H?)(X,L),M) ~ H°(X,rx ® Hom(L, M)). 


If X is non orientable, then Tx is non trivial and the global sections of the sheaf Tx ® 
Hom(L, M) consist of 2-torsion elements of Hom(L, M), that is 


Hom (H?(X,L),M) ~ Hom(L/2L, M). 


Formula b) follows. If Z is not free, the result can be extended by using a free resolution 
0 — L, — Lo — L — 0 and the associated long exact sequence. 
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(16.15) Remark. If X is a connected non compact n-dimensional manifold, it can be 
proved (exercise 18.?) that H"(X, sl) = 0 for every locally constant sheaf on X. 


Assume from now on that X is oriented. Replacing M by L®M and using the obvious 
morphism M —> Hom(L, L @ M), the Poincaré duality theorem yields a morphism 


(16.16) H4(X,M) — Hom (H?-4(X, L),L@ M), 
in other words, a bilinear pairing 
(16.16’) AH? 4(X, L) x H9(X,M) — LeM. 


(16.17) Proposition. Up to the sign, the above pairing is given by the cup product, 
modulo the identification H?(X,L@®M)~LeM. 


Proof. By functoriality in L, we may assume L = R. Then we make the following special 
choices of resolutions: 


gI=R4 for g<n, L"= ker(RI@ Sty Rit), 
M° = an injective module containing Mr (Kyi ae (X). 
We embed M in M° by AX u@z A where u € ZI"!(X) is a representative of a generator 


of H"(X,Z), and we set M' = M°/M. The projection map M° —> M! can be seen as 
an extension of 


a: Mel(x)/a-t MP (x) — aru [l(X), 


since Kerd” ~ H"(X,M) = M. The inclusion anu" (X) Cc M' can be extended into a 
map 7: MIrthx) — > M!. The cup product bilinear map 


Miu) x RP-V(0) — Mex) — M° 


gives rise to a morphism Ml4(U) — ¥% ,,(U) defined by 


? 


M'l(U)— Hom (£2~4(U), M°)@ Hom (£2~-4+1(U), M") 


(16.18) fo (grofreg) © (h—onlfrh)). 


This morphism is easily seen to give a morphism of differential sheaves M!*) — FRM 
when M!*! is truncated in degree n, i.e. when M!"! is replaced by Kerd”. The induced 
morphism 

M = #°(M“!) — #°(F% ur) 
is then the identity map, hence the cup product morphism (16.18) actually induces the 
Poincaré duality map (16.16). 


(16.19) Remark. If X is an oriented differentiable manifold, the natural isomorphism 
AH? (X,R) ~ R given by 16.14 a) corresponds in De Rham cohomology to the integration 
morphism f +> [ xf, f © Gn(X). Indeed, by a partition of unity, we may assume that 
Supp f C2 ~ R”. The proof is thus reduced to the case X = R”, which itself reduces 
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to X = R since the cup product is compatible with the wedge product of forms. Let us 
consider the covering “WU = (Jk —1,k + 1[)xez and a partition of unity (7;,) subordinate 
to U. The Cech differential 

AC®(U, Z) —+ AC (U, Z) 


(ck) > (Ckek+1) = (Ch-+1 — Ck) 


shows immediately that the generators of H}(R, Z) are the 1-cocycles c such that co, = 
+1 and cep41 = 0 for k 4 0. By Formula (6.12), the associated closed differential form 
is 


f =corvidyo + croPodyn, 
hence f = +1/9,1)d~o and f does satisfy Vege rane 


(16.20) Corollary. If X is an oriented 6° manifold, the bilinear map 


H?-9(X,R) x H(X,R) R,  ({f}.{gO I Ag 


is well defined and identifies H4(X,R) to the dual of H?~4(X, R). 
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Chapter V 


Hermitian Vector Bundles 


This chapter introduces the basic definitions concerning vector bundles and connections. In the first 
sections, the concepts of connection, curvature form, first Chern class are considered in the framework of 
differentiable manifolds. Although we are mainly interested in complex manifolds, the ideas which will 
be developed in the next chapters also involve real analysis and real geometry as essential tools. In the 
second part, the special features of connections over complex manifolds are investigated in detail: Chern 
connections, first Chern class of type (1,1), induced curvature forms on sub- and quotient bundles, .... 
These general concepts are then illustrated by the example of universal vector bundles over P” and over 
Grassmannians. 


§1. Definition of Vector Bundles 


Let M be a €® differentiable manifold of dimension m and let K = R or K= C be 
the scalar field. A (real, complex) vector bundle of rank r over M is a 6% manifold E 
together with 


i) a €*% map 7: E —> M called the projection, 


ii) a K-vector space structure of dimension r on each fiber E, = 1~!(z) 


such that the vector space structure is locally trivial. This means that there exists an 
open covering (Va)aer of M and °° diffeomorphisms called trivializations 


6. :Eyv, —> Vo x K", where Eyy, =7~'(Va), 
such that for every x € V, the map 
By “8s 1a} x K 3K 


is a linear isomorphism. For each a, 3 € I, the map 


Dap = Oa°05° : (Van Vg) x KT — (Va. Vg) x K" 


acts as a linear automorphism on each fiber {a} x K”. It can thus be written 


Bap(a,€) = (2, gae(a)-€), (a, €) € (Van Vg) x K” 


where (gas)(a,8)erxr is a collection of invertible matrices with coefficients in “6° (Va. 
V3, K), satisfying the cocycle relation 


(1.1) Jas IBy =Jay OD VaNVeN Vy. 
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The collection (gag) is called a system of transition matrices. Conversely, any collection 
of invertible matrices satisfying (1.1) defines a vector bundle EF, obtained by gluing the 
charts Vy x K” via the identifications 09,4. 


(1.2) Example. The product manifold E = M x K” is a vector bundle over M, and is 
called the trivial vector bundle of rank r over M. We shall often simply denote it K” for 
brevity. 


(1.3) Example. A much more interesting example of real vector bundle is the tangent 
bundle TM ; if tT. : Va — R” is a collection of coordinate charts on M, then 0, = 
TX dt. :TMyy, — V. x R™ define trivializations of TM and the transition matrices 
are given by gag(x) = dtag(x*) where Tag = To © age and 2° = g(x). The dual T*M 
of TM is called the cotangent bundle and the p-th exterior power A?T* M is called the 
bundle of differential forms of degree p on M. 


(1.4) Definition. [fQ Cc M is an open subset and k a positive integer or +c0, we let 
€*(Q, E) denote the space of 6" sections of Eq, i.e. the space of @* maps s:Q — E 
such that s(x) € E, for all x € Q (that is 70s = Idg). 


Let 6: Eryy — V x K” be a trivialization of E. To 6, we associate the €™ frame 
(e1,..-,er) of Eyy defined by 


e(x) = 67 *(a,e)), re, 


where (€)) is the standard basis of K". A section s € ‘é*(V, EF) can then be represented 
in terms of its components 6(s) = 0 = (01,...,0,) by 


s= S- ae, on V, oy € €*(V,KR). 


1<A<r 


Let (64) be a family of trivializations relative to a covering (V,) of M. Given a global 
section s € ‘é*(M, E), the components 0,,(s) = 0% = (of,...,0%) satisfy the transition 
relations 


(1.5) C= Oa/8 co? on Van Vz. 


Conversely, any collection of vector valued functions 0% : V, — > K” satisfying the 
transition relations defines a global section s of EF. 


More generally, we shall also consider differential forms on M with values in £. Such 
forms are nothing else than sections of the tensor product bundle A?T*M @p E. We 
shall write 


(1.6) €k(Q, E) = €*(Q, APT*M @p E) 
(1.7) €h(Q,E)= GE C(O, £). 


O<pxm 


3. Curvature Tensor 255 
§ 


§ 2. Linear Connections 
A (linear) connection D on the bundle F is a linear differential operator of order 1 
acting on “@3°(M, F) and satisfying the following properties: 
(2.1) D: €7(M, FE) — €4i(M, £), 
(2.1’) D(f As) =dfAs+(-1)?fADs 


for any f € “€3°(M,K) and s € €}°(M,E), where df stands for the usual exterior 
derivative of f. 


Assume that 6: Ey — Q x K” is a trivialization of Eye, and let (e1,...,e,) be the 
corresponding frame of E}g. Then any s € “€7°(Q, EF) can be written in a unique way 


s= S> 0. @e, 0) € €%(M,K). 


1<A\<r 


By axiom (2.1’) we get 


Ds = Ss" (doy @e, + (-1)?ay A Dey). 
1<\<r 


If we write De, = Dorenep arp, © €, where ay, € €P°(Q, K), we thus have 
Ds = S° (doy + pare A On) @ ey. 
a He 


Identify Eyq with Q x K" via 6 and denote by d the trivial connection do = (doy) on 
Q x K". Then the operator D can be written 


(2:2) Ds~e do+Ao 


where A = (ay,,) € @7°(Q, Hom(K", K”)). Conversely, it is clear that any operator D 
defined in such a way is a connection on Eyq. The matrix 1-form A will be called the 


connection form of D associated to the trivialization 6. If 0: Eyq — 2 x K" is another 
trivialization and if we set 


g=0001'€ €%(Q, GI(R’)) 


then the new components o = (0)) are related to the old ones by o = go. Let A be the 
connection form of D with respect to 6. Then 


Ds ~z dé+ANG 
Ds ~o g-'\(de+ ANG) = 9 '(d(go) + AA go) 
= do+ (g~ Ag +g ‘dg) No. 
Therefore we obtain the gauge transformation law: 


(2.3) A=g7!Ag + 97'dq. 
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§ 3. Curvature Tensor 
Let us compute D? : €°(M,E) — %5(M,E) with respect to the trivialization 
6: Eq = Q x K”. We obtain 
D?s~%q d(da+AAc)+AA(da+Ado) 
=d?¢+(dANo—AdAdo)+(AAdo+ANAQAo) 
=(dA+AAA)Ao. 
It follows that there exists a global 2-form O(D) € “€3°(M, Hom(£, £)) called the cur- 


vature tensor of D, such that 
D?s = O(D) As, 


given with respect to any trivialization 6 by 
(3.1) O(D)~—9 dA+AAA. 


(3.2) Remark. If F is of rank r = 1, then A € “€7°(M, K) and Hom(F, £) is canonically 
isomorphic to the trivial bundle M x K, because the endomorphisms of each fiber FE, are 
homotheties. With the identification Hom(F, FE’) = K, the curvature tensor O(D) can be 
considered as a closed 2-form with values in K: 


(3.3) O(D) = dA. 
In this case, the gauge transformation law can be written 


(3.4) A=A+g ‘dg, g=000-'€ €*(Q,K’). 


It is then immediately clear that dA = dA, and this equality shows again that dA does 
not depend on @. 


Now, we show that the curvature tensor is closely related to commutation properties 
of covariant derivatives. 


(3.5) Definition. If € is a 6° vector field with values in TM, the covariant derivative 
of a section s € €°(M, E) in the direction € is the section Ep-s € €%°(M, E) defined 
by Ep: s=Ds-€. 


(3.6) Proposition. For all sections s € 6°(M,E) and all vector fields €,n € 
€°(M,TM), we have 


Ep: (np: 8)— np: (€p- 8) = [E,nlpo- s+ O(D)(E,7) +8 
where |€,n] € €°(M,TM) is the Lie bracket of €,1. 


Proof. Let (%1,...,%m) be local coordinates on an open set 2. C M. Let 6: Ejg —> 
Q x K" be a trivialization of E and let A be the corresponding connection form. If 


€= 5°, 0/0x; and A= )° A; dz,, we find 


(3.7) Eps 6 (do + Ao) -€ = 0& (52 + 45-0). 
J 


j 
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Now, we compute the above commutator [€p, 7p] at a given point z € 2. Without 
loss of generality, we may assume A(z) = O ; in fact, one can always find a gauge 


transformation g near zo such that g(zo) = Id and dg(zo) = A(z) ; then (2.3) yields 
A(zo) = 0. Ifn = >>, O/Oxx, we find np: s Yo S\N, Oo /Ox, at Zo, hence 


np (Ep: s )=0 ng Dols, ot As 0), 
Ce er Ee 
<0 3 (Ga meant ocr: (Sims — mabk) ° 2 
do([é,n]) + dA(é,) +o 


whereas 0(D) ~¢ dA and [£,7| ps ~» do([€,n]) at point zo. 


§ 4. Operations on Vector Bundles 


Let E, F be vector bundles of rank r1,rg over M. Given any functorial operation 
on vector spaces, a corresponding operation can be defined on bundles by applying the 
operation on each fiber. For example E*, E @ F’, Hom(E£, F’) are defined by 


(E*), =(Ez)*, (E@F),=E,0F,, Hom(E£,F), = Hom(Ez, F,). 


The bundles F and F can be trivialized over the same covering V, of M (otherwise take 
a common refinement). If (gag) and (Yag) are the transition matrices of E and F’, then 
for example E@F, AE, E* are the bundles defined by the transition matrices gag ®Yag; 
A® gaps (gia) where { denotes transposition. 

Suppose now that EF, F are equipped with connections Dz, Dr. Then natural con- 
nections can be associated to all derived bundles. Let us mention a few cases. First, we 
let 


(4.1) Drear = DE @ Dr. 

It follows immediately that 

(4.1’) O(Dear) = O(De) & O(Dr). 

Deer will be defined in such a way that the usual formula for the differentiation of a 
product remains valid. For every s € “€3°(M, FE), t € €S°(M, F), the wedge product s At 
can be combined with the bilinear map E x F —> E ® F in order to obtain a section 
sA\t € €~(M,E ® F) of degree deg s + deg t. Then there exists a unique connection 
Deer such that 

(4.2) Deer(s At) = DrpsAtt+ (=1)*% oa 


As the products s A t generate “63°(M, E @ F’), the uniqueness is clear. If FE, F' are 
trivial on an open set 2. C M and if Ag, Ap, are their connection 1-forms, the induced 
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connection Deer is given by the connection form Ag ® Idp +Idg @Apr. The existence 
follows. An easy computation shows that Digr(s At) = D2sAt+sA Dit, thus 


(4.2) O(Deer) = O(De) ®@Idr+Idg ® O(DrF). 
Similarly, there are unique connections Dg+ and Dyomz,r) such that 


(4.3) (Dgxu) +s = d(u-s) — (—1)9% “u- Das, 
(4.4) (Duom(z,F)¥) * $ = Dr(v- 8) — (-1)°% "v- Dzs 


whenever s € “€°(M, E), u€ €9°(M, E*), v € €3°(Hom(£, F)). It follows that 
0 =d?(u-s) = (O(Dp+)-u)-s+u-(O(Dz)-s). 

If + denotes the transposition operator Hom(F, EF) — Hom(£*, E*), we thus get 

(4.3’) @(Dg-) = —O(Dg)". 


With the identification Hom(F, F’) = E* ® F, Formula (4.2’) implies 


(4.4") O(Dyom(e,F)) = Ide» @0(Dpr) — O(Dzg)! @ Ide. 
Finally, A*E carries a natural connection Dyxg. For every s1,...,5, in €9°(M, E) of 
respective degrees p1,..., px, this connection satisfies 
(4.5) Darp(siA...Asp)= > (-1)Pt4FPi-18, A... Dzsy... A 8k; 
1l<j<k 
(4.5’) O(Darg)-(8iA..-Asr)= SY) si A...A@O(Dz)- 85 A... A 8p. 
1<j<k 


In particular, the determinant bundle, defined by det E = A”E where r is the rank of EF, 
has a curvature form given by 


(4.6) Q(Daet 2) = Tz(O(De)) 


where Tg : Hom(L£, E) — K is the trace operator. As a conclusion of this paragraph, 
we mention the following simple identity. 


(4.7) Bianchi identity. Dyom(E,E) (O(Dz)) = 0. 
Proof. By definition of Dyom(#,z), We find for any s € “6° (M, E) 


Dyom(E,£)((Dz)) «8 = Dz(O(Dz) - s) — O(Dz) - (Des) 
= D3e— Dis =0. 
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§5. Pull-Back of a Vector Bundle 
Let M , M be *% manifolds and w : M > M asmooth map. If Eis a vector bundle 


on M, one can define in a natural way a “6° vector bundle 7 : EK — M and a €& linear 
morphism WV : EF — E such that the diagram 


E — EE 
T |x 
wu. es 


commutes and such that UV : E, — Ey) is an isomorphism for every x € M. The 
bundle EF can be defined by 


(5.1) E={@OEMXxE; o@) =7(6} 


and the maps 7 and W are then the restrictions to E of the projections of Mx EonM 
and EF respectively. 


If 0q : Ev, — Va X K" are trivializations of EF, the maps 


By = 0q 0: Ery-10y,) — b 1 (Vo) x K” 


define trivializations of E with respect to the covering Va = W~!(Va) of M. The corre- 
sponding system of transition matrices is given by 


(5.2) IJoB = Ja ° y on Va M Vp. 
(5.3) Definition. E is termed the pull-back of E under the map w and is denoted 
B=y*E. 


Let D be a connection on EF. If (Aq) is the collection of connection forms of D with 


respect_to the 6,’s, one can define a connection D on E by the collection of connection 
forms Ay = ~*Aq € €$° (Va, Hom(K", K")), ie. for every § € 62° (Va, E) 


D5 ~z dé +y*Aq NG. 


Given any section s € “€9°(M, E), one defines a pull back ~*s which is a section in 
€x(M,E): for s = f @u, f € €%°(M,K), u € C%(M, EB), set o*s = vf @ (uoy). 
Then we have the formula 


(5.4) D(b*s) = v*(Ds). 
Using (5.4), a simple computation yields 


(5.5) O(D) = ¥*(O(D)). 
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§6. Parallel Translation and Flat Vector Bundles 


Let 7: [0,1] —+ M be a smooth curve and s: [0,1] — E a ™ section of F along 
y, ie. a “6° map s such that s(t) € Ey) for all ¢ € [0,1]. Then s can be viewed as a 
section of E = y*E over [0,1]. The covariant derivative of s is the section of E along y 
defined by 


(6.1) — = Ds(t)- & 


ae © Eve) 


where D is the induced connection on E. If A is a connection form of D with respect to 
a trivialization 0: E;g —> Q x K", we have Ds ~g da + y*A-o, ie. 


Ds do 


(6.2) am ~o aT + (A(y(t)) -'(t)) -o(t) for y(t) EQ. 


For v € Eo) given, the Cauchy uniqueness and existence theorem for ordinary linear 
differential equations implies that there exists a unique section s of E such that s(0) =v 
and Ds/dt = 0. 


(6.3) Definition. The linear map 
Ty, : E40) =z Fv), v= s(0) -— s(1) 


is called parallel translation along y. 


If y = y271 is the composite of two paths 71, yo such that 7y2(0) = y1(1), it is clear 


that T, = T,, 0T,,, and the inverse path y~!: t+ 7(1—t) is such that T,-1 = ae. It 


follows that T, is a linear isomorphism from Fg) onto Ey,1). 


More generally, if h : W —> M is a ‘€° map from a domain W C R? into M and if s 
is a section of h* E, we define covariant derivatives Ds/0t;, 1<j <p, by D=h*D and 


(6.4) SN oo en eee 


Since 0/0t;, 0/Ot, commute and since Q(D) = h* O(D), Prop. 3.6 implies 


D Ds D Ds d)(2 aie 


(6.5) eee eee OCD) Bi,” Dik 


Oh 3 s(t) 
Ot; Ot, Oty Ot; 


= OD) ace) Ge ’ Oty 


(6.6) Definition. The connection D is said to be flat if O(D) =0. 


Assume from now on that D is flat. We then show that 7, only depends on the 
homotopy class of y. Let h : [0,1] x [0,1] —+ M be a smooth homotopy h(t, u) = yu(t) 
from Yo to 71 with fixed end points a = y,(0), 6 = yu(1). Let v € Eq be given and 
let s(t, u) be such that s(0,u) = v and Ds/Ot = 0 for all u € [0,1]. Then s is 6° in 
both variables (t,u) by standard theorems on the dependence of parameters. Moreover 
(6.5) implies that the covariant derivatives D/Ot, D/Ou commute. Therefore, if we set 
s’ = Ds/Ou, we find Ds’ /0t = 0 with initial condition s’(0,u) = 0 (recall that s(0, u) 
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is a constant). The uniqueness of solutions of differential equations implies that s’ is 
identically zero on [0,1] x [0,1], in particular T,,(v) = s(1,u) must be constant, as 
desired. 


(6.7) Proposition. Assume that D is flat. If Q is a simply connected open subset of 
M, then Eyq admits a €° parallel frame (e€1,...,er), in the sense that Dex = 0 on Q, 
1<Ax<r. For any two simply connected open subsets Q,! the transition automorphism 
between the corresponding parallel frames (ey) and (e\) is locally constant. 


The converse statement “FE has parallel frames near every point implies that O(D) = 
0” can be immediately verified from the equality @(D) = D?. 


Proof. Choose a base point a € 2 and define a linear isomorphism ® : Q x Ey, — Ejaq 
by sending (#,v) on T,(v) € E,, where y is any path from a to x in 2 (two such 
paths are always homotopic by hypothesis). Now, for any path y from a to x, we 
have by construction (D/dt)®(7(t),v) = 0. Set e,(x) = ®(a,v). As y may reach any 
point x € 2 with an arbitrary tangent vector € = 7/(1) € T,M, we get De,(x)-€ = 
(D/dt)®(7(t),v) #21 = 0. Hence De, is parallel for any fixed vector v € Eq ; Prop. 6.7 
follows. 


Assume that M is connected. Let a be a base point and M — M the universal 
covering of M/. The manifold M can be considered as the set of pairs (2, |y]), where [7] is 
a homotopy class of paths from a to x. Let 7(W) be the fundamental group of M with 
base point a, acting on M on the left by [kK] - (a, [y]) = (2, [ye7"]). If D is flat, 7(M) 
acts also on Eq by ([K],v)  Ti.(v), [Kk] € m1(), v € Ea, and we have a well defined 
map 

U:MxE,—E, Ya,|y]) =T,(v). 


Then W is invariant under the left action of 7,(M) on M x E, defined by 
[«] - ((a, [y]),v) = (@, yx"), Te(e)), 


therefore we have an isomorphism FE ~ (M x Ea)/m(M). 


Conversely, let S be a K-vector space of dimension r together with a left action of 
7™1(M). The quotient E = (M x S)/m(M) is a vector bundle over M with locally 
constant transition automorphisms (gag) relatively to any covering (V.) of M by simply 
connected open sets. The relation o* = gag o? implies do® = Jap do® on Van Vg. We 
may therefore define a connection D on E by letting Ds ~g, do® on each Vy. Then 
clearly O(D) = 0. 


§ 7. Hermitian Vector Bundles and Connections 


A complex vector bundle EF is said to be hermitian if a positive definite hermitian 
form | |? is given on each fiber E, in such a way that the map E — R,, € & |€|? is 
smooth. The notion of a euclidean (real) vector bundle is similar, so we leave the reader 
adapt our notations to that case. 


Let 0: Eig —+ 2x C” be a trivialization and let (e1,...,e,) be the corresponding 
frame of Ey. The associated inner product of E is given by a positive definite hermitian 
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matrix (h),,) with “6° coefficients on 2, such that 

(6y(@)¢¢,,(@)) = fixe); Vara a, 
When F is hermitian, one can define a natural sesquilinear map 


€>°(M, FE) x €3°(M, E) — 635 (M,C) 
(7.1) (s,t) > {s, t} 


combining the wedge product of forms with the hermitian metric on FE ; if s = 5+ a) ®ey, 
t=)o Ty, @ ep, we let 
{3,t+= Se CRN LEC: 


1<A,uxr 


A connection D is said to be compatible with the hermitian structure of EF, or briefly 
hermitian, if for every s € “€5°(M, E), t € “€9°(M, E) we have 


(7.2) d{s, t} = {Ds, t} + (-1)?{s, Dt}. 
Let (e1,...,er) be an orthonormal frame of Ey. Denote @(s) = o = (oy) and O(t) = 
T= (7). Then 


{St P= for = S- 0, AT), 


1<A\<r 
d{s,t} = {do,r} + (—1)?{o, dr}. 


Therefore D}g is hermitian if and only if its connection form A satisfies 
{Ao,7}+ (-1)?{o, Ar} = {(A4+ A*) Ao,7}=0 

for all 0,7, ie. 

(7.3) A*=—A or (Gx) =—(a,): 


This means that iA is a 1-form with values in the space Herm(C",C”) of hermitian 
matrices. The identity d?{s,t} = 0 implies {D?s,t} + {s, D?t} =0, ie. {O(D) A s,t}+ 
{s,0(D) At} = 0. Therefore @(D)* = —O(D) and the curvature tensor O(D) is such 
that 

iO(D) € €3°(M, Herm(£, F)). 


(7.4) Special case. If F is a hermitian line bundle (r = 1), Djg is a hermitian connec- 
tion if and only if its connection form A associated to any given orthonormal frame of 
E}\q is a 1-form with purely imaginary values. 


If 0, 0:E ia — Q are two such trivializations on a simply connected open subset 
Qc M, then g = 0007! =e'* for some real phase function y € @°(Q,R). The gauge 
transformation law can be written 


A=A+idy. 


In this case, we see that iO(D) € €3°(M,R). 
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(7.5) Remark. If s,s’ € €°(M, E) are two sections of EF along a smooth curve 4 : 
(0, 1] —> M, one can easily verify the formula 


d : Ds , Ds’ 
S (ol), (6) = (FP, 0) + (5, 2). 


In particular, if (e1,...,¢,) is a parallel frame of E along y such that (e1(0),...,e,(0)) 
is orthonormal, then (ex(t), esd 5 e,(t)) is orthonormal for all ¢. All parallel translation 
operators 7’, defined in 86 are thus isometries of the fibers. It follows that EF has a 
flat hermitian connection D if and only if E can be defined by means of locally constant 
unitary transition automorphisms gg, or equivalently if E is isomorphic to the hermitian 
bundle (M x.S)/7(M) defined by a unitary representation of (MM) in a hermitian vector 
space S. Such a bundle E is said to be hermitian flat. 


§ 8. Vector Bundles and Locally Free Sheaves 


We denote here by 6 the sheaf of germs of “6°° complex functions on M. Let F' —> 
M be a 6% complex vector bundle of rank r. We let ¥ be the sheaf of germs of 
“E~ sections of F’, i.e. the sheaf whose space of sections on an open subset U C M is 
F(U) = €°(U, F). It is clear that ¥ is a €-module. Furthermore, if Fig ~ Q x C” is 
trivial, the sheaf Fo is isomorphic to ‘Ef, as a G;q-module. 


(8.1) Definition. A sheaf S of modules over a sheaf of rings K is said to be locally free 
of rank k if every point in the base has a neighborhood Q such that S;Q is R-isomorphic 
to Re. 

ra 


Suppose that & is a locally free @-module of rank r. There exists a covering (Va)aer 
of M and sheaf isomorphisms 


Oa : Siva re Shy, : 


Then we have transition isomorphisms gag = 64 005" : 6" > €" defined on V,N Vg, and 
such an isomorphism is the multiplication by an invertible matrix with “6° coefficients on 
VaNVg. The concepts of vector bundle and of locally free é-module are thus completely 
equivalent. 


Assume now that F’ —> M isa line bundle (r = 1). Then every collection of transition 
automorphisms g = (gag) defines a Cech 1-cocycle with values in the multiplicative sheaf 
€* of invertible €° functions on M. In fact the definition of the Cech differential (cf. 
(IV-5.1)) gives (69)aey = 98+Ja,Jas, and we have dg = 1 in view of (1.1). Let 04 
be another family of trivializations and (g,,) the associated cocycle (it is no loss of 
generality to assume that both are defined on the same covering since we may otherwise 
take a refinement). Then we have 


(ke 6,' >Va XC Vax, (2,€) > (#,tal(x)§), Ua € E* (Va). 


It follows that gag = 9), ala Up, i.e. that the Cech 1-cocycles g, g’ differ only by the Cech 
1-coboundary du. Therefore, there is a well defined map which associates to every line 
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bundle F over M the Cech cohomology class {g} € H!(M, €*) of its cocycle of transition 
automorphisms. It is easy to verify that the cohomology classes associated to two line 
bundles FF’ are equal if and only if these bundles are isomorphic: if g = g’- du, then 
the collection of maps 


7-1 


0 
Fry, “2 Va x C — Va x C 25 Fly 


(7, €) > (a, Ua(x)E) 


defines a global isomorphism F' — F’. It is clear that the multiplicative group structure 
on H+(M, ‘€*) corresponds to the tensor product of line bundles (the inverse of a line 
bundle being given by its dual). We may summarize this discussion by the following: 


(8.2) Theorem. The group of isomorphism classes of complex €° line bundles is in 
one-to-one correspondence with the Cech cohomology group H!(M, €*). 


§9. First Chern Class 


Throughout this section, we assume that F is a complex line bundle (that is, rk FE = 
r =1). Let D be a connection on E. By (3.3), O(D) is a closed 2-form on M. Moreover, 
if D’ is another connection on EF, then (2.2) shows that D' = D+TAe where I € 
€9°(M,C). By (3.3), we get 


(9.1) @(D') = O(D) + dP. 


This formula shows that the De Rham class {O(D)} € Hjp(M,C) does not depend 
on the particular choice of D. If D is chosen to be hermitian with respect to a given 
hermitian metric on E£ (such a connection can always be constructed by means of a 
partition of unity) then i@(D) is a real 2-form, thus {i0(D)} € H3,,(M,R). Consider 
now the one-to-one correspondence given by Th. 8.2: 


{isomorphism classes of line bundles} —+ H'(M, €*) 


class {£} defined by the cocycle (gag) +> class of (gag). 
Using the exponential exact sequence of sheaves 


0—Z— €E— S* — 1 


f aa e2tif 


and the fact that H'(M,€) = H?(M, €) = 0, we obtain: 
(9.2) Theorem and Definition. The coboundary morphism 
H}(M, €*) 24 H?(M,Z) 


is an isomorphism. The first Chern class of a line bundle E is the image c(E) in 
H?(M,Z) of the Cech cohomology class of the 1-cocycle (gag) associated to E : 


(9.3) c1(E) = Of (Gag) }- 
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Consider the natural morphism 


(9.4) H?(M,Z) —> H?(M,R) ~ H3,p(M,R) 


where the isomorphism ~ is that given by the De Rham-Weil isomorphism theorem and 
the sign convention of Formula (IV-6.11). 


(9.5) Theorem. The image of c;(E) in H?,p(M,R) under (9.4) coincides with the De 
Rham cohomology class {5-O(D)} associated to any (hermitian) connection D on E. 


Proof. Choose an open covering (Va)acr of M such that EF is trivial on each V,, and 
such that all intersections V, Vg are simply connected (as in 8IV-6, choose the V, to be 
small balls relative to a given locally finite covering of M by coordinate patches). Denote 
by Aq the connection forms of D with respect to a family of isometric trivializations 


bo : Evy, — Va on Oa 


Let gag € €*(Va Ve) be the corresponding transition automorphisms. Then |gag| = 1, 
and as V, Vg is simply connected, we may choose real functions wag € “6(V_Vg) such 
that 


Goa = exp(27i tiga): 
By definition, the first Chern class c,(E) is the Cech 2-cocycle 


c1(E) =0{(gag)} = {(6u)aey)} € H2(M,Z) where 


(JU) apy =Upy — Uay + Uas- 


Now, if @% (resp. £2) denotes the sheaf of real (resp. real d-closed) q-forms on M, the 
short exact sequences 

(os ep as eG 

0—R — £° 4.9!1_.9 


yield isomorphisms (with the sign convention of (IV-6.11)) 


(9.6) H?,,(M, R) := H°(M, £2) /dH°(M, 2) —*s H}(M, ¥), 


te) 


(9.7) H1(M, &') —> H?(M,R). 


Formula 3.4 gives Ag = Aa+g75d9ag. Since O(D) = dA, on Va, the image of {-0(D)} 
under (9.6) is the Cech 1-cocycle with values in %1 


{— sets Aa} (ges) = ha 


and the image of this cocycle under (9.7) is the Cech 2-cocycle {du} in H?(M,R). But 
{du} is precisely the image of c,(E) € H?(M,Z) in H?(M,R). 


Let us assume now that M is oriented and that s € “€°(M, F) is transverse to the 
zero section of FE, i.e. that Ds € Hom(T'M, E) is surjective at every point of the zero set 
Z := s—+(0). Then Z is an oriented 2-codimensional submanifold of M (the orientation of 
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Z is uniquely defined by those of M and E’). We denote by [Z] the current of integration 
over Z and by {[Z]} € Hi p(M,R) its cohomology class. 


(9.8) Theorem. We have {[Z]} = ci(E)r. 


Proof. Consider the differential 1-form 
u=s '@Ds € €9(M ~ Z,C). 
Relatively to any trivialization 0 of Ej, one has Din ~p d+ Ae, thus 


d 
wa = +A where o = ((s). 


It follows that wu has locally integrable coefficients on M. If do/o is considered as a 
current on Q, then 


a() a a(o*=) = o*a(=) = 0*(27ido) = 27i[Z] 


oO 


because of the Cauchy residue formula (cf. Lemma I-2.10) and because o is a submersion 
in a neighborhood of Z (cf. (I-1.19)). Now, we have dA = O(D) and Th. 9.8 follows from 
the resulting equality: 


(9.9) du = 2ni[Z] + O(£). 


§10. Connections of Type (1,0) and (0,1) over Complex Mani- 
folds 
Let X be a complex manifold, dimc X =n and E a @® vector bundle of rank r over 


X ; here, E is not assumed to be holomorphic. We denote by Cr (Xx , £) the space of 
“€°° sections of the bundle A??T7*X @ E. We have therefore a direct sum decomposition 


CR(X,E)= @B ex, 
p+q=l 
Connections of type (1,0) or (0,1) are operators acting on vector valued forms, which 
imitate the usual operators d’,d” acting on Cx (X, C). More precisely, a connection of 


type (1,0) on Fisa cifecearralt operator D’ of order 1 acting on 605, (X, F) and satisfying 
the following two properties: 


(10.1) Di 8G? (4B) 3: C4 (CGB); 
(10.1’) D'(f As) =d'f As+(-1)88!f A D's 


for any f € 65° ,,(X,C), s © €% ,,(X, E). The definition of a connection D” of type 


(0,1) is similar. If 0: EjqQ — Ox C" is a E* trivialization of E}g and if o = (ay) = O(s), 
then all such connections D’ and D” can be written 

(10.2’) D'sxeedao+A' Ao, 

(10.2”) D"sxpd"o+A" No 
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where A’ € “€%(Q, Hom(C", C")), A” € “ER, (Q, Hom(C", C’)) are arbitrary forms with 
matrix coefficients. 


It is clear that D = D’ + D” is then a connection in the sense of §2 ; conversely any 
connection D admits a unique decomposition D = D’+ D” in terms of a (1,0)-connection 
and a (0,1)-connection. 


Assume now that F has a hermitian structure and that @ is an isometry. The connec- 
tion D is hermitian if and only if the connection form A = A’+ A” satisfies A* = —A, and 
this condition is equivalent to A’ = —(A”)*. From this observation, we get immediately: 


(10.3) Proposition. Let Dj be a given (0,1)-connection on a hermitian bundle 


t:E—>X. Then there exists a unique hermitian connection D= D'+ D" such that 
Be She 


§ 11. Holomorphic Vector Bundles 


From now on, the vector bundles EF in which we are interested are supposed to have 
a holomorphic structure: 


(11.1) Definition. A vector bundle 7: E — X is said to be holomorphic if E is a 
complex manifold, if the projection map 7 1s holomorphic and if there exists a covering 
(Valaer of X and a family of holomorphic trivializations 04 : Eyy, - Va x C". 


It follows that the transition matrices gyg are holomorphic on V, 1% Vg. In complete 
analogy with the discussion of 88, we see that the concept of holomorphic vector bundle 
is equivalent to the concept of locally free sheaf of modules over the ring © of germs of 
holomorphic functions on X. We shall denote by G(E) the associated sheaf of germs 
of holomorphic sections of FE. In the case r = 1, there is a one-to-one correspondence 
between the isomorphism classes of holomorphic line bundles and the Cech cohomology 
group H1(X, @). 


(11.2) Definition. The group H'(X,©*) of isomorphism classes of holomorphic line 
bundles is called the Picard group of X. 


If s € €x (X, E), the components 0° = (0%)1<<r = 9a(s) of s under 4 are related 
by 
a = gap’ co? on Van Vz. 


Since d’gag = 0, it follows that 
Ge" = gee" d"o® on Van Ve. 


The collection of forms (do) therefore corresponds to a unique global (p, g+1)-form d’s 
such that 0,(d"s) = do, and the operator d” defined in this way is a (0, 1)-connection 
on E. 


(11.3) Definition. The operator d” is called the canonical (0,1)-connection of the 
holomorphic bundle E. 
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It is clear that d’? = 0. Therefore, for any integer p = 0,1,...,n, we get a complex 
Cmo(X,B) > +++ CR (XB) CR ya(X, B) 


known as the Dolbeault complex of (p,e)-forms with values in E. 


(11.4) Notation. The q-th cohomology group of the Dolbeault complex is denoted 
H”:4(X, E) and is called the (p,q) Dolbeault cohomology group with values in E. 


The Dolbeault-Grothendieck lemma JI-2.11 shows that the complex of sheaves d” : 
€5.(X, F) is a soft resolution of the sheaf G(E). By the De Rham-Weil isomorphism 
theorem IV-6.4, we get: 


(11.5) Proposition. H°4(X,E) ~ H1(X,@(E)). 


Most often, we will identify the locally free sheaf @(F) and the bundle F itself ; 
the above sheaf cohomology group will therefore be simply denoted H2(X, £). Another 
standard notation in analytic or algebraic geometry is: 


(11.6) Notation. If X is a complex manifold, XK denotes the vector bundle A?T*X or 
its sheaf of sections. 


It is clear that the complex €3°,(X, E) is identical to the complex €9°,(X, OQ @ E), 
therefore we obtain a canonical isomorphism: 


(11.7) Dolbeault isomorphism. H?4(X,E) ~ H9(X,0\ @ E). 


In particular, H?°(X, E) is the space of global holomorphic sections of the bundle 
OF @E. 


§ 12. Chern Connection 


Let 7: E> X bea hermitian holomorphic vector bundle of rank r. By Prop. 10.3, 
there exists a unique hermitian connection D such that D” = d”. 


(12.1) Definition. The unique hermitian connection D such that D” = d" is called 
the Chern connection of E. The curvature tensor of this connection will be denoted by 
O(E) and is called the Chern curvature tensor of E. 


Let us compute D with respect to an arbitrary holomorphic trivialization 0: E\q — 
Q x C™. Let H = (hyp)isap<r denote the hermitian matrix with “€~ coefficients repre- 
senting the metric along the fibers of EF}. For any s,t € €S°(X,#) anda = 6(s), T= 
O(t) one can write 
{s,t} = So hyyor Arie! Ar, 
A; be 
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where o! is the transposed matrix of o. It follows that 


{Ds,t}+(-1)*8*{s, Dt} = d{s,t} 
do)! \ HF + (—1)*8% ot A (dH AT + Hdr) 


= ( 
= (do+H ‘dH No)! AHF +4 (-1)8?%ot A (dr +H dH A7) 


using the fact that dH = d'/H + d’/H and =H. Therefore the Chern connection D 
coincides with the hermitian connection defined by 


(12.2) Ds~pdo+H dH no, 
(12.3) Dixged+H dHve=H (He), D" =d". 
It is clear from this relations that D’? = D’? = 0. Consequently D? is given by to 
D? = D'D"+D"D’, and the curvature tensor O(E) is of type (1, 1). Since d’d’+d’d’ = 0, 
we get 

(D'D"” + D"D')s~9 H dH Ad’o+d"(H dH Ao) =d'"(H dH) Xo: 
(12.4) Theorem. The Chern curvature tensor is such that 


iO(E) € €7,(X, Herm(£, F)). 


If@0: Eq — Qx C is a holomorphic trivialization and if H is the hermitian matrix 
representing the metric along the fibers of E}q, then 


iQ(E)=id"(H dH) on Q. 


Let (e1,...,er) be a €® orthonormal frame of F over a coordinate patch Q Cc X 
with complex coordinates (z1,...,2n). On 9 the Chern curvature tensor can be written 
(12.5) iO(E) =i a Chk rp dz; \ dZy @ eX @ ey 


1<j,k<gn, 1<A,uxr 


for some coefficients cjx~,,, € C. The hermitian property of iO(£) means that Gp, = 
Ckjpr>+ 


(12.6) Special case. When r = rank F = 1, the hermitian matrix H is a positive 
function which we write H = e~*, y € €°(Q, R). By the above formulas we get 


(127) D' ~o9 d' -—d'phe=e?d (ee), 


(12.8) iO(F) =id'd’p on 2. 


Especially, we see that iO(F) is a closed real (1,1)-form on X. 


270 Chapter V. Hermitian Vector Bundles 


(12.9) Remark. In general, it is not possible to find local frames (e1,...,e,) of E}o 
that are simultaneously holomorphic and orthonormal. In fact, we have in this case 
H = (6y,,), So a necessary condition for the existence of such a frame is that O(F) = 0 
on Q. Conversely, if O(F) = 0, Prop. 6.7 and Rem. 7.5 show that E possesses local 
orthonormal parallel frames (e)) ; we have in particular D’’e, = 0, so (e)) is holomorphic; 
such a bundle F arising from a unitary representation of 7,(X) is said to be hermitian 
fiat. The next proposition shows in a more local way that the Chern curvature tensor 
is the obstruction to the existence of orthonormal holomorphic frames: a holomorphic 
frame can be made “almost orthonormal” only up to curvature terms of order 2 in a 
neighborhood of any point. 


(12.10) Proposition. For every point x9 € X and every coordinate system (2; )i<j<n 
at xo, there exists a holomorphic frame (ey)1i<v<r in a neighborhood of x9 such that 


(er(z),€u(2)) =Ou—  D) Cyay 272% + O((|zI*) 
1<j,k<n 
where (Cjrry) are the coefficients of the Chern curvature tensor O(E)z,. Such a frame 
(e,) is called a normal coordinate frame at xo. 


Proof. Let (hy) be a holomorphic frame of E. After replacing (hy) by suitable linear 
combinations with constant coefficients, we may assume that (h)(xo)) is an orthonormal 
basis of E,,,. Then the inner products (hy, h,,) have an expansion 


(ha(2), Py(Z)) = Oru + D) (Gjay 2 + Bay 2) + O((21?) 


j 


for some complex coefficients a;,,,, a’, , Such that a’ = Gj. Set first 
gr(z) = =i => Ajry 25 hh 
asi 


Then there are coefficients Gy, jer CHW such that 
(9x(2); Gu(2)) = Oru + O(|zI?) 
= Or + S° (QjKap jek + CW 252k + Gees Spee) + Of\z|*). 
jk 
The holomorphic frame (e€)) we are a for is 
en(z) = galz So tye 25% Iu(2 ). 
Ik b 


Since a’), = Gx, we easily find 


(en(2), eu(Z)) = Oru + Qjkau 272% + O((2I*), 


ik 
d'{ey, eu) = {D'en, eu} =) Ojeau Zr dz; + O((zI”), 
jk 
O(E) -EXY = D"(D'ex) = S° AjkAw dz}, A dz; &® Eu + O(\z]), 
Jk, po 


therefore Cin. = —Gsh xn: 
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§ 13. Lelong-Poincaré Equation and First Chern Class 


Our goal here is to extend the Lelong-Poincaré equation II-2.15 to any meromorphic 
section of a holomorphic line bundle. 


(13.1) Definition. A meromorphic section of a bundle E — X is a section s defined 
on an open dense subset of X, such that for every trivialization 64 : Eyv,, + Va x C" the 
components of o% = 04(s) are meromorphic functions on Vy. 


Let E be a hermitian line bundle, s a meromorphic section which does not vanish 
on any component of X and o = 6(s) the corresponding meromorphic function in a 
trivialization 6: E}g > Q*x C. The divisor of s is the current on X defined by div s;q = 
div o for all trivializing open sets 2. One can write divs = }>m,;Z;, where the sets 
Z; are the irreducible components of the sets of zeroes and poles of s (cf. § I-5). The 
Lelong-Poincaré equation (II-5.32) gives 


1 

—d'd" | = [Z; 

= og |o| Som; j]> 
and from the equalities |s|? = |a|?e~? and d'd"p = O(E) we get 
(13.2) id'd" log |s)? = 2x N° mj[Z,] — i O(E). 


This equality can be viewed as a complex analogue of (9.9) (except that here the hyper- 
surfaces Z; are not necessarily smooth). In particular, if s is a non vanishing holomorphic 
section of E}a, we have 


(13.3) iQ(E£) = —id'd’ log|s|?_ on Q. 


(13.4) Theorem. Let E — X be a line bundle and let s be a meromorphic section of E 
which does not vanish identically on any component of X. If )>m,;Z,; is the divisor of 
s, then 


Eth e= { om; (25)} © H2(X,R). 


Proof. Apply Formula (13.2) and Th. 9.5, and observe that the bidimension (1, 1)-current 
id’d” log |s|? = d(id” log |s|*) has zero cohomology class. 


(13.5) Example. If A = })m,Z; is an arbitrary divisor on X, we associate to A the 
sheaf ©(A) of germs of meromorphic functions f such that div(f) + A > 0. Let (V.) be 
a covering of X and wa a meromorphic function on V, such that div(u,) = A on V4. 
Then 6(A);y, = ug'@, thus @(A) is a locally free G-module of rank 1. This sheaf can be 
identified to the line bundle E over X defined by the cocycle gag := Ua/ug € O*(VaNV~). 
In fact, there is a sheaf isomorphism ©(A) —> ©(E) defined by 


G(A)(Q) 3 frees Ee G(E\(Q) with 0.(s) = fug on ONV,. 


The constant meromorphic function f = 1 induces a meromorphic section s of E such 
that divs = divug = A; in the special case when A > 0, the section s is holomorphic 
and its zero set s~1(0) is the support of A. By Th. 13.4, we have 


(13.6) c1(G(A))_ = {[A]}- 
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Let us consider the exact sequence 1 — ©* — l* — Div — 0 already described in 
(II-5.36). There is a corresponding cohomology exact sequence 


0 
(13.7) M*(X) — Div(X) 25 A(X, 6"). 
The connecting homomorphism 0° is equal to the map 
A+—} isomorphism class of ©(A) 


defined above. The kernel of this map consists of divisors which are divisors of global 
meromorphic functions in M*(X). In particular, two divisors A; and Ag give rise to 
isomorphic line bundles @(A,) ~ ©(Ag) if and only if Az — A; = div(f) for some global 
meromorphic function f € MM*(X) ; such divisors are called linearly equivalent. The 
image of 0° consists of classes of line bundles EF such that E has a global meromorphic 
section which does not vanish on any component of X. Indeed, if s is such a section and 
A = divs, there is an isomorphism 


(13.8) @(A) = @(E), fro fs. 


The last result of this section is a characterization of 2-forms on X which can be 
written as the curvature form of a hermitian holomorphic line bundle. 


(13.9) Theorem. Let X be an arbitrary complex manifold. 


a) For any hermitian line bundle E over M, the Chern curvature form ~-O(E) is a 


closed real (1,1)-form whose De Rham cohomology class is the image of an integral 
class. 


b) Conversely, let w be a @% closed real (1,1)-form such that {w} € Hj, p(X,R) is the 
image of an integral class. Then there exists a hermitian line bundle E — X such 
that s-O(E) =w. 


Proof. a) is an immediate consequence of Formula (12.9) and Th. 9.5, so we have only to 
prove the converse part b). By Prop. II-1.20, there exist an open covering (V,) of X and 
functions Ya € “6~(Va, R) such that sd dpa = w on Vy. It follows that the function 
£8 — Ya is pluriharmonic on V,N Vg. If (Vq) is chosen such that the intersections Van Vg 
are simply connected, then Th. I-3.35 yields holomorphic functions fgg on Va Vg such 
that 

2Re fas =¥e-PYa on VaN Vz. 


Now, our aim is to prove (roughly speaking) that (exp(— fas)) is a cocycle in ©* that 
defines the line bundle E we are looking for. The Cech differential (5 f apy = fay—fayt 
fag takes values in the constant sheaf iR because 


2Re (Sf apy = (Py — 9a) — (Pr — Ga) + (96 — Pa) = 0. 
Consider the real 1-forms Ag = Zz (d" Ya —d'~q). As d'(y~g — Ya) is equal to d'( fag + 
fas) = Fos, we get 
i 


a 1 
(6A)ag as Ag — Ag = 7 Ufas = fap) = 5, im fap. 
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Since w = dAa, it follows by (9.6) and (9.7) that the Cech cohomology class {6(¢1m fas) } 
is equal to {w} € H?(X,R), which is by hypothesis the image of a 2-cocycle (nagy) € 
H?(X,Z). Thus we can write 


1 
5(=Im fap) = (apy) + (cas) 
for some 1-chain (cgg) with values in R. If we replace fag by fag — 27icag, then we can 
achieve Cag = 0, so 6( fag) € 27iZ and gag := exp(—fag) will be a cocycle with values in 
©*. Since 


3 — Ya = 2Re fog = — log |gagl’, 


the line bundle FE associated to this cocycle admits a global hermitian metric defined in 
every trivialization by the matrix Hy = (exp(—¢qa)) and therefore 


a) = std" pa =e. 20nie Vay, 
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Let us consider an exact sequence of holomorphic vector bundles over X : 
(14.1) jeep Baga. 
Then £ is said to be an extension of S by Q. A (holomorphic, resp. “€°%) splitting of 


the exact sequence is a (holomorphic, resp. “6°°) homomorphism h : Q — EF which is a 
right inverse of the projection E —> Q, i.e. such that goh = Idg. 


Assume that a “6° hermitian metric on £ is given. Then S and @ can be endowed 
with the induced and quotient metrics respectively. Let us denote by Dz, Ds, Da the 
corresponding Chern connections. The adjoint homomorphisms 

ok * 
J:k—S, gg :Q—E 
are “6° and can be described respectively as the orthogonal projection of EF onto S' and 


as the orthogonal splitting of the exact sequence (14.1). They yield a °° (in general 
non analytic) isomorphism 


(14.2) jf @g:E —>SOQ. 
(14.3) Theorem. According to the €° isomorphism j* @ 9g, Dg can be written 
Te. oF 
pa 
7 ( 8 De 


where 3 € ET (X, Hom(S, Q)) is called the second fundamental of S in E and where 
BX © CR (X, Hom(Q, S)) is the adjoint of @. Furthermore, the following identities hold: 
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a) Dhoms.md = 9°98, a"j =0; 
b) Diom(B,Q)9 =—Boj*, d"g =0; 
c) Dyom(E,8)I = 0, d"j*= Bog; 
d) Dyom(Q,E)9 = 0, dl g*= —j 0 B*. 


Proof. If we define Vz ~ Ds © Dg via (14.2), then Vz is a hermitian connection on 
E. By (7.3), we have therefore Dg = Vg +I Ae, where T € €7°(X, Hom(£, E£)) and 
I* = —I. Let us write 


_ C a a* = —a, 6* = —4, y= —8", 


(14.4) Da= ("ste 7 ): 


For any section u € “€9°,(X, FE) we have 
Dru = De(Gj*utg* gu) 
= jDs(j*u)+g9* De (gu)+(DHom(s,B)I) AP U+(Diom(£,Q)9") Agu: 
A comparison with (14.4) yields 
Dyom(s,E)I =joat+ g* o B, 
Dyom(£,Q)9* =J°V¥+9* 4, 


Since j is holomorphic, we have d!’j = j 0 a°1 + g* o 8°! = 0, thus a®! = 6°! = 0. But 
a* = —a, hence a = 0 and 6 € €%4(Hom(S, Q)) ; identity a) follows. Similarly, we get 


Ds(j*u) = j* Deu Ff (Dyomi(#.5)3") AU, 

De (gu) = gDeu Te (Diom(B,Q)9) A U, 
and comparison with (14.4) yields 

Dijem(m,3)9" =a oj” OY OG = oe o”g; 

Dyom(E,Q)9 = —B°j* —60g. 


Since d’g = 0, we get 6° = 0, hence 5 = 0. Identities b), c), d) follow from the above 
computations. 


(14.5) Theorem. We have d"(G*) = 0, and the Chern curvature of E is 


O(S) > fois A B Diiom(Q,s)o" ) ; 


00) = Og” ear ako 


Proof. A computation of D?, yields 


p.a_{ Ds-BAB  —(Ds°B* + 6*o Da) 
EB \ 60 Ds+ Deo Da — BA B* 
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Formula (13.4) implies 


Dyom(s,Q)8 = 8° Ds + De 0B, 
Dyom(@,s)8* = Dg 0 B* + B* 0 Da. 


Since Dz, is of type (1,1), it follows that d’3* = Dytom(Q,s) 2" = 0. The proof is achieved. 


A consequence of Th. 14.5 is that O(S) and O(Q) are given in terms of O(E) by 
the following formulas, where O(£);s, O(E);g denote the blocks in the matrix of O(£) 
corresponding to Hom(S, S$) and Hom(Q, Q): 


By 14.3 c) the second fundamental form ( vanishes identically if and only if the orthogonal 
splitting E ~ S @Q is holomorphic ; then we have O(F) = O(5) 6 E(Q). 


Next, we show that the d’-cohomology class {3*}<¢H® (X, Hom(Q, S)) characterizes 
the isomorphism class of E’ among all extensions of S by @. Two extensions FE and F 
are said to be isomorphic if there is a commutative diagram of holomorphic maps 


0—S —E —->Q — 0 


(14.8) | 
0—S —F —-Q — 0 


in which the rows are exact sequences. The central vertical arrow is then necessarily an 
isomorphism. It is easily seen that 0 — S — E — Q — 0 has a holomorphic splitting if 
and only if F is isomorphic to the trivial extension S 6 Q. 


(14.9) Proposition. The correspondence 
{E} = {6"} 


induces a bijection from the set of isomorphism classes of extensions of S by Q onto 
the cohomology group H' (X, Hom(Q, S)). In particular {G*} vanishes if and only if the 
exact sequence 


0—S Sipe oo Q — 0 
splits holomorphically. 


Proof. a) The map is well defined, i.e. {(G*} does not depend on the choice of the hermitian 
metric on E. Indeed, a new hermitian metric produces a new “€* splitting g* and a new 
form @* such that d’g* = —j o 6*. Then gg* = gg* = Ida, thus g— g = j ov for some 
section v € 6° (X, Hom(Q, S)). It follows that @* — 8* = —d'’v. Moreover, it is clear 
that an isomorphic extension F’ has the same associated form (* if F’ is endowed with 
the image of the hermitian metric of EF. 
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b) The map is injective. Let E and F be extensions of S by Q. Select “6° splittings 
E,F~S@®Q. We endow S,Q with arbitrary hermitian metrics and EF, F' with the direct 
sum metric. Then we have corresponding (0, 1)-connections 


Du —pB* D" _p* 
De =< Dre | 8 ’ 
z ( 0 Dé ). = ( 0 Dé 


Assume that 8* = 6* +d!v for some v © €% (X, Hom(Q,S)). The isomorphism W : 
E — F of class ‘6° defined by the matrix 


Ids U 
0 Idg/)’ 


is then holomorphic, because the relation Dg ov — v0 Dg = d"v = B* — B* implies 


Dyjom(E,F)Y — De oW = wU oD 


=(F pe) CE ado) (CF te) CO Bg) 
0 ive 0 Idg 0 Idg 0 Do 
=(f a ae 

0 0 ; 


Hence the extensions F and F' are isomorphic. 


c) The map is surjective. Let y be an arbitrary d’-closed (0,1)-form on X with values 
in Hom(Q,S). We define FE as the €° hermitian vector bundle S @Q endowed with the 


(0, 1)-connection 
Db" y 
Di, = ( 5 ) ) 
a 20% 


We only have to show that this connection is induced by a holomorphic structure on 
E ; then we will have 6* = —y. However, the Dolbeault-Grothendieck lemma im- 
plies that there is a covering of X by open sets U, on which y = d”vg for some 
Va € €E*°(U,, Hom(Q, S)). Part b) above shows that the matrix 


Ids ve 
0 Idg 


onto the trivial extension (S @ Q);u, such that 


a 


is the inverse image 


defines an isomorphism ~. from Fry, 
Ditom( E, seq) a = 0. The required holomorphic structure on Fy. 


a 


of the holomorphic structure of (S@®Q))u, by Wa ; it is independent of a because vg — vg 
and wy 0 pa are holomorphic on Ug N Ug. 


(14.10) Remark. If EF and F are extensions of S by Q such that the corresponding 
forms 6* and B* = uo B* ov~! differ by u € H°(X, Aut(S)), v € H°(X, Aut(Q)), 
it is easy to see that the bundles EF and F' are isomorphic. 'To see this, we need 
only replace the vertical arrows representing the identity maps of S and Q in (14.8) 
by u and v respectively. Thus, if we want to classify isomorphism classes of bun- 
dles & which are extensions of S by @ rather than the extensions themselves, the 
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set of classes is the quotient of H! (X, Hom(Q, S)) by the action of H° (X, Aut(S)) x 
H® (Xx : Aut(Q)). In particular, if S,Q are line bundles and if X is compact connected, 
then H° (X, Aut(S)), H°® (X, Aut(Q)) are equal to C* and the set of classes is the pro- 
jective space P(H'(X, Hom(Q, $))). 


§ 15. Line Bundles 6(k) over P” 
§15.A. Algebraic properties of @(k) 


Let V be a complex vector space of dimension n+1, n > 1. The quotient topological 
space P(V) = (V \ {0})/C* is called the projective space of V, and can be considered as 
the set of lines in V if {0} is added to each class C*- a. Let 


a: VN {0} — P(V) 


rr [a] =C*-a« 


be the canonical projection. When V = C”*?, we simply denote P(V) = P”. The space 
P” is the quotient $?"+1/S1 of the unit sphere $?"*! Cc C”t! by the multiplicative 
action of the unit circle St Cc C, so P” is compact. Let (e9,...,€n) be a basis of V, and 
let (%o,..-,2%n) be the coordinates of a vector x € V \ {0}. Then (2o,...,2n) are called 
the homogeneous coordinates of |z| € P(V). The space P(V) can be covered by the open 
sets 0; defined by 0; = {[z] © P(V); x; #0} and there are homeomorphisms 


Te Ah 


ee Coping hy <ieals eS ei ee for 14: 


The collection (7;) defines a holomorphic atlas on P(V), thus P(V) = P” is a compact 
n-dimensional complex analytic manifold. 


Let V be the trivial bundle P(V) x V. We denote by @(—1) C V the tautological line 
subbundle 


(1531) @(-1) = {([z],)e PV) x V3; €eC-2} 


such that ©(-1),; =C-a CV, 2 eV~\ {0}. Then 6(—1))9, admits a non vanishing 
holomorphic section 


[z] — €;([z]) = bie = Z0€0 aE. aoe €; + Zj41€741 ube esk Zn€n, 
and this shows in particular that @(—1) is a holomorphic line bundle. 
(15.2) Definition. For every k € Z, the line bundle ©(k) is defined by 


6(1) =@(-1)*, (0) =P(V)xC, 
k) = @(1)9* = @(1) @---@@(1) for k>1, 
6(—k) = @(-1)®* for k>1 
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We also introduce the quotient vector bundle H = V/@(-—1) of rank n. Therefore we 
have canonical exact sequences of vector bundles over P(V): 


(15.3) 0-G(-1)-V-H-0, 0-A*>V*— 61) 0. 
The total manifold of the line bundle G(—1) gives rise to the so called monoidal 
transformation, or Hopf o-process: 


(15.4) Lemma. The holomorphic map pp: ©(—1) — V defined by 
pw: @(-1) —9V=PWVV)xV SV 


sends the zero section P(V) x {0} of G(—1) to the point {0} and induces a biholomorphism 
of @(—1) \ (P(V) x {0}) onto V ~ {0}. 


Proof. The inverse map ~* : V \ {0} —> @(-1) is clearly defined by 


poh sa ([a],2). 


The space H°(P”, ©(k)) of global holomorphic sections of @(k) can be easily computed 
by means of the above map Uw. 


(15.5) Theorem. H°(P(V),G(k)) =0 for k <0, and there is a canonical isomorphism 
H°(P(V),@(k)) ~ S'V*, k>0, 
where S*V* denotes the k-th symmetric power of V*. 


(15.6) Corollary. We have dim H° (P”, 6(k)) = ae for k > 0, and this group is 0 
fork <0. 


Proof. Assume first that k > 0. There exists a canonical morphism 

®: S*V* — H°(P(V), @(k)) ; 
indeed, any element a € S*V* defines a homogeneous polynomial of degree k on V 
and thus by restriction to G(-1) C V a section ®(a) = @ of (@(—1)*)®* = G(k); in 
other words ©® is induced by the k-th symmetric power S*V* — G(k) of the canonical 
morphism V* — @(1) in (15.3). 


Assume now that k € Z is arbitrary and that s is a holomorphic section of @(k). For 
every x € V \ {0} we have s([x]) € @(k)[,] and —'(x) € @(—1)j2]. We can therefore 
associate to s a holomorphic function on V < {0} defined by 


f(x) = s([r])-po(a)*, eV {0}. 


Since dimV = n+1 > 2, f can be extended to a holomorphic function on V and f is 
clearly homogeneous of degree k (1 and yz~! are homogeneous of degree 1). It follows 
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that f = 0, s = 0 if k < 0 and that f is a homogeneous polynomial of degree k on V if 
k > 0. Thus, there exists a unique element a € S*V* such that 


Therefore ® is an isomorphism. 


The tangent bundle on P” is closely related to the bundles H and ©(1) as shown by 
the following proposition. 


(15.7) Proposition. There is a canonical isomorphism of bundles 


TP(V) ~ H® G1). 


Proof. The differential dz, of the projection 7: V \ {0} — P(V) may be considered as 
a map 


As drz(x) = 0, daz can be factorized through V/C - = V/@(—1) 2) = Hjz}. Hence we 


get an isomorphism 


City. Hig 9 Tigh WV ), 


but this isomorphism depends on x and not only on the base point [a] in P(V). The 
formula m(Az + €) = r(a@+A71€), XE C*, € EV, shows that dr), = A~'drz, hence the 
map 


Hes ays Hix, — (TP(V) ® O(-1)) 


depends only on [a]. Therefore H ~ TP(V) © @(-1). 


§15.B. Curvature of the Tautological Line Bundle 


Assume now that V is a hermitian vector space. Then (15.3) yields exact sequences 
of hermitian vector bundles. We shall compute the curvature of ©(1) and H. 


Let a € P(V) be fixed. Choose an orthonormal basis (€9, €1,...,€n) of V such that 
a = [eo]. Consider the embedding 


C”™-+>+P(V), Or-a 
which sends z = (21,...,2n) to [eo + 21€1 +--+ Znen|. Then 
el 2 So aie heen 


defines a non-zero holomorphic section of @(—1))cn and Formula (13.3) for @(@(1)) = 
—@(@(—1)) implies 

(15.8) Q(G(1)) = d’a" log |e(z)|? = d'd" log(1+|z|?) on C”, 

(15.8’) @(6(1)), = > dz; Adz;. 


l<j<n 
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On the other hand, Th. 14.3 and (14.7) imply 
d"gi =—jof*, O(H)=BAL*, 


where j : ©(—1) —> V is the inclusion, g* : H —> V the orthogonal splitting and 6* € 
@8., (P(V), Hom(H, G(—1))). The images (€1,...,€n) of e1,...,en in H = V/G@(-1) 
define a holomorphic frame of Hycn and we have 


~ (3, €) 25 Wok ox — 
g* ej = ej — lel? = ea, d' gg €j = —dZ; @é, 
Bt= >) dz; 0% Be, Br= >) dz @e* OG, 
1<jxn 1<j<n 
(15.9) OA)a= YS. dzj Ade @e @é;. 
1<j,k<n 


(15.10) Theorem. The cohomology algebra H*(P",Z) is isomorphic to the quotient 
ring Z{h|/(h"*') where the generator h is given by h = c;(@(1)) in H?(P",Z). 


Proof. Consider the inclusion P?~! = P(C” x {0}) C P”. Topologically, P” is obtained 
from P”—! by attaching a 2n-cell Bo, to P"—!, via the map 


f : Ban — P” 


zo [z1-[22], 2eC", |el<1 


which sends $?2"~! = {|z| = 1} onto P”~!. That is, P” is homeomorphic to the quotient 
space of Bz, IIP"~1, where every point z € S?"~! is identified with its image f(z) € P"~?. 
We shall prove by induction on n that 


(15.11) H?*(P",Z)=Z, 0<k<n, otherwise H'(P”,Z) =0. 


The result is clear for P°, which is reduced to a single point. For n > 1, consider 
the covering (U;,U2) of P” such that Uj is the image by f of the open ball BS,, and 
Uz = P"\{f(0)}. Then U, © BS,, is contractible, whereas Uz = (Bon \ {0}) II g2n-1 P” 1. 
Moreover U; 1 U2 = BS,, ~ {0} can be retracted on the (2n — 1)-sphere of radius 1/2. 
For q > 2, the Mayer-Vietoris exact sequence IV-3.11 yields 


v7 ae aoe Z) eae ye ial Co alae Z) 
— H4(P",Z) — H4(P""',Z) — H%(S?""* Z) 


For g = 1, the first term has to be replaced by H°(P"~1, Z) @ Z, so that the first arrow 
is onto. Formula (15.11) follows easily by induction, thanks to our computation of the 
cohomology groups of spheres in IV-14.6. 

We know that h = c,(@(1)) € H?(P",Z). It will follow necessarily that h* is a 
generator of H?*(P",Z) if we can prove that h” is the fundamental class in H?"(P, Z), 
or equivalently that 


(15.12) c1(6(1))? = [. (5-0(6(1)))" =H 
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This equality can be verified directly by means of (15.8), but we will avoid this com- 
putation. Observe that the element e* € (Cuca defines a section é* of H°(P”, G(1)) 
transverse to 0, whose zero set is the hyperplane P"-1. As {0(@(1))} = {[P""1]} by 
Th. 13.4, we get 


ci(6(1)) = f (9) =1 for n=1 and 


i 


ecoquy"= fra (seereay)" =f Gea)” 


in general. Since ©(—1))pn-1 can be identified with the tautological line subbundle 
Opn-1(—1) over P"~!, we have O(G@(1)) ppn-1 = O(G@pn-1(1)) and the proof is achieved by 
induction on n. 


— 


§15.C. Tautological Line Bundle Associated to a Vector Bundle 


Let FE be a holomorphic vector bundle of rank r over a complex manifold X. The pro- 
jectivized bundle P(E) is the bundle with P"~? fibers over X defined by P(E), = P(E,) 
for all x € X. The points of P(E) can thus be identified with the lines in the fibers of F. 
For any trivialization 6, : Ey, —- Ua x C” of E we have a corresponding trivialization 


Oa: P(E)}u, — Ua x P’7!, and it is clear that the transition automorphisms are the 
projectivizations gag € H° (Uo Ug, PGL(r, C)) of the transition automorphisms gag 
of E. 


Similarly, we have a dual projectivized bundle P(E*) whose points can be identified 
with the hyperplanes of FE (every hyperplane F' in E, corresponds bijectively to the 
line of linear forms in E* which vanish on F’); note that P(E) and P(E*) coincide 
only when r = rkE = 2. If 7 : P(E*) — X is the natural projection, there is a 
tautological hyperplane subbundle S' of 1*E over P(E*) such that Sig) = €71(0) C Ey 
for all € € E* \ {0}. 

[exercise: check that S' is actually locally trivial over P(E*)]. 


(15.13) Definition. The quotient line bundle r*E/S is denoted ©g(1) and is called the 
tautological line bundle associated to E. Hence there is an exact sequence 


0— S — n*E — Gz (1) — 0 
of vector bundles over P(E”). 
Note that (13.3) applied with V = E* implies that the restriction of Gp(1) to each 


fiber P(E*) ~ P’~! coincides with the line bundle @(1) introduced in Def. 15.2. Theo- 
rem 15.5 can then be extended to the present situation and yields: 


(15.14) Theorem. For every k € Z, the direct image sheaf 7,@g(k) on X vanishes for 
k <0 and is isomorphic to G(S*E) for k > 0. 


Proof. For k > 0, the k-th symmetric power of the morphism 7*E — G@p(1) gives a 
morphism 7*,9* E — Gz(k). This morphism together with the pull-back morphism yield 
canonical arrows 


by : H°(U,S*E) 2 H°(n-1(U), 1*S*E) — H°(n71(U), On(k)) 
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for any open set U Cc X. The right hand side is by definition the space of sections of 
T©m(k) over U, hence we get a canonical sheaf morphism 


® : 6(S"E) — 1,@p(k). 


It is easy to check that this ® coincides with the map ® introduced in the proof of 
Cor. 15.6 when X is reduced to a point. In order to check that ® is an isomorphism, 
we may suppose that U is chosen so small that E}y is trivial, say Eyy = U x V with 
dim V = r. Then P(E*) = Ux P(V*) and Gg(1) = p*@(1) where @(1) is the tautological 
line bundle over P(V*) and p: P(E*) — P(V*%) is the second projection. Hence we get 


Hoa *(U) Crk) = HU PV) ea) 
= Ox(U) ® H®(P(V*), @(1)) 
= 6x(U) @S*V = H°(U, S*E), 
as desired; the reason for the second equality is that p*@(1) coincides with ©(1) on each 
fiber {x} x P(V*) of p, thus any section of p*@(1) over U x P(V*) yields a family of 


sections H°({a} x P(V*),@(k)) depending holomorphically in z. When k <0 there are 
no non zero such sections, thus 7,@2(k) = 0. 


Finally, suppose that EF is equipped with a hermitian metric. Then the morphism 
w*E — @Op(1) endows ©z(1) with a quotient metric. We are going to compute the 
associated curvature form O(@z(1)). 


Fix a point 79 € X and a € P(E%,). Then Prop. 12.10 implies the existence 
of a normal coordinate frame (e€,)i<,<r) of E at x such that a is the hyperplane 


(eg,...,€r) = (e{)71(0) at xo. Let (21,.-.,2n) be local coordinates on X near xo and 
let (€1,...,&-) be coordinates on E* with respect to the dual frame (ej,...,ex). If we 
assign €; = 1, then (z1,...,2n,&2,.--,&,) define local coordinates on P(E*) near a, and 


we have a local section of @g(—1) := @p(1)* C 1*E* defined by 


e(z,6) =e(2)+ YD &eh2). 


2<A\<r 


The hermitian matrix ((e}, e%,)) is just the congugate of the inverse of matrix ((e), e,,)) 
Id —( >> cjkay 2j2%n) + O(|2|*), hence we get 


(eh(2)@2(2)) Sit So opeiszyze tt Ollz)), 
1<j,k<n 


where (cjz,) are the curvature coefficients of O(F); accordingly we have O(£*) = 
—@(E)'. We infer from this 


lez QP =1+ So eye yz%e+ SO (él? + O(lz!). 


1<j,kgn 2<AKr 


Since O(Gz(1)) = d’d” log |e(z, €)|?, we get 


0(G5(1)), = Yd) ejeudz; Adz + S> dé Ad&y. 


1<j,k<n 2<rA<r 
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Note that the first summation is simply —(@(E*)a, a)/|a|? = — curvature of E* in the 
direction a. A unitary change of variables then gives the slightly more general formula: 


(15.15) Formula. Let (e)) be a normal coordinate frame of E at xo € X and let 
O(P) a. = do CikAu dz; \ dz, ® eX @e,. At any point a € P(E*) represented by a vector 
dane} € EX, of norm 1, the curvature of © (1) is 


a 


1<j, kn, 1gA, ur 1gAgr-1 


0(Gz(1)) = S- Ci kr aay dz; A dz, + S- dy A dCs; 


where (Cy) are coordinates near a on P(E*), induced by unitary coordinates on the hy- 
perplane at C Be 


§ 16. Grassmannians and Universal Vector Bundles 


§16.A. Universal Subbundles and Quotient Vector Bundles 


If V is a complex vector space of dimension d, we denote by G,(V) the set of all 
r-codimensional vector subspaces of V. Let a € G,(V) and W C V be fixed such that 


V=a@wWw, dimcW =r. 
Then any subspace x € G,(V) in the open subset 
Qw ={xEG,(V); x@eW=V} 


can be represented in a unique way as the graph of a linear map u in Hom(a, W). This 
gives rise to a covering of G,(V) by affine coordinate charts Qw ~ Hom(a,W) ~ Ce"). 
Indeed, let (€1,...,¢€,) and (€;41,...,@n) be respective bases of W and a. Every point 
x € Qyp is the graph of a linear map 


(16.1) u: a—W, ulex) = Ss" Bie TPS hed, 
l<j<r 


ie. x = Vect (ex + yee REF) wan epee: We choose (z;,) as complex coordinates on 
Qy. These coordinates are centered at a = Vect(e;41,...,€a)- 


(16.2) Proposition. G,.(V) is a compact complex analytic manifold of dimension n = 
r(d—r). 


Proof. It is immediate to verify that the coordinate change between two affine charts 
of G;(V) is holomorphic. Fix an arbitrary hermitian metric on V. Then the unitary 
group U(V) is compact and acts transitively on G,(V). The isotropy subgroup of a point 
a €G,(V) is U(a) x U(at), hence G,(V) is diffeomorphic to the compact quotient space 
U(V)/U(a) x U(at). 


Next, we consider the tautological subbundle S Cc V := G.(V) x V defined by S$, = x 
for all x € G,(V), and the quotient bundle Q = V/S of rank r: 


(16.3) 0—S—V—>-Q— 0. 
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An interesting special case is r = d—1, Gag_1(V) = P(V), S = @(-1), Q = H. The 
case r = 1 is dual, we have the identification G;(V) = P(V*) because every hyperplane 
x C V corresponds bijectively to the line in V* of linear forms € € V* that vanish on x. 
Then the bundles ©(—1) Cc V* and H on P(V~) are given by 


G(-1)[q = CE & (V/a)* = Qz, 
Fig = VCE << ai = fone 


therefore S = H*, Q = @(1). This special case will allow us to compute H°(G,(V), Q) 
in general. 


(16.4) Proposition. There is an isomorphism 
V = H'(G,(V),V) — H°(G,(V), Q). 
Proof. Let V = W ®W’ be an arbitrary direct sum decomposition of V with codim W = 
r — 1. Consider the projective space 
P(W*) = Gi(W) CG,(V), 


its tautological hyperplane subbundle H* Cc W = P(W%*) x W and the exact sequence 
0— H* — W — @(1) > 0. Then S}piws) coincides with H* and 


Qipws) = (W 8 W')/H* = (W/H*) 6 W' = (1) @ W’. 
Theorem 15.5 implies H°(P(W*), G(1)) = W, therefore the space 


H°(P(W*), Qipws)) =W ew’ 


is generated by the images of the constant sections of V. Since W is arbitrary, Prop. 16.4 


follows immediately. 


Let us compute the tangent space TG,.(V). The linear group GI(V) acts transitively 
on G,(V), and the tangent space to the isotropy subgroup of a point x € G,(V) is the 
set of elements u € Hom(V,V) in the Lie algebra such that u(a) C x. We get therefore 


TrG,(V) ~ Hom(V,V)/{u ; u(x) c x} 
~ Hom(V,V/x)/{w ; u(x) = {0}} 
~ Hom(2, V/xz) = Hom(S,z, Q.). 


(16.5) Corollary. TG,(V) = Hom(S,Q) = S* @Q. 
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§16.B. Pliicker Embedding 


There is a natural map, called the Pliicker embedding, 


(16.6) jn Gp(V) > P(ATV*) 
constructed as follows. If x € G.(V) is defined by r independent linear forms £1,...,& € 
V*, we set 


Fr(Z) = [E1 PREes N Gel 


Then zx is the subspace of vectors v € V such that v J (€:A---A&,) = 0, so j, is injective. 
Since the linear group Gl(V) acts transitively on G,(V), the rank of the differential dj, 
is a constant. As 7, is injective, the constant rank theorem implies: 


(16.7) Proposition. The map j, is a holomorphic embedding. 


Now, we define a commutative diagram 


aq 25 @(1) 
(16.8) | | 
Jr 


G,(V) <> P(A'V*) 


as follows: for x = €;'(0)N---N€71(0) € G,(V) and J = 0, A--- Ad, € A"Qz where 
Up © Qe = V/z is the image of vz € V in the quotient, we let J,(v) € @(1);,(2) be the 
linear form on ©(—1);,(2) =C.€1 A... A & such that 


(Jp(8), ALA... A&-) = Adet (E;(ve)), AEC. 


Then J; is an isomorphism on the fibers, so A"Q can be identified with the pull-back of 
O(1) by jr. 
§16.C. Curvature of the Universal Vector Bundles 

Assume now that V is a hermitian vector space. We shall generalize our curvature 
computations of §15.C to the present situation. Let a € G,(V) be a given point. We 
take W to be the orthogonal complement of a in V and select an orthonormal basis 
(€1,...,€q) of V such that W = Vect(e1,...,e,), a = Vect(e,41,..-,€q). For any point 
x €G,(V) in Qw with coordinates (z;,), we set 


ER(L) = ex + ye Sein Theo, 
1l<j<r 


é;(z) = image ofe; inQ,z=V/2z, 1<j <r. 


Then (€1,...,é,) and (€,41,...,€a) are holomorphic frames of Q and S respectively. If 
g* : Q — V is the orthogonal splitting of g: V — Q, then 


ge =egt+ SO Gate 


r+l<k<d 
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for some ¢;, € C. After an easy computation we find 


0 = (@),9€%) = (9"j, 4) = Gye + Zje +) Sim 2m Zk 


l,m 
so that Cj~n = —Zjx + O(|z|*). Formula (13.3) yields 
dig. ej = S° dZ jh ® Ek, 
r+l<k<d 
Br=S dz, @E Vex, Ba= > dajn @ ep @E;, 
jik j,k 
(16.9) O(Q)a = (BA B*)a = > dzjx A d%p @ GF @Ej, 
Zk 
(16.10) O(S)a = (B* A B)a = — >> dain A dZj1 ® Ef @ 1. 


ikl 
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Chapter VI 


Hodge Theory 


The goal of this chapter is to prove a number of basic facts in the Hodge theory of real or complex 
manifolds. The theory rests essentially on the fact that the De Rham (or Dolbeault) cohomology groups 
of a compact manifold can be represented by means of spaces of harmonic forms, once a Riemannian 
metric has been chosen. At this point, some knowledge of basic results about elliptic differential operators 
is required. The special properties of compact Kahler manifolds are then investigated in detail: Hodge 
decomposition theorem, hard Lefschetz theorem, Jacobian and Albanese variety, ...; the example of 
curves is treated in detail. Finally, the Hodge-Froélicher spectral sequence is applied to get some results 
on general compact complex manifolds, and it is shown that Hodge decomposition still holds for manifolds 
in the Fujiki class (€). 


§1. Differential Operators on Vector Bundles 


We first describe some basic concepts concerning differential operators (symbol, com- 
position, adjunction, ellipticity), in the general setting of vector bundles. Let M be a 
‘€~ differentiable manifold, dimp M = m, and let FE, F' be K-vector bundles over M, 
with K= Ror K=C, rank E =r, rank F =r’. 


(1.1) Definition. A (linear) differential operator of degree 6 from E to F is a K-linear 
operator P : €°(M, E) > €°(M, F), ut Pu of the form 


Pu) = S- Galt) Due), 


|a|<6 


where Ejg ~ Ox K", Fig & Ox K" are trivialized locally on some open chart QC M 
equipped with local coordinates (%1,...,%m), and where aqg(x) = (Garu(2)) erp (uss 
are r’ x r-matrices with “6° coefficients on Q. Here D® = (0/021)%...(0/O%m)°™ as 
usual, and w= (Up)i<p<r, Dou = (D°up)icp<r are viewed as column matrices. 


If t € K is a parameter, a simple calculation shows that e~™) P(e) is a polyno- 
mial of degree 6 in t, of the form 


e 2) P(e) = to p(x, du(x)) + lower order terms c;(x)t*, 7 < 6, 


where op is the polynomial map from Tx, — Hom(E, F’) defined by 


(1.2) fhe = g md op(x,€) S Hom(E,, Fx), op(x, €) = S- Ga (xg. 
|a|=6d 
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The formula involving e~' P(e’) shows that op(x,€) actually does not depend on the 
choice of coordinates nor on the trivializations used for E, F’. It is clear that op(z,&) is 
smooth on TX, as a function of (x, €), and is a homogeneous polynomial of degree 6 in €. 
We say that op is the principal symbol of P. Now, if E, F', G are vector bundles and 


P:€°(M,E) > €°(M,F), Q:€°(M,F)— €°(M,G) 


are differential operators of respective degrees dp, dg, it is easy to check that Qo P : 
‘eE™ (M, E) — €*(M, G) is a differential operator of degree dp + dg and that 


(1.3) FQoP(#, €) = 0q(2, E)op(x, €). 
Here the product of symbols is computed as a product of matrices. 


Now, assume that /M is oriented and is equipped with a smooth volume form dV (x) = 
y(x)dxz, \...d&%m, where y(x) > 0 is a smooth density. If F is a euclidean or hermitian 
vector bundle, we have a Hilbert space L?(M, E) of global sections u of E with measurable 
coefficients, satisfying the L? estimate 


(1.4) |u|? = 7 |u(ax)|? dV (x) < +00. 
We denote by 
(1.4’) (a0) = [ w@),o(@) ava). u,v € L?(M, E) 


the corresponding L? inner product. 


(1.5) Definition. If P : €°(M, E) > €°(M, F) is a differential operator and both E, 
F are euclidean or hermitian, there exists a unique differential operator 

P* : 6°(M, F) — 6*(M, E), 
called the formal adjoint of P, such that for all sections u € €%°(M,E) andv € 
‘6° (M, F’) there is an identity 


(Pu, v)) = (u, P*v)), whenever SuppuM Suppv cc M. 


Proof. The uniqueness is easy, using the density of the set of elements u € 6°(M, E) 
with compact support in L?(M,E). Since uniqueness is clear, it is enough, by a par- 
tition of unity argument, to show the existence of P* locally. Now, let Pu(x) = 
wales aq(x)D°u(«) be the expansion of P with respect to trivializations of E, F' given 
by orthonormal frames over some coordinate open set 2 C M. Assuming Suppu NM 
Supp v CC Q, an integration by parts yields 


Puc) = a es Gan) Wilton) Va) drys 2st; 


= SS) (-1) lay (@)D@(7(a) Garpva(a) dai,..., dam 


° al <5,A,u 


= - (u, SD (1)!4y(2)-2D* (4(x) "Aqv(2))) dV (2). 
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Hence we see that P* exists and is uniquely defined by 


(1.6) Pro(z) = S¢ (-1)!°!y(2) 1 D* (y(2) *Gav(2)). 


Jal<o 


It follows immediately from (1.6) that the principal symbol of P* is 
(1.7) op+(2,£) = (-1)° S> *Gaé* = (-1)’op(a, €)*. 
|a|=6d 
(1.8) Definition. A differential operator P is said to be elliptic if 
op(z,€) € Hom(£,, F;) 


is injective for every x © M and € € Tx, , \ {0}. 


§ 2. Formalism of PseudoDifferential Operators 


We assume throughout this section that (M,g) is a compact Riemannian manifold. 
For any positive integer k and any hermitian bundle F — M, we denote by W*(M, F) 
the Sobolev space of sections s : M — F whose derivatives up to order k are in L?. 
Let || ||, be the norm of the Hilbert space W*(M, F). Let P be an elliptic differential 
operator of order d acting on 6%°(M, F’). We need the following basic facts of elliptic 
PDE theory, see e.g. [Hérmander 1963]. 


(2.1) Sobolev lemma. Fork >1+ 2, W*(M,F) Cc C'(M, F). 

(2.2) Rellich lemma. For every integer k, the inclusion 
W'*1(M, F) — W*(M, F) 

is a compact linear operator. 


(2.3) Garding’s inequality. Let P be the extension of P. to sections with distribution 
coefficients. For any u € W°(M, F) such that Pueé W*(M, F), then u € W**4(M, F) 
and 

llullera < Cx(||Pulle + llello), 


where Cy is a positive constant depending only on k. 


(2.4) Corollary. The operator P : €°(M, F) — €°(M, F) has the following proper- 
tes: 


i) ker P is finite dimensional. 


ii) P(€™(M, F)) is closed and of finite codimension; furthermore, if P* is the formal 
adjoint of P, there is a decomposition 


€°(M, F) = P(€°(M, F)) © ker P* 
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as an orthogonal direct sum in W°(M, F) = L?(M, F). 


Proof. (i) Garding’s inequality shows that ||u||h4a < Cx||ullo for any u in ker P. Thanks 
to the Sobolev lemma, this implies that ker P is closed in W°(M, F’). Moreover, the unit 
closed || ||o-ball of ker P is contained in the || ||g-ball of radius Co, thus compact by the 
Rellich lemma. Riesz’ theorem implies that dim ker P < +00. 


(ii) We first show that the extension 
P:Ww**4(M, F) = W*(M, F) 


has a closed range for any k. For every € > 0, there exists a finite number of elements 
v1,...,Uun € W*t4(M, F), N = N(e), such that 


N 
(2.5) lIello < ellellnra +d. [Ku, vs))ol ; 
j=l 


indeed the set 
N 
Kw) = {u€ Wt4(M, F) ; ellullesa + D.1(u,ey)ol <1} 
j=l 


is relatively compact in W°(M,F) and \ Kiy,) = {0}. It follows that there exist 
(vj) (vj) 


elements (v,;) such that Keesy is contained in the unit ball of W°(M, F), QED. Substitute 
||u||o by the upper bound (2.5) in Garding’s inequality; we get 


N 
(1 — Cre) llulla < Ox (Pulls + D7 [Mu vs))ol). 


Define G = {u eWw*t4(M, F); ul v;, 1 <j <n} and choose ¢ = 1/2C;,. We obtain 
llullera < 2Cg||Pulln, Yue G. 

This implies that P(G) is closed. Therefore 

P(W**4(M, F)) = P(G) + Vect(P(v1),..., P(vn)) 
is closed in W*(M, F). Take in particular k = 0. Since €*(M, F) is dense in W4(M, F), 
we see that in W°(M, F) 

fe a ai = 

(P(w4(M,F))) = (P(€°(M,F))) = ker P*. 
We have proved that 
(2.6) W°(M, F) = P(W4(M, F)) @ ker P*. 


Since P* is also elliptic, it follows that ker P* is finite dimensional and that ker P* = 
ker P* is contained in €°(M, F’). Thanks to Garding’s inequality, the decomposition 
formula (2.6) yields 


(2.7) W*(M, F) = P(W**4(M, F)) © ker P*, 
(2.8) €™(M, F) = P(€*(M, F)) @ ker P*. 
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§ 3. Harmonic Forms and Hodge Theory on Riemannian Mani- 
folds 


§ 3.1. Euclidean Structure of the Exterior Algebra 


Let (M,g) be an oriented Riemannian “6*-manifold, dimp M = m, and E — M 
a hermitian vector bundle of rank r over M. We denote respectively by (&,..-,&m) 
and (e;,...,e,) orthonormal frames of Ty, and FE over an open subset 2 C M, and by 
(€f,...,€%,), (ef, ..-, ex) the corresponding dual frames of Ty,, E*. Let dV stand for the 
Riemannian volume form on M. The exterior algebra ATX, has a natural inner product 
(e,e) such that 


(3.1) (ip Aca Wp Op aK Up) Set (es VE) iS ees Ug URS De 


for all p, with ATY, =  APTx, as an orthogonal sum. Then the covectors €7 = €f A 
+ NEX, iy < tg < +++ < ty, provide an orthonormal basis of ATj,. We also denote by 


Up? 


(e, e) the corresponding inner product on ATX, © E. 


(3.2) Hodge Star Operator. The Hodge-Poincaré-De Rham operator x is the collec- 
tion of linear maps defined by 


x: APT, 2 A™ PTS, uA xv = (u,v) aV, Vu,u © APThy. 


The existence and uniqueness of this operator is easily seen by using the duality 
pairing 


OT APPT He 


(3.3) (u,v) + uAv/dV = S-e(I,CF) urrez, 


where U = Doi rap UI EF) U = Dy jJ=m—p VI EF Where C7 stands for the (ordered) comple- 
mentary multi-index of J and e(I, CJ) for the signature of the permutation (1,2,...,m) 
(I,CI). From this, we find 


(3.4) xv= So e(I,Cl)ur &. 


|I|=p 


More generally, the sesquilinear pairing {e,e} defined in (V-7.1) yields an operator * on 
vector valued forms, such that 


(3.3')x : APTS, @ E> A™ PTS, @E, {Set = 1550). dV, s,t € APTx, @ E, 


(3.4)xt= So e(1,CI) tr, &, Ser 
\I|=p,r 


for t = D> tr, €¥ @ ey. Since e(I, CI)e(CI, 1) = (—1)P0"-”) = (—1)P°"-)), we get imme- 
diately 


(3.5) kxE=(-1)?"-D¢ on APTH, @E. 
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It is clear that * is an isometry of A*T 7, ® E. 
We shall also need a variant of the * operator, namely the conjugate-linear operator 
#t : APTX,@ E — A™ PTh, © E* 


defined by s\#t = (s,t) dV, where the wedge product / is combined with the canonical 
pairing E x E* — C. We have 


(3.6) #t= S> e(I,Cl)t, &, @e. 


|I|=p,A 


(3.7) Contraction by a Vector Field.. Given a tangent vector 0 © Ty and a form 
u € APT*,, the contraction 0 1 u€ AP-1T*, is defined by 


6 MO Hisiee ody pk) SO Mites pet), nj E€ Ty. 


In terms of the basis (€;), e 1 e is the bilinear operation characterized by 


ete if 1 ¢ {i1,..., tp}, 


(S11 Ace echt h at ae. 


1 


ei Cs, eee he 8 


Up 


This formula is in fact valid even when (€;) is non orthonormal. A rather easy compu- 
tation shows that @ 1 e is a derivation of the exterior algebra, i.e. that 


61 (uAv) =(04 u)Avt (-1)988%u A (6 J v). 
Moreover, if = (e,0) € Tx, the operator @ 1 e is the adjoint map of OA e, that is, 


(3.8) (61u,v)=(u0Av), uve AT%,. 


Indeed, this property is immediately checked when @ = €), u = €7, v = &%. 


§ 3.2. Laplace-Beltrami Operators 


Let us consider the Hilbert space L*(M, A?T%,) of p-forms u on M with measurable 
coefficients such that 


|| 20|| = i; |u|? dV < +00. 
M 


We denote by (( , )) the global inner product on L?-forms. One can define similarly the 
Hilbert space L?(M, A? Tx, @ E). 


(3.9) Theorem. The operator d* = (—1)™?t! «dx is the formal adjoint of the exterior 
derivative d acting on 6° (M, APTX, © E). 


Proof. If u€ €%(M, APTx,), v € €°(M, A?t'T*,@) are compactly supported we get 
(du, v)) =i (du, v) av = | du xv 
M M 
= | d(uA xv) —(-1)?PuAdxv= -(-» f uNdxv 
M 


M 
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by Stokes’ formula. Therefore (3.4) implies 


(atu) = (PIP farsa daev = (1) ued). 


(3.10) Remark. If m is even, the formula reduces to d* = — x dx. 


(3.11) Definition. The operator A = dd* 4+ d*d is called the Laplace-Beltrami operator 
of M. 


Since d* is the adjoint of d, the Laplace operator A is formally self-adjoint, i.e. 
(Au, v)) = (u, Av)) when the forms u,v are of class “°° and compactly supported. 


(3.12) Example. Let M be an open subset of R™ and g = >)", dx?. In that case we 
get 
Our 
U= S- ujydx7, du= De 5 ~—dz; \ dx, 


vj 
|I|=p [I|=p,9 


(avy = f (we) v) dV = I: pou 


One can write dv = )\ dx, A (Ov/0x;) where Ov/Ox,; denotes the form v in which all 
coefficients vy are differentiated as Ov; /Ox;. An integration by parts combined with 
contraction gives 


M j 
O Ou Our O 
d*u=— — Ilo =- —— | dx, 
ae On; * Ox; On} O25 
We get therefore 
2 
UT 0 
dd*u = dz, \{— 1d 
‘s Ox j;OX >, i Ge 1) 
Ij 
2 
d*du = — ER ee eG 
~ Ox Ox, OX; 
1,j,k J J 
Since i ; ; 
we obtain 


At= -S- (< ar )aer 
j 


I 
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In the case of an arbitrary riemannian manifold (1M, g) we have 


u= Sour, 


du = SO (G+ ur) NET + Yo ur def, 
I 


Tj 


du = —-S& aig) Gy oe So arcur Ek 


Ij I,K 


for some “6° coefficients a7,«, |I| = p, |K| = p—1. It follows that the principal part of 
A is the same as that of the second order operator 


ur >—S (>) - ur) et. 
I J 


As a consequence, A is elliptic. 


Assume now that Dp is a hermitian connection on E. The formal adjoint operator 
of Dg acting on 6°(M, APT*, © E) is 


(3:13) De, = (=1)""" + Dae. 


Indeed, if s € €°(M, A?T*, @ E), t € €°(M, A?t!TX, @ E) have compact support, we 
get 


(Des,t) = | 


(Dzs,t) av = | {Dps, xt} 
M M 


7 ( die xt > (1976, Dekh = iy? ls, & Da ee). 


(3.14) Definition. The Laplace-Beltrami operator associated to Dg is the second order 
operator An = Dp DZ + DZDe. 


Af is a self-adjoint elliptic operator with principal part 


SHS -S- (oe . 1a) EF @ ea. 
Poe og 


§ 3.3. Harmonic Forms and Hodge Isomorphism 


Let EF be a hermitian vector bundle over a compact Riemannian manifold (M, q). 
We assume that FE possesses a flat hermitian connection Dg (this means that O(Dz) = 
D2, = 0, or equivalently, that F is given by a representation 7(M) — U(r), cf. § V-6). 
A fundamental example is of course the trivial bundle EF = M x C with the connection 
Dg =d. Thanks to our flatness assumption, Dg defines a generalized De Rham complex 


Dg : €°(M, APT*, @ E) —> €°(M, APT TS, ® E). 


The cohomology groups of this complex will be denoted by H},p(M, E£). 
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The space of harmonic forms of degree p with respect to the Laplace-Beltrami operator 
Ag = DeDy+ DzDz is defined by 


(3:15) H?(M, E) = {s € €°(M, APT, ® E) ; Ags = 0}. 


Since (Ags, s)) = ||Dzs||? + ||D%s||?, we see that s € #?(M, EF) if and only if Des = 
Dis = 0. 


(3.16) Theorem. For any p, there exists an orthogonal decomposition 


€%(M, APT*, @ E) = H?(M, E) PIm Dz OIm Di, 
Im Dg = Dp(€™*(M, A? "TH, @ E)), 
Im Dy = De(C%(M, AP TH, @ E)). 


Proof. It is immediate that #?(M, E) is orthogonal to both subspaces Im Dg and Im D%. 
The orthogonality of these two subspaces is also clear, thanks to the assumption D?, = 0: 
(Des, Dit) = (Dgs, t)) = 0. 


We apply now Cor. 2.4 to the elliptic operator Ag = A%, acting on p-forms, i.e. on the 
bundle F = AP?Ty, ® E. We get 


6% (M, APT, ® EL) = #?(M, E) 6 Ag(€C*(M, APTH, ® E)), 
Im Ag = Im(DgDe+4+ DEDe) CImDg+Im Dz. 


(3.17) Hodge isomorphism theorem. The De Rham cohomology group Hi, p(M, E) 
is finite dimensional and H},p(M, E) ~ H?(M, E£). 


Proof. According to decomposition 3.16, we get 
B2p(M, E) = Dy (6~(M, AP-'TH, ® E)), 
Zp (M, E) = ker Dg = (ImDy)* = #?(M, E) Im Dz. 


This shows that every De Rham cohomology class contains a unique harmonic represen- 
tative. 


(3.18) Poincaré duality. The bilinear pairing 
HB p(M,E) x HBa?(M,E") = C, (5,4) [sat 
M 


is a non degenerate duality. 


Proof. First note that there exists a naturally defined flat connection Dg.« such that for 
any 81 € €3°(M, E), so € “€3°(M, E*) we have 


(3.19) d(s, A S2) _ (Dzs1) A 89 + (—1)9°8 915, ix Dr S9. 
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It is then a consequence of Stokes’ formula that the map (s,t) + J,, sAt can be factorized 
through cohomology groups. Let s € 6%°(M, APT, ® E). We leave to the reader the 
proof of the following formulas (use (3.19) in analogy with the proof of Th. 3.9): 

De (#8) = (-1)?# Des, 
(3.20) On«(# 8) = (-1)?t'# Des, 

Ag (# Ss) = cig Ags, 


Consequently #s € #™ ?(M, E*) if and only if s © H?(M, E). Since 


[ sats= | Is? dV = [lsll2, 
M M 


we see that the Poincaré pairing has zero kernel in the left hand factor #?(M, FE) ~ 
H*,p(M, E). By symmetry, it has also zero kernel on the right. The proof is achieved. 


§ 4. Hermitian and Kahler Manifolds 


Let X be a complex n-dimensional manifold. A hermitian metric on X is a positive 
definite hermitian form of class “°° on Tx ; in a coordinate system (21,...,2n), such 
a form can be written h(z) = dic; ncn din(z) dz; ® dz, where (hj,) is a positive her- 
mitian matrix with 6° coefficients. According to (III-1.8), the fundamental (1, 1)-form 
associated to h is the positive form of type (1, 1) 


i = F 
w=—Imh=— >) hspde, Ndzey. Laavk Sn, 


(4.1) Definition. 


a) A hermitian manifold is a pair (X,w) where w is a €° positive definite (1,1)-form 
on X. 


b) The metric w is said to be kdhler if dw = 0. 


c) X is said to be a Kahler manifold if X carries at least one Kahler metric. 


Since w is real, the conditions dw = 0, d'w = 0, dw = 0 are all equivalent. In local 
coordinates we see that d'w = 0 if and only if 
Oh; = Ohiz 
Oy Oz,’ 


Leh se 
A simple computation gives 


— = det(hjx) \\ (S42; A dz;) = det (hjx) dz Ady: \--+ Adan A dyn, 


1<j<n 


where 2, = Ln + iyn. Therefore the (n,n)-form 


(4.2) dV = —w" 
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is positive and coincides with the hermitian volume element of X. If X is compact, 
then fy w” =n! Vol,,(X) > 0. This simple remark already implies that compact Kahler 


manifolds must satisfy some restrictive topological conditions: 


(4.3) Consequence. 


a) If (X,w) is compact Kahler and if {w} denotes the cohomology class of w in H?(X,R), 
then {w}" 4 0. 


b) If X is compact Kahler, then H?*(X,R) #40 forO0<k <n. In fact, {w}* is a non 
zero class in H?*(X,R). 


(4.4) Example. The complex projective space P” is Kahler. A natural Kahler metric 
won P”, called the Fubini-Study metric, is defined by 


* i J oj 
pro = x-d'd log (|Gol? + [G1]? +--+ + |Gnl?) 


where (9,¢1,.--,¢, are coordinates of C"*! and where p: C™*! \ {0} — P” is the pro- 
jection. Let z = (¢1/Co,---,¢n/Go) be non homogeneous coordinates on C” C P”. Then 
(V-15.8) and (V-15.12) show that 


_ i 1 gl 2 eto. nm _ 
w= 5od'd" log(1 + 21?) = s-c(6(1)), i 1. 


nr 


Furthermore {w} € H?(P”,Z) is a generator of the cohomology algebra H°(P”, Z) in 
virtue of Th. V-15.10. 


(4.5) Example. A complex torus is a quotient X = C”/T by a lattice [ of rank 2n. 
Then X is a compact complex manifold. Any positive definite hermitian form w = 
i> > hj,dz; \ dz, with constant coefficients defines a Kahler metric on X. 


(4.6) Example. Every (complex) submanifold Y of a Kahler manifold (X, w) is Kahler 
with metric wry. Especially, all submanifolds of P” are Kahler. 


(4.7) Example. Consider the complex surface 
X = (C’\ {0})/P 


where T = {A\" ; n € Z}, \ < 1, acts as a group of homotheties. Since C? \ {0} is 
diffeomorphic to R*_ x $°, we have X ~ S! x $°. Therefore H?(X,R) = 0 by Kiinneth’s 
formula IV-15.10, and property 4.3 b) shows that X is not Kahler. More generally, one 
can obtaintake I to be an infinite cyclic group generated by a holomorphic contraction 
of C?, of the form 


Z1 er A121 nee Z1 % ALI 

22 A222 : P. “) Az + ra j 
where A, Az, Az are complex numbers such that 0 < |Ai| < |Ae| < 1,0 < JA] <1, andpa 
positive integer. These non Kahler surfaces are called Hopf surfaces. 
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The following Theorem shows that a hermitian metric w on X is Kahler if and only 
if the metric w is tangent at order 2 to a hermitian metric with constant coefficients at 
every point of X. 


(4.8) Theorem. Let w be a 6° positive definite (1,1)-form on X. In order that 
w be Kahler, it 1s necessary and sufficient that to every point x9 € X corresponds a 


holomorphic coordinate system (z1,...,2n) centered at xp such that 
(4.9) w= S° Wim dz) \ dim, Wim = dim + O(lz|”). 
1<l,m<n 


If w is Kahler, the coordinates (z;)1<j<n can be chosen such that 


0 O 


(4.10) Wim = (ao aan 


) = 0m — SS Cikim 2j2k + O(|z\°), 


1<j,k<n 
where (Cjkim) are the coefficients of the Chern curvature tensor 


O\* O 
(4.11) Ox). = Pa Cikim dz; ix dz, ®& (55) & Ozm 


associated to (I'x,w) at xo. Such a system (z;) will be called a geodesic coordinate system 
at Xo. 


Proof. It is clear that (4.9) implies d,,w = 0, so the condition is sufficient. Assume 
now that w is Kahler. Then one can choose local coordinates (21,...,%,) such that 
(dx,,...,da,) is an w-orthonormal basis of T,X. Therefore 


w=i ) Wim dx, \dXm, where 
1<ljm<n 


(4.12) Bim = dim + O(|2|) = dim + YS > (a5jtmtj + Aim Fj) + O(|a|?). 


1<j<n 


Since w is real, we have a’ im = Gjml; On the other hand the Kahler condition wy, /0x; = 
Ow jm/OX, at Lo implies ajim = Aijm. Set now 


1 
2m =m +5) Gites l<m<n. 
Js 


Then (zm) is a coordinate system at xo, and 


dzm = dtm + S- Ajlmx jax], 
Jil 
iS > dem \ dim = iy, dite A dim +i » Opi Ati A dia, 
m m j,l,m 
+i $0 Gjm¥; dtm A dz, + O(|x|*) 
jil,m 


=i) 0 Bim day A dtm + O(|z|") = w + O((2|?). 


lym 
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Condition (4.9) is proved. Suppose the coordinates (x,,) chosen from the beginning so 
that (4.9) holds with respect to (x,,). Then the Taylor expansion (4.12) can be refined 
into 
(4.13) Bim = dim + O(|z|?) 
= bim + ss (Ajkim2jEk + A jpmlj Tk + @)p1mBjEk) + O(|a|*). 
ik 


These new coefficients satisfy the relations 


/ / 1 —/ = as : 
Ajklim = A2kjlm> kim = Ajkml  Ajklm = Akjml- 
z Sus =. ; = . : ! ey, 3 
The Kahler condition 0wim/Oxj = Owjm/Oz; at x = 0 gives the equality @iptn = Qpjm 3 
in particular nim is invariant under all permutations of 7,k,/. If we set 


1 
2m =m + DY Bim ITH, l<mKn, 
Isk,l 
then by (4.13) we find 
dim = dtm + >— Oigim 25th dz1, Le are, 
I;k,l 
Wai s dzm \ dZm +i Ss" Ajkim £jC, dx, A dim + O(|x|?), 

l<mc<n j,k,l,m 
(4.14) w=i > dim A dim +i Ss" Ojkine 22K OSL Oma + O(|z|°). 

l<m<n j,k,l,m 


It is now easy to compute the Chern curvature tensor O(Tx ),,, in terms of the coefficients 
Qjklm- Indeed 


0 O 


(a an = dim + — ajrim 2j2k + O(|z1%), 
a ak 
QO O QO O 
"(x , —) = 9 D' =, — f = > ajrtm Ze dz; + O((z1”), 
On OZ; Oz, OZm at 


Oe po \ =. case 2 


jikym 


therefore Cjkim = —jkim and the expansion (4.10) follows from (4.14). 


(4.15) Remark. As a by-product of our computations, we find that on a Kahler mani- 
fold the coefficients of O(Tx) satisfy the symmetry relations 


Cjklm = Ckjml, — Cjklm = Clkjm = Cjmlk = Clmjk- 
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§5. Basic Results of Kahler Geometry 


§ 5.1. Operators of Hermitian Geometry 


Let (X,w) be a hermitian manifold and let z; = x; + iy;, 1 < j < n, be analytic 
coordinates at a point « € X such that w(x) = id) dz; A dz; is diagonalized at this 
point. The associated hermitian form is the h(a) = 25) dz; ® dz; and its real part is 
the euclidean metric 2 )*(dx;)? + (dy;)?. It follows from this that |da;| = |dy;| = 1/v2, 
|dz;| = |dz;| = 1, and that (0/0z,...,0/0z,) is an orthonormal basis of (T*X,w). 
Formula (3.1) with u;, vg in the orthogonal sum (C @ Tx)* = Tz 6 T% defines a natural 
inner product on the exterior algebra A°(C ® Tx )*. The norm of a form 


U= S- uz,sdzy \ dz € A(C ®Tx)* 
I,J 


at the given point x is then equal to 


(5.1) ju(a)? = $0 Jurs(2)). 


I,J 


The Hodge « operator (3.2) can be extended to C-valued forms by the formula 
(5.2) uh «d= (u,v) dV. 
It follows that « is a C-linear isometry 
x 2 APITS — APO" PTS. 


The usual operators of hermitian geometry are the operators d, 6 = —xdx, A=déd+6d 
already defined, and their complex counterparts 


d= d' +d", 
(5.3) 6 _ d'* zis aes d'* = (d')* —_— x dx, d''* _ (ae tt, x d'x, 
A’ = d'd'* ars ar A” = d'' d''* ser ary al 


Another important operator is the operator L of type (1,1) defined by 
(5.4) Iu=wAu 
and its adjoint A=* Lx : 


(5.5) (u, Av) = (Lu, v). 


§ 5.2. Commutation Identities 


If A, B are endomorphisms of the algebra “€3°,(X,C), their graded commutator (or 
graded Lie bracket) is defined by 


(5.6) [A, B] = AB—(-1)®BA 
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where a,b are the degrees of A and B respectively. If C is another endomorphism of 
degree c, the following Jacobi identity is easy to check: 


(5.7) (-1)°*[A, [B, C]] + (-1)””[B, [C, A]] + (-1)"[C, [A, B]] = 0. 
For any a € AP IT, we still denote by a the endomorphism of type (p,q) on A®*T% 
defined by ut> a Au. Consider further a real (1,1)-form 


ye Ab Ty. 
There exists an w-orthogonal basis (¢1,¢2,...,¢n) in Tx which diagonalizes both forms 
wand y: 


wai S”) Ac, gsi SY) GCEAG, 7; ER. 


1<j<n 1<j<n 


(5.8) Proposition. For every form u = > usK CF A Ge one has 


[y, Aju = $7 (Sow +>ou- > Vj) wa. C5 AC. 


ERO Ges jek 1<j<n 


Proof. If u is of type (p,q), a brute-force computation yields 
Au =i(-1?? SO unk (G@IG)AG IC), 1<l<n, 


J,K,l 
yAu=il-1? SO ymusnK AAG AGa AC, 1Sm<n, 
J,K,m 
[Alu = Som tau (Gt A Em J 65)) AGA Gn J Cie) 


J,K,l,m 
= (Gm J (GEACH) A Gm + Gr ATK))) 
D> rm asc (Gh A (Gm J 65) Tie 


J,K,m 


+65 ATi A Gin I Sie) — ATi 


(owt ee vin) ta 65 Ne 


JK SmeJt mek l<mc<n 


(5.9) Corollary. For every u € APT, we have 
[L, Alu = (p+q—n)u. 


Proof. Indeed, if y = w, we have 7, =---=%=1. 
This result can be generalized as follows: for every u € A*(C @ Tx)*, we have 
(5.10) [L", AJu=r(k-—n+r—1)L""1u. 
In fact, it is clear that 
[eA SOL AL 
0<m<r—1 


= >» (Qm+k—n)LT"L™u = (r(r—1) + 7r(k—n))L™ "a. 


O0<m<cr-1 
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§ 5.3. Primitive Elements and Hard Lefschetz Theorem 


In this subsection, we prove a fundamental decomposition theorem for the represen- 
tation of the unitary group U(Tx) ~ U(n) acting on the spaces A??T of (p, q)-forms. 
It turns out that the representation is never irreducible if 0 < p,q <n. 


(5.11) Definition. A homogeneous element u € A*(C ® Tx)* is called primitive if 
Au =0. The space of primitive elements of total degree k will be denoted 


Prim* Tx. = BO Prim”? T5.. 
ptq=k 
Let u € Prim” Tx. Then 
ASE’u = A81(ALT — L’A)u=r(n—k—rt+1)A° ' 2" "1h. 
By induction, we get for r > s 
(5.12) APL"u=r(r—-—1)---(r—s4+1)-(n-—k-r41)---(n-k-r+s)L" *u. 


Apply (5.12) for r = n+1. Then L”*!u is of degree > 2n and therefore we have 
L"*!y =0. This gives 


(n+1)---(n+1-(s—1))-(-k)(-k4+1)---(-k+5-1)L"***u=0. 
The integral coefficient is 4 0 if s < k, hence: 
(5.13) Corollary. If u € Prim* Tx, then L°'u =0 for s > (n+1—k)4. 


(5.14) Corollary. Prim’ T¢ =0 forn+1<k< 2n. 


Proof. Apply Corollary 5.13 with s = 0. 


(5.15) Primitive decomposition formula. For every u € A*(C @ Tx)*, there is a 
unique decomposition 


t= y Lis azePum -" Tx. 
r2(k—n)+ 


Furthermore ur = ®x,r(L,A)u where ®,, is a non commutative polynomial in L,A 
with rational coefficients. As a consequence, there are direct sum decompositions of U(n)- 
representations 


M(C@Tx)*= Q@_ L" Prim’? Tx, 
r2(k—n)+ 
MTS = GOL" Prim?" Ty. 
r>(ptq-n)+ 
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Proof of the uniqueness of the decomposition. Assume that u = 0 and that u, 4 0 for 
some r. Let s be the largest integer such that u, 4 0. Then 


Aeu=0= SD ASL up = SD AAT tp. 
(k-n)+<rKs (k—n)+<rXs 
But formula (5.12) shows that A’L"u, = cz,-ur for some non zero integral coefficient 


Chr =r'(n-—k+r+1)---(n—k+ 2r). Since u, is primitive we get A°L™u, = 0 when 
r <s, hence u, = 0, a contradiction. 


Proof of the existence of the decomposition. We prove by induction on s > (k—n)4 that 
A*u = 0 implies 


(5.16) w= >> Lup, Up = Ber e(L, A)u € Prim*-”* TF. 
(k—n)+<r<s 
The Theorem will follow from the step s =n +1. 


Assume that the result is true for s and that AS*+!u = 0. Then A*u is in Prim*~?° Tx. 
Since s > (k—n)+ we have cy,, # 0 and we set 


ik pele ees 
Mie Pam “Te, 
Ck,s 


ve 


1 


Ck,s 


u =u—L*u, = @ - LA" )u. 


By formula (5.12), we get 
Aeu' = Afu — AP Leu, = A®u— ce,sUs = 0. 
The induction hypothesis implies 


w= So Luh, ul, = Opre(L,A)u! € Prim*-*" Ty, 
(k—n)+<r<s 


hence u = Denes Lu, with 


ti t= Degg LN) @ _ aE EP AS)u, Pes, 


Ck,s 
ee LOS 

Us = Teo U. 
It remains to prove the validity of the decomposition 5.16) for the initial step s = (k—n)1, 
i.e. that A°u = 0 implies u = 0. If k < n, then s = 0 and there is nothing to prove. 
We are left with the case k > n, A*-"u = 0. Then v = xu € A?"-*(C @ Tx)* and 
2n—k <n. Since the decomposition exists in degree < n by what we have just proved, 
we get 

v= kU= So Lup; Up € Prim?” *-2" Tx, 

r>0 


O= «APU = LP" xuH= y Ey. 
r>0 
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with degree (L™t*~-"v,) = 2n —k+2(k—n) =k. The uniqueness part shows that v, = 0 
for all r, hence u = 0. The Theorem is proved. 


(5.17) Corollary. The linear operators 


Lr-k . AF(C @ Tx)" aay APEC @ Te)", 
Le PATS AO PT, 
are isomorphisms for all integersk <n, p+tq<n 


Proof. For every u € AKT ‘xy, the primitive decomposition u = Doe L"u, is mapped 
bijectively onto that of L”?~*u 


L"™-Fy = Leip 


r>0 


§6. Commutation Relations 


§ 6.1. Commutation Relations on a Kahler Manifold 
Assume first that X = Q C C” is an open subset and that w is the standard Kahler 
metric 
w=) S- dzg NdZ;. 
l<jxn 


For any form u € €6%(Q, A? 7T%) we have 


a 
(6.1) du=\- i dz, A dz dy, 
I,J,k 
" u Our, J 
(6.1”) du =) Be ee Nay N dey. 
Zk 
I,J,k 


Since the global L? inner product is given by 


((u, v)) =f Nutra, 
Q 


I,J 


easy computations analogous to those of Example 3.12 show that 


Ours O — 
sof Ik ee) ’ a 
(6.2’) d*u yy aE, daz J .(dzrA dz 7), 
Ours O 
or Ik ee ? 
(6:2"") aor s an, Jie 1 (dzz AdzZy). 


We first prove a lemma due to [Akizuki and Nakano 1954]. 
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(6.3) Lemma. In C”, we have [d’*, L] = id’. 


Proof. Formula (6.2’) can be written more briefly 


CS = as OZ, 1 (3). 


Then we get 
a”*L “=-Dag Gy (rw) tor ae (=). 


; 0 Ou 
Since w has constant coefficients, we have an Nb) oh, an and therefore 
Zk Zk 


tum —D (se (ge) wr(—- =) 
=--D (e+) te 
Clearly so 4 w = —idzp, so 
a’, L Hua dee A 5 = id'u. 


We are now ready to derive the basic commutation relations in the case of an arbitrary 
Kahler manifold (X,w). 


(6.4) Theorem. If (X,w) is Kahler, then 


(d*,L]= id’,  [d*, LI= -id", 
[A,d") =-id*, [A,d] = id’. 


Proof. It is sufficient to verify the first relation, because the second one is the conjugate 
of the first, and the relations of the second line are the adjoint of those of the first line. 
If (z;) is a geodesic coordinate system at a point xo € X, then for any (p, q)-forms u,v 
with compact support in a neighborhood of zo, (4.9) implies 


(u, v)) = [ (> ursory + S- aIIKL ursTKL) dV, 


I,J,K,L 


with azjezp(z) = O(\z|*) at vo. An integration by parts as in (3.12) and (6.2”) yields 


d*u=- 5° Ours 2 1 (dzy \dZz) + S- bryKyt Urs dzK AdZz, 


Oz, OZR 
ae. oe: 28 TTF 
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where the coefficients b;7~K, are obtained by derivation of the ayjxz,’s. Therefore 
braKL = O(|z|). Since Ow/Oz, = O(|z|), the proof of Lemma 6.3 implies here [d’”*, L]u = 
id'u + O(|z|), in particular both terms coincide at every given point x79 € X. 


(6.5) Corollary. If (X,w) is Kahler, the complex Laplace-Beltrami operators satisfy 


MaRS a 
2 


Proof. It will be first shown that A” = A’. We have 
A’ = |d",d™| = —ild”, [Ay]. 
Since {d’, d’”| = 0, Jacobi’s identity (5.7) implies 
—[a’, [Aa] + (a, fa”, Al] <0. 
hence A” = [d’,—i[d’, Aj] = [d’,d’*] = A’. On the other hand 
A =[d'+d",d* +d] =A’ +A" + {d’,d*] + [d", da”). 
Thus, it is enough to prove: 


(6.6) Lemma. [d’,d’*] = 0, [d’,d*] =0. 
Proof. We have [d’, d’*] = —i[d’, [A, d’]| and (5.7) implies 


—[d', (A, @’]] + [A, [a’, a] + [@’, a’, Al] =0, 


hence —2{d’, [A, d’]] = 0 and [d’,d’*] = 0. The second relation [d’, d’*] = 0 is the adjoint 
of the first. 


(6.7) Theorem. A commutes with all operators x, d',d”, d'*,d!*, L, A. 


Proof. The identities [d’, A’] = [d’*, A’] = 0, [d”, A”] = [d’*, A”|] = 0 and [A, «] = 0 are 
immediate. Furthermore, the equality |[d’, L] = d'w = 0 together with the Jacobi identity 
implies 


[LA = e\d0*||==|a) la * bl) ald," =0. 


By adjunction, we also get [A’, A] = 0. 


§ 6.2. Commutation Relations on Hermitian Manifolds 


We are going to extend the commutation relations of §6.1 to an arbitrary hermitian 
manifold (X,w). In that case w is no longer tangent to a constant metric, and the 
commutation relations involve extra terms arising from the torsion of w. Theorem 6.8 
below is taken from [Demailly 1984], but the idea was already contained in [Griffiths 1966]. 


(6.8) Theorem. Let 7 be the operator of type (1,0) and order 0 defined by tT = [A, d'w]. 
Then 
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[a™, LJ=  i(d' +7), 
(a’*, L] = -i(d” +7), 
[A, d”] = -i(d’* +7°), 
[Ad] = id 474) ; 


BE 


d'w will be called the torsion form of w, and Tt the torsion operator. 


Proof. b) follows from a) by conjugation, whereas c), d) follow from a), b) by adjunction. 
It is therefore enough to prove relation a). 


Let (z;)1<j<n be complex coordinates centered at a point x9 € X, such that the n- 
tuple (0/0z1,...,0/0Z,) is an orthonormal basis of T),, X for the metric w(x). Consider 
the metric with constant coefficients 


Wo =1 S- dz; Na2G: 


l<j<n 
The metric w can then be written 
w=woty with y= O(z2|). 


Denote by (, )o, Lo, Ao, dg, dj* the inner product and the operators associated to 
the constant metric wo, and let dVo = wj//2"n!. The proof of relation a) is based on a 
Taylor expansion of L, A, d’*, d’’* in terms of the operators with constant coefficients 
Lo, Ao, O3 dy*. 

(6.9) Lemma. Let u,v € €°(X, AP ITE). Then in a neighborhood of xo 


(u,v) dV = (u— |[7, Aolu, v)9 dVo + O(|z|). 


Proof. In a neighborhood of x9, let 


: =k 
(Re SS EGERNG, Vi So SS gs 
l<jxn 


be a diagonalization of the (1,1)-form 7(z) with respect to an orthonormal basis (¢; )i<j<n 
of T,X for wo(z). We thus have 


w=wo ty=id A GFAG 
with 4; =1+ 7; and y; = O(|z|). Set now 
JS A{Giger4 dn} P= Gren Az = Aj Ajps 


ate —* 
u=Sounk GAC, v= un GACK 


where summations are extended to increasing multi-indices J, K such that |J| = p, 
|K| = q. With respect to w we have (¢*,¢*) = ae hence 


(u,v) dV = So AFAR UK IK AL + An AVo 
I,K 


= (1 -SMy-SLwt YS Wax THK dVo + O(|z)?). 
IK 


jet jEK l<j<n 
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Lemma 6.9 follows if we take Prop. 5.8 into account. 


(6.10) Lemma. d’* = dj* + [Ao, [dg*, 7]] at point xo, i.e. at this point both operators 
have the same formal expansion. 


Proof. Since d’™* is an operator of order 1, Lemma 6.9 shows that d’’* coincides at point 
Xo with the formal adjoint of d” for the metric 


u,v} = i: (as — [y, Aol, 0 dVo. 


For any compactly supported u € €6°(X, AP4T%), v € €°(X, A? I-!TX) we get by 
definition 


(u, dv) =a iE (u = ly; Ao]u, d’'v)o dVo = [ (ar =r, do* ly, Ao]u, v)o dVo. 


Since w and wp coincide at point xo and since y(2o) = 0 we obtain at this point 


du = do*u— dy*[7, Aolu = dg*u — [ag*, fy, Aol] 5 
d'* = ais = [ ho ly, Aol}. 


We have [Ao, dj*] = [d”, Lo|* = 0 since d’wo = 0. The Jacobi identity (5.7) implies 


[ ie [y, Aol] a [Ao; [ 0441 = 0, 


and Lemma 6.10 follows. 


Proof Proof of formula 6.8 a). The equality LD = Lo + y and Lemma 6.10 yield 
(6.11) [L, d"*] = [Lo, dj*] + [Lo, [Ao, [43*,I]] +f, 00 


at point x29, because the triple bracket involving y twice vanishes at xo. From the Jacobi 
identity applied to C = [dj*, 7], we get 


(6.12) [Lo, (Ao, C]] = —[Ao, [C, Lol] — [C, [LZo, Aol], 
[C, Lo] = [Lo, [do*, ]] = [, [Lo, d0*]] (since [y, Lo] = 0). 
Lemma 6.3 yields [Lo, dj*| = —id’, hence 
(6.13) [C, Lo] = —[y, id’] = id’y = id’w. 
On the other hand, C is of type (1,0) and Cor. 5.9 gives 
(6.14) [C, [Lo, Ao]| = —C = —[do*, 7]. 


From (6.12), (6.13), (6.14) we get 


[Z0, [Ao, [do*, 71] | = —[Ao, id’w] + [dg*, 1. 
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This last equality combined with (6.11) implies 


[L, d’”*] = [Lo, do*] — [Ao, id’'w] = —i(d’ + 7) 


at point xo. Formula 6.8 a) is proved. 


(6.15) Corollary. The complex Laplace-Beltrami operators satisfy 
A” = A’ + [d’, T*] — ere alll 

[d’, a | — —[d’,7"], [d”, a | = —| 
A = A’ + A” = ae" | _ [aor | 


He alt 


Therefore A’, A” and 4A no longer coincide, but they differ by linear differential oper- 
ators of order 1 only. 


Proof. As in the Kahler case (Cor. 6.5 and Lemma 6.6), we find 
A” = [d”, d’”*] = [a”, —i[A, d’| i F*| 

= [d’, —ifd”, A]] Pa [ al = A! 4+ [d’, r*| _ see calle 

[d’, d’* + 7*] = —i[d’, [A, d’]] = 0, 


and the first two lines are proved. The third one is an immediate consequence of the 
second. 


§7. Groups #"7(X, E) and Serre Duality 


Let (X,w) be a compact hermitian manifold and E a holomorphic hermitian vector 
bundle of rank r over X. We denote by Dg the Chern connection of E, by DE = —*«Dex 
the formal adjoint of Dz, and by Di, Di the components of D%, of type (—1,0) and 
(0, —1). 


Corollary 6.8 implies that the principal part of the operator A, = D” Di* + Dik D" 
is one half that of Ag. The operator A‘, acting on each space 6°(X, AP 4TX @ E) is 
thus a self-adjoint elliptic operator. Since D’? = 0, the following results can be obtained 
in a way similar to those of § 3.3. 


(7.1) Theorem. For every bidegree (p,q), there exists an orthogonal decomposition 
6° (X, APIT @ E) = H?9(X, E) PIm DE O Im DE 


where H?:4(X, E) is the space of A’,-harmonic forms in €°(X, APITX © E). 


The above decomposition shows that the subspace of d’’-cocycles in €°(X, AP 4T% @ 
E) is H”4(X, FE) @ Im D§. From this, we infer 


(7.2) Hodge isomorphism theorem. The Dolbeault cohomology group H®4(X, E) is 
finite dimensional, and there is an isomorphism 


HP-4(X, E) ~ H?1(X, EB). 
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(7.3) Serre duality theorem. The bilinear pairing 
HPA X E) x ee Xe E*) on C, (s, t) aac i sAt 
M 


is a non degenerate duality. 


Proof. Let 81 € €@°(X, AP4T% @ E), 82 € C~O(X, A"-P:"-1-1T* @ E). Since s1 A 82 is 
of bidegree (n,n — 1), we have 


(7.4) d(s1 A S2) = da (s1 /\\ S2) = d's; A 8o+ (—1)?*4s, ix dl’ 85. 


Stokes’ formula implies that the above bilinear pairing can be factorized through Dol- 
beault cohomology groups. The # operator defined in § 3.1 is such that 


# : CO (X, APITS @ FE) —> CM (X, A” ?” ITS @ BE”). 
Furthermore, (3.20) implies 
a" (4 8) = (-1)*8* 4 Dis, DIE (4 8) = (—1) 98°41 Dis, 
Bs (#8) = # Ags, 
where Dg« is the Chern connection of E*. Consequently, s € H#?4(X, EF) if and only if 


#5 € HP” 4X, E*). Theorem 7.3 is then a consequence of the fact that the integral 
I|s||? = J, 8 A #8 does not vanish unless s = 0. 


§ 8. Cohomology of Compact Kahler Manifolds 
§ 8.1. Bott-Chern Cohomology Groups 


Let X be for the moment an arbitrary complex manifold. The following “cohomology” 
groups are helpful to describe Hodge theory on compact complex manifolds which are 
not necessarily Kahler. 


(8.1) Definition. We define the Bott-Chern cohomology groups of X to be 
HBG(X,C) = (6(X, AP4T%) Nker d) /d’d" 6" (X, AP- 4" TZ). 


Then Hyé(X,C) has the structure of a bigraded algebra, which we call the Bott-Chern 
cohomology algebra of X. 


As the group d'd”€~(X, AP-'4-!T%) is contained in both coboundary groups 
dE (X, API 1 TX) or dC%(X, AP*I-1(C @ Tx)*), there are canonical morphisms 


(8.2) HEG(X, C) —+ H?4(X,C), 
(8.3) Hpe(X, C) — HbR(X,C), 
of the Bott-Chern cohomology to the Dolbeault or De Rham cohomology. These mor- 
phisms are homomorphisms of C-algebras. It is also clear from the definition that we 
have the symmetry property Hfé(X,C) = HR4(X,C). It can be shown from the Hodge- 


Frélicher spectral sequence (see § 11 and Exercise 13.??) that HRG(X, C) is always finite 
dimensional if X is compact. 
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§ 8.2. Hodge Decomposition Theorem 


We suppose from now on that (X,w) is a compact Kahler manifold. The equality 
A = 2A” shows that A is homogeneous with respect to bidegree and that there is an 
orthogonal decomposition 


(8.4) H*(X,C)= PB H(X,C). 


ptq=k 


As A” = A’ = A", we also have H4?(X,C) = H?:4(X, C). Using the Hodge isomorphism 
theorems for the De Rham and Dolbeault cohomology, we get: 


(8.5) Hodge decomposition theorem. On a compact Kahler manifold, there are 
canonical isomorphisms 


H*(X,C)~ CB HP! X,C) (Hodge decomposition), 
ptq=k 
H?(X,C) ~ HP4(X,C) (Hodge symmetry). 


The only point which is not a priori completely clear is that this decomposition is 
independent of the Kahler metric. In order to show that this is the case, one can use 
the following Lemma, which allows us to compare all three types of cohomology groups 
considered in § 8.1. 


(8.6) Lemma. Let u be a d-closed (p,q)-form. The following properties are equivalent: 
a) u is d-exact; 

b’) wu is d'-exact; 

b”) u is d’-exact; 

c) wu is d'd”’-exact, t.e. u can be written u= d'd'v. 

d) u is orthogonal to H?4(X,C). 


Proof. It is obvious that c) implies a), b’), b”) and that a) or b’) or b”) implies d). It is 
thus sufficient to prove that d) implies c). As du = 0, we have d'u = d”u = 0, and as u is 
supposed to be orthogonal to #?:4(X, C), Th. 7.1 implies u = d’s, s € €%(X, AP-4-!T%). 
By the analogue of Th. 7.1 for d’, we have s = h+d'v+d’*w, with h € #”4-1!(X,C), 
v € €@(X, AP-1 49-17%) and w € €%(X, AP+14-1T%). Therefore 


u= d'd'v ae d'd'*w = —d'dl'v = d'* dw 


in view of Lemma 6.6. As d’u = 0, the component d’*d’w orthogonal to ker d’ must be 
Zero. 


From Lemma 8.6 we infer the following Corollary, which in turn implies that the 
Hodge decomposition does not depend on the Kahler metric. 
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(8.7) Corollary. Let X be a compact Kahler manifold. Then the natural morphisms 


H®4(X,C) — H?4(X,C), QB ARE(X, C) — ABR (X, C) 
ptq=k 


are isomorphisms. 


Proof. The surjectivity of HR&(X,C) — H’4(X,C) comes from the fact that every class 
in H?:4(X,C) can be represented by a harmonic (p,q)-form, thus by a d-closed (p, q)- 
form; the injectivity means nothing more than the equivalence (8.5b”) <= (8.5c). Hence 
ARA(X,C) ~ H4(X,C) ~ #?-4(X,C), and the isomorphism @ HBA(X,C) — 
H&R(X, C) follows from (8.4). 


pt+q=k 


Let us quote now two simple applications of Hodge theory. The first of these is 
a computation of the Dolbeault cohomology groups of P”. As He OPnC) = C and 
HP-P(P”", C) 3 {w?} 40, the Hodge decomposition formula implies: 


D7 


are 


(8.8) Application. The Dolbeault cohomology groups of 


Heep” C)=—C- for Up =< a, HPAP! oC) = 0. for pF @: 


(8.9) Proposition. Every holomorphic p-form on a compact Kahler manifold X is 
d-closed. 


Proof. If u is a holomorphic form of type (p,0) then d’u = 0. Furthermore d’’*u is of 
type (p, —1), hence d’*u = 0. Therefore Au = 2A”u = 0, which implies du = 0. 


(8.10) Example. Consider the Heisenberg group G C Gl3(C), defined as the subgroup 
of matrices 


1 x z 
M={|0 1 y » CGayzyeC., 
0 0 1 


Let [ be the discrete subgroup of matrices with entries x, y, z € Zi] (or more generally 
in the ring of integers of an imaginary quadratic field). Then X = G/T is a compact 
complex 3-fold, known as the Iwasawa manifold. The equality 


O dx dz—<ady 
M'dM=1{0 O dy 
0 O 0 


shows that dz, dy, dz — xdy are left invariant holomorphic 1-forms on G. These forms 
induce holomorphic 1-forms on the quotient X = G/T. Since dz — «dy is not d-closed, 
we see that X cannot be Kahler. 


§ 8.3. Primitive Decomposition and Hard Lefschetz Theorem 


We first introduce some standard notation. The Betti numbers and Hodge numbers 
of X are by definition 


(8.11) by = dime H*(X,C), hP4 = dime H?*4(X, C). 
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Thanks to Hodge decomposition, these numbers satisfy the relations 


(8.12) by = S- APT, AP = pP-, 


ptq=k 


As a consequence, the Betti numbers 62,41 of a compact Kahler manifold are even. 
Note that the Serre duality theorem gives the additional relation h?*? = h”~?:"~4, which 
holds as soon as X is compact. The existence of primitive decomposition implies other 
interesting specific features of the cohomology algebra of compact Kahler manifolds. 


(8.13) Lemma. /f u = Dey Sy L"u, is the primitive decomposition of a harmonic 
k-form u, then all components u, are harmonic. 


Proof. Since [A, L] = 0, we get 0 = Au = 9°. L"Au,, hence Au, = 0 by uniqueness. 


Let us denote by Prim #*(X,C) = Dp tqak Prim #?4(X,C) the spaces of primitive 
harmonic k-forms and let bx,prim, Hen be their respective dimensions. Lemma 8.13 
yields 


(8.14) H?UX,C)= GL" Prim H?-"-4-"(X, C), 
r>(ptq-n)+ 

(8.15) pas yO ia 
r>(ptq—n)+ 


Formula (8.15) can be rewritten 


( ’) : : < a eee herim ae ; = 
8.15 + Ses 
‘ P q 2 he bee hovim : ia ee tee, 


(8.16) Corollary. The Hodge and Betti numbers satisfy the inequalities 
a) ifk=ptaq<n, then hP?>hP-149-1, by > dpa, 
b) ifk=pt+q2n, then hPI>hPttatl by > Deyo. 


Another important result of Hodge theory (which is in fact a direct consequence of 
Cor. 5.17) is the 


(8.17) Hard Lefschetz theorem. The mappings 


ea H*(X,C)— H?"-*(X,C), k <n, 
LP P-8 Pa XC) HOO XC), opt gen, 


are isomorphisms. 
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§ 9.1. Description of the Picard Group 


An important application of Hodge theory is a description of the Picard group 
H'(X, ©*) of a compact Kahler manifold. We assume here that X is connected. The 
exponential exact sequence 0 — Z — © — ©* — 1 gives 


(9.1) 0 —+H'(X,Z) — H'(X, 6) — H'(X,@) 
—+H?(X,Z) — H?(X, @) 
because the map exp(27ie) : H°(X,@) = C —> H°(X,@*) = C* is onto. We have 
H'(X,@) ~ H°+(X, C) by (V-11.6). The dimension of this group is called the irregularity 
of X and is usually denoted 
(9.2) (=g XH S hh, 
Therefore we have b; = 2q and 
(9.3) H'(X,6)~C%,  H°(X,Q)) = H*°(X,C) = C?. 
(9.4) Lemma. The image of H'(X,Z) in H'(X,@) is a lattice. 


Proof. Consider the morphisms 


H'(X,Z) — H'(X,R) — H'(X,C) — H'(X, 6) 


induced by the inclusions Z Cc R C C Cc @. Since the Cech cohomology groups with 
values in Z, R can be computed by finite acyclic coverings, we see that H!(X,Z) is a 
finitely generated Z-module and that the image of H'(X,Z) in H'(X,R) is a lattice. It 
is enough to check that the map H1(X,R) —> H1'(X,@) is an isomorphism. However, 
the commutative diagram 


OSC 0 2 et et as 
Lol i { 


wT wt 
(63 90.0 201 2 02, 


shows that the map H'(X,R) —> H'(X,@) corresponds in De Rham and Dolbeault 
cohomologies to the composite mapping 


Apr(X, R) Cc Hpr(X, C) -— HOG C). 


Since H'°(X,C) and H®°1(X,C) are complex conjugate subspaces in Hj p(X,C), we 
conclude that Hj p(X, R) —> H°1(X,C) is an isomorphism. 


As a consequence of this lemma, H1(X,Z) ~ Z?4. The q-dimensional complex torus 
(9.5) Jac(X) = H'(X, @)/H"(X,Z) 


is called the Jacobian variety of X and is isomorphic to the subgroup of H!(X, @*) 
corresponding to line bundles of zero first Chern class. On the other hand, the kernel of 


H?(X,Z) — H?(X,@) = H°?(X,C) 
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which consists of integral cohomology classes of type (1, 1), is equal to the image of c; in 
H?(X,Z). This subgroup is called the Neron-Severi group of X, and is denoted NS(X). 
The exact sequence (9.1) yields 


(9.6) 0 — Jac(X) — H1(X, 6*) 4 NS(X) — 0. 


The Picard group H'(X, G*) is thus an extension of the complex torus Jac(X) by the 
finitely generated Z-module NS(X). 


(9.7) Corollary. The Picard group of P” is H'(P", ©*) ~ Z, and every line bundle over 
P” is isomorphic to one of the line bundles ©(k), k € Z. 


Proof. We have H*(P", ©) = H®-*(P”",C) = 0 for k > 1 by Appl. 8.8, thus Jac(P”) = 0 
and NS(P”) = H?(P",Z) ~ Z. Moreover, c;(G@(1)) is a generator of H?(P”, Z) in virtue 
of Th. V-15.10. 


§ 9.2. Albanese Variety 


A proof similar to that of Lemma 9.4 shows that the image of H?"~1(X,Z) in 
H™—1"(X,C) via the composite map 


(9.8) H?"-1(X,Z) — H?""1(X,R) — H?™"1(X,C) — 4" )"(X,C) 
is a lattice. The g-dimensional complex torus 
(9.9) Alb SE OC) a) 


is called the Albanese variety of X. We first give a slightly different description of Alb(X), 
based on the Serre duality isomorphism 


HOMO XC) (Hx CO) (ECO) 


(9.10) Lemma. For any compact oriented differentiable manifold M with dimg M =m, 
there is a natural isomorphism 


H,(M, Z) > H™1(M,Z) 


where H,(M,Z) is the first homology group of M, that is, the abelianization of 7(M). 


Proof. This is a well known consequence of Poincaré duality, see e.g. [Spanier 1966]. 
We will content ourselves with a description of the morphism. Fix a base point a © M. 
Every homotopy class |y] € 71(,a) can be represented by as a composition of closed 
loops diffeomorphic to St. Let ~ be such a loop. As every oriented vector bundle over 
S* is trivial, the normal bundle to ¥ is trivial. Hence ($1) has a neighborhood U 
diffeomorphic to St x R™~!, and there is a diffeomorphism y : St x R™-! — U with 
Yistx{o} = y- Let {do} € Hi"~'(R™', Z) be the fundamental class represented by the 
Dirac measure 69 € Hp(R™~*) in De Rham cohomology. Then the cartesian product 1 x 
{do} € H™-1(S! x R™~!, Z) is represented by the current [S*] @ {69} € D(S! x R™1) 
and the current of integration over y is precisely the direct image current 


Ty = px([S"] ® 0) = (p7")*([S"] ® 50). 
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Its cohomology class {I,} € H'"~1(U,R) is thus the image of the class 
(y"*)*(1 x {50}) € H2"-"(U, Z). 

Therefore, we have obtained a well defined morphism 


m™(M,a) — Ho''(U,Z) — H™™(M,Z), — [y] > (p")*(1 x {50}) 


and the image of [7] in H™~'(M,R) is the De Rham cohomology class of the integration 
current L,. 


Thanks to Lemma 9.10, we can reformulate the definition of the Albanese variety as 
(9.11) Alb(X) = (H°(X,Q%))*/Im Hi (X, Z) 


where H,(X,Z) is mapped to (H°(X, OF) by 


bl t= (ur fu), 


Observe that the integral only depends on the homotopy class [7] because all holomorphic 
1-forms u on X are closed by Prop. 8.9. 


We are going to show that there exists a canonical holomorphic map a: X — Alb(X). 
Let a be a base point in X. For any x € X, we select a path € from a to x and associate to 
a the linear form in (H°(X,Q4))" defined by Je. By construction the class of this linear 


form mod Im A;(X, Z) does not depend on €, since I¢-1¢ is in the image of H,(X, Z) 
for any other path €’. It is thus legitimate to define the Albanese map as 


(9.12) a:X — Alb(X), wr (un f uw) mod Im A,(X,Z). 


Of course, if we fix a basis (w1,...,U¢) of H°(X,%,), the Albanese map can be seen in 
coordinates as the map 


x 


(9.13) a: X —C?7/A, oo (f meee) ug) mod A, 


where A C C? is the group of periods of (u1,..., Ug): 


(9.13") = {(f om. fm) : fy] e m(X,a) }. 


It is then clear that a is a holomorphic map. With the original definition (9.9) of the 
Albanese variety, it is not difficult to see that a is the map given by 


(9.14) a:X — Alb(X), e+ {IZ7*"} mod H?”"1(X,Z), 


where ges: € H"-1"(X,C) denotes the (n — 1,n)-component of the De Rham co- 
homology class {J¢}. 
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§ 10. Complex Curves 


We show here how Hodge theory can be used to derive quickly the basic properties 
of compact manifolds of complex dimension 1 (also called complex curves or Riemann 
surfaces). Let X be such a curve. We shall always assume in this section that X is 
compact and connected. Since every positive (1,1)-form on a curve defines a Kahler 
metric, the results of §8 and §9 can be applied. 


§ 10.1. Riemann-Roch Formula 
Denoting g = h'(X, @), we find 


(10.1) H'(X,@)~C9, H°(X,0%) = C9, 
(10.2) H°(X,Z)=Z, H'(X,Z)=Z79, H?(X,Z) =Z. 


The classification of oriented topological surfaces shows that X is homeomorphic to a 
sphere with g handles ( = torus with g holes), but this property will not be used in the 
sequel. The number g is called the genus of X. 


Any divisor on X can be written A = $)m,a; where (a;) is a finite sequence of points 
and m; € Z. Let E be a line bundle over X. We shall identify E and the associated 
locally free sheaf ©(E£). According to V-13.2, we denote by F(A) the sheaf of germs of 
meromorphic sections f of & such that div f + A > 0, i.e. which have a pole of order 
<m, at a; ifm, > 0, and which have a zero of order > |m,| at a; ifm; < 0. Clearly 


(10.3) E(A)=E@@(A), GA+A’)=G6(A)@ GQ’). 
For any point a € X and any integer m > 0, there is an exact sequence 
0 — E — E(mla]) — FY — 0 


where Y = E(mla])/E is a sheaf with only one non zero stalk /, isomorphic to C™. 
Indeed, if z is a holomorphic coordinate near a, the stalk SY, corresponds to the polar 
parts )0 <k<0 cr.z* in the power series expansions of germs of meromorphic sections at 
point a. We get an exact sequence 


H°(X, E(m[a])) — C”™ — H'(X, E). 


When m is chosen larger than dim H!(X, E), we see that E(mJ[a]) has a non zero section 
and conclude: 


(10.4) Theorem. Let a be a given point on a curve. Then every line bundle E has non 
zero meromorphic sections f with a pole at a and no other poles. 


If A is the divisor of a meromorphic section f of E, we have E ~ @(A), so the map 
Div(X) — H'(X,@*), O+r+6(A) 


is onto (cf. (V-13.8)). On the other hand, Div is clearly a soft sheaf, thus H'(X, Div) = 0. 
The long cohomology sequence associated to the exact sequence 1 — ©* — l* — Div > 
O implies: 
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(10.5) Corollary. On any complex curve, one has H'(X, Ml") = 0 and there is an exact 
sequence 
0 — C* — M*(X) — Div(X) — H'(X, 6) — 0. 


The first Chern class c1(E) € H?(X, Z) can be interpreted as an integer. This integer 
is called the degree of E. If E ~ G(A) with A = 5) m,a,, formula V-13.6 shows that the 
image of c;(E£) in H?(X,R) is the De Rham cohomology class of the associated current 
[A] = 30 mj6a;, hence 


(10.6) a(E)= | Al =), iy: 


If $)m,a; is the divisor of a meromorphic function, we have }>m,; = 0 because the 
associated bundle EF = ©()° mj;a;) is trivial. 


(10.7) Theorem. Let E be a line bundle on a complex curve X. Then 
a) H°(X,E)=0 if a(E) <0 orif (EF) =0 and E is non trivial; 


b) For every positive (1,1)-formw on X with [yw =1, E has a hermitian metric such 
that +O(E) = c\(E)w. In particular, E has a metric of positive (resp. negative) 
curvature if and only if c\(E) > 0 (resp. if and only if c,(E) < 0). 


Proof. a) If E has a non zero holomorphic section f, then its degree is c;(E) = J, div f > 
0. In fact, we even have c;(£’) > 0 unless f does not vanish, in which case EF is trivial. 


b) Select an arbitrary hermitian metric h on E. Then c)(E£)w— +0;(£) is a real 
(1, 1)-form cohomologous to zero (the integral over X is zero), so Lemma 8.6 c) implies 


c1(E)w — —0,(E) = id'd"y 
20 


for some real function y € “6%°(X, R). If we replace the initial metric of EF by h’ = he-*®, 
we get a metric of constant curvature c)(F) w. 


(10.8) Riemann-Roch formula. Let E be a holomorphic line bundle and let h1(E) = 
dim H4(X, E). Then 
h(E) —Al(E) =c\(E)-—g +1. 


Moreover h!(E) = h°(K @ E*), where K = Q. is the canonical line bundle of X. 
Proof. We claim that for every line bundle F' and every divisor A we have the equality 
(10.9) h°(F(A)) — hi (F(A)) = A°(F) — hi (F) +f [A]. 

x 


If we write E = ©(A) and apply the above equality with F = ©, the Riemann-Roch 
formula results from (10.6), (10.9) and from the equalities 


h°(6) = dim H°(X,@)=1, h' (©) = dim H1(X, ©) =g. 
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However, (10.9) need only be proved when A > 0: otherwise we are reduced to this case 
by writing A = A; — Ag with A, Ay > 0 and by applying the result to the pairs (F’, A;) 
and (F(A), Ao). If A = }> m;a; > 0, there is an exact sequence 


0— F— F(A) — FY — 0 


where ‘f,, ~ C™ and the other stalks are zero. Let m = }>m, = J,[A]. The sheaf / 
is acyclic, because its support {a,;} is of dimension 0. Hence there is an exact sequence 


0 — H°(F) — H°(F(A)) — C” — H'(F) — A'(F(A)) 0 


and (10.9) follows. The equality h!(E) = h°(K @ E*) is a consequence of the Serre 
duality theorem 


(H°1(X, E))" ~ H*°(X,E*), ie. (H1(X,E))" ~ H°(X,K @ E’). 


(10.10) Corollary (Hurwitz’ formula). c)(/) = 2g — 2. 
Proof. Apply Riemann-Roch to EF = K and observe that 
h°(K) = dim H°(X,4,) =g 


10.11 
( ) h'(K) = dim H'(X, 0%) =h't =b2 = 1 


(10.12) Corollary. For everya€ X and everymeZ 


h° (K(—m[a])) = h* (@(mfa])) = h°(@(mfa])) — m+ 9-1. 


§ 10.2. Jacobian of a Curve 


By the Neron-Severi sequence (9.6), there is an exact sequence 
(10.13) 0 — Jac(X) — H1(X,6*) ++ Z—0, 


where the Jacobian Jac(X) is a g-dimensional torus. Choose a base point a € X. For 
every point x € X, the line bundle @(|x] — [a]) has zero first Chern class, so we have a 
well-defined map 


(10.14) ®,:X — Jac(X), «+> @([z] — [a)). 


Observe that the Jacobian Jac(X) of a curve coincides by definition with the Albanese 
variety Alb(X). 


(10.15) Lemma. The above map ®, coincides with the Albanese map a: X —> Alb(X) 
defined in (9.12). 


Proof. By holomorphic continuation, it is enough to prove that ®,(x) = a(x) when z is 
near a. Let z be a complex coordinate and let D’ Cc D be open disks centered at a. 
Relatively to the covering 

U, at Ty, U2 = XxX VD, 
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the line bundle G({z] — [a]) is defined by the Cech cocycle c € C!(U, @*) such that 


nO 


C12(z) = on. Us = DVD". 


On the other hand, we compute a(x) by Formula (9.14). The path integral current Ijq,2) € 
GH (X) is equal to 0 on Uz. Lemma I-2.10 implies d’(dz/2miz) = 59 dz A dz/2i = do 
according to the usual identification of distributions and currents of degree 0, thus 


dz 
Ol ow 0,1 
Tey’ (s eT) on UL. 
Therefore {Tiga} € H®1(X,C) is equal to the Cech cohomology class {'} in H'(X, ©) 
represented by the cocycle 

; dw 0,1 1 f* dw 1 log Za 


«I = — = — lo on U- 
[a2] Ont J, woz Qn Z=@ om 


and we have c = exp(2m7ic’) in H!(X, @*). 


The nature of ®, depends on the value of the genus g. A careful examination of ®, 
will enable us to determine all curves of genus 0 and 1. 


(10.16) Theorem. The following properties are equivalent: 
a) g =0; 


b) X has a meromorphic function f having only one simple pole p; 


D1 


c) X is biholomorphic to 


Proof. c) => a) is clear. 


a) => b). Since g = 0, we have Jac(X) = 0. If p,p’ € X are distinct points, the 
bundle ©([p’] — [p]) has zero first Chern class, therefore it is trivial and there exists a 
meromorphic function f with div f = [p’] — [p]. In particular p is the only pole of f, and 
this pole is simple. 


b) = > c). We may consider f as a map X —> P! = CU {oo}. For every value w € C, 
the function f — w must have exactly one simple zero x € X because [ x div(f —w) =0 
and p is a simple pole. Therefore f : X — P! is bijective and X is biholomorphic to 
Pp}, 


(10.17) Theorem. The map ©, is always injective for g > 1. 


a) Ifg =1, ®, is a biholomorphism. In particular every curve of genus 1 is biholomor- 
phic to a complex torus C/T. 


b) If g > 2, ®, is an embedding. 


Proof. If ®q is not injective, there exist points x1 # x2 such that ©([x1| — [x9]) is trivial; 
then there is a meromorphic function f such that div f = [x1]—|a2] and Th. 10.16 implies 
that g = 0. 
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When g = 1, ®, is an injective map X —> Jac(X) ~ C/T, thus ®, is open. It 
follows that ®,(X) is a compact open subset of C/T, so ®,(X) = C/T and ®, isa 
biholomorphism of X onto C/T. 


In order to prove that ®, is an embedding when g > 2, it is sufficient to show that the 
holomorphic 1-forms u;,...,u, do not all vanish at a given point « € X. In fact, X has no 
non constant meromorphic function having only a simple pole at x, thus h® (G([z])) sil 
and Cor. 10.12 implies 


h(K(-[a])) = 9-1 < AK) =9. 


Hence K has a section wu which does not vanish at x. 


§ 10.3. Weierstrass Points of a Curve 


We want to study how many meromorphic functions have a unique pole of multiplicity 
< mat a given point a € X, i.e. we want to compute h® (©(mfa])). As we shall see soon, 
these numbers may depend on a only if m is small. We have c; (K (—mla])) = 2g-—2-—™m, 
so the degree is < 0 and h® (K (—mla])) = 0 for m > 2g—1 by 10.7 a). Cor. 10.12 implies 


(10.18) h°(G(ma])) =m—g+1 for mz 2g -1. 


It remains to compute h® (K (—mla])) for0 <m< 2g—2 and g > 1. Let w,...,ug bea 
basis of H°(X, K) and let z be a complex coordinate centered at a. Any germ u € G(K)q 
can be written u = U(z) dz with U(z) =o nen + U'™ (a)z™ dz. The unique non zero 
stalk of the quotient sheaf @(K(—mla]))/@(K(—(m + 1)[a])) is canonically isomorphic 
to K+! via the map u + U"™(a)(dz)™*!, which is independant of the choice of z. 
Hence /\% (@(K)/@(K — gla])) ~ Kg*?*-79 and the Wronskian 


Ut(2) 5 U5 (z) 
(10.19) W (u1,...,Ug) = dzit2t+..tg 
Us Yiz) ... UEP (z) 


defines a global section W(u1,...,ug) € H°(X, K99+)/?). At the given point a, we can 
find linear combinations Uj,...,Ug of u1,...,Ug such that 


tj (z) = (29971 + O(2%))dz, 81 <1... < By. 
We know that not all sections of K vanish at a and that c1(’) = 2g — 2, thus 5s; = 1 
and sg < 2g—1. We have W(ti,..., tg) ~ W(z~'dz,..., 289~!dz) at point a, and an 
easy induction on )°s; combined with differentiation in z yields 


W (2° 1dz,..., 299 1dz) = C gett +8999 )/2 qya(ot1)/2 


for some positive integer constant C’. In particular, W(u1,...,u,) is not identically zero 
and vanishes at a with multiplicity 


(10.20) a= sia acts3= Glo-F 1/230 
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unless s; = 1, sg = 2, ..., 5, = g. Now, we have 
h°(K(—mla])) = card{j; 8; > m} = g —card{j; 8; < m} 


and Cor. 10.12 gives 


(10.21) h® (@(m[a])) =m +1 —card{j ; 8; < m}. 
If a is not a zero of W(u1,..., Ug), we find 

h°(@(mfa])) = 1 for m<q, 
(10.22) { h°(G(m[a])) =m+1—g for m>g. 


The zeroes of W(u1,...,uUg) are called the Weierstrass points of X, and the associated 
Weierstrass sequence is the sequence wn, = h® (G(mf[a])), me€EN. We have wn_1 < Wm < 
Wm-1+1 and s; <...< 8, are precisely the integers m > 1 such that wy, = Wm_1. The 
numbers s; € {1,2,...,2g—1} are called the gaps and [ug the weight of the Weierstrass 


point a. Since W(u1,...,Ug) is a section of K99+)/?, Hurwitz’ formula implies 
(10.23) Yo a = 1 (K9FY!?) = g(g + 1)(g - 1). 
ac€x 


In particular, a curve of genus g has at most g(g + 1)(g — 1) Weierstrass points. 


§11. Hodge-Frolicher Spectral Sequence 


Let X be a compact complex n-dimensional manifold. We consider the double complex 
Ket = €°(X, APITS), d = d' +d". The Hodge-Frolicher spectral sequence is by 
definition the spectral sequence associated to this double complex (cf. [V-11.9). It starts 
with 


iA. EP? — HP(X,C 
1 


and the limit term E2:7 is the graded module associated to a filtration of the De Rham 
cohomology group H*(X,C), k = p+q. In particular, if the numbers b, and h?4 are 
still defined as in (8.11), we have 


(11.2) p= So dmb < 5° dime? = She. 


ptq=k pt+q=k p+q=k 


The equality is equivalent to the degeneration of the spectral sequence at EF}. As a conse- 
quence, the Hodge-Frolicher spectral sequence of a compact Kahler manifold degenerates 
in £7. 


(11.3) Theorem and Definition. The existence of an isomorphism 


Hip(X,C)~ @ H”4(X,C) 
pt+q=k 
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is equivalent to the degeneration of the Hodge-Frolicher spectral sequence at E,. In this 
case, the isomorphism is canonically defined and we say that X admits a Hodge decom- 
position. 


In general, interesting informations can be deduced from the spectral sequence. The- 
orem IV-11.8 shows in particular that 
(11.4) b, > dim Ey’° + (dim E3”’ — dim E3’°),. 
However, E, °° is the central cohomology group in the sequence 
dy =d': i — Ee — Ee, 


and as E °° is the space of holomorphic functions on X, the first map dj, is zero (by the 
maximum principle, holomorphic functions are constant on each connected component 
of X ). Hence dim E5”° > h!° — h?-°. Similarly, E5’" is the kernel of a map E?’* > E;”’, 
thus dim E3' > bh! — hh!. By (11.4) we obtain 


(11.5) bp Se a Se es 

Another interesting relation concerns the topological Euler-Poincaré characteristic 
Xtop(X) = b9 — by hs. — bagi + ban: 

We need the following simple lemma. 


(11.6) Lemma. Let (C°,d) a bounded complex of finite dimensional vector spaces over 
some field. Then, the Euler characteristic 


x(C*) = 5 >(-1)1dimc? 
is equal to the Euler characteristic x(H*(C*)) of the cohomology module. 
Proof. Set 
t= dim O?7, fy = dim AAC" ), b, = dim B4(C®), ha = dim H4(C*). 
Then 
Cqg = %qtbq41, Ng = 2% — Og. 


Therefore we find 


In particular, if the term E® of the spectral sequence of a filtered complex K® is a 
bounded and finite dimensional complex, we have 


x(ER) = x(Epyi) = ++ = X(B3) = x(H*(K°)) 
because E*,, = H*(E*) and dim E4, = dim H'(K*). In the Hodge-Frélicher spectral 


sequence, we have dim E} = ptga 27, hence: 


(11.7) Theorem. For any compact complex manifold X, one has 


Xtop(X) = > A. = 2 (—1)P +4 hP-7, 


O<k<2n O<p,qgn 
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§ 12. Effect of a Modification on Hodge Decomposition 


In this section, we show that the existence of a Hodge decomposition on a compact 
complex manifold X is guaranteed as soon as there exists such a decomposition on a 
modification X of X (see II-??.?? for the Definition). This leads us to extend Hodge 
theory to a class of manifolds which are non necessarily Kahler, the so called Fujiki class 
(6) of manifolds bimeromorphic to Kahler manifolds. 


§ 12.1. Sheaf Cohomology Reinterpretation of HR@(X, C) 


We first give a description of HR&(X, C) in terms of the hypercohomology of a suitable 
complex of sheaves. This interpretation, combined with the analogue of the Hodge- 
Frélicher spectral sequence, will imply in particular that HR4é(X,C) is always finite 
dimensional when X is compact. Let us denote by @?*? the sheaf of germs of “6°° forms 
of bidegree (p,q), and by ? the sheaf of germs of holomorphic p-forms on X. For a fixed 
bidegree (po, qo), we let ko = po + qo and we introduce a complex of sheaves (L¥., 4,5); 
also denoted &° for simplicity, such that 


k ; 
L) = OB 64 for k < ko — 2, 
pt+q=k,p<po,d<4o 
k-1 : 
of = OB et for k > ko. 
pt+q=k,p2p0,4240 


The differential 5* on L* is chosen equal to the exterior derivative d for k 4 ko — 2 (in 
the case k < ko — 3, we neglect the components which fall outside &*+"), and we set 


jko-2 — q’ql . pko—2 — epo—l.go-1 __, cpko—1 — ¢Po.40. 
We find in particular HRY” (X, C) = H*°~!(L£°(X)). We observe that £* has subcom- 
plexes (Ff’°, d') and (F”*, d”’) defined by 

SfP=Ok for 0S k<po-1, S*=0_ otherwise, 


grR= OR for O<k<q—1, F’*=0 otherwise. 


If pp = 0 or qo = O we set instead F’° = C or F”9 = C, and take the other components 
to be zero. Finally, we let S* = S’* + F"”* C L® (the sum is direct except for F°); we 
denote by l* the sheaf complex defined in the same way as &°, except that the sheaves 


‘7 are replaced by the sheaves of currents Dj,» n—¢- 


(12.1) Lemma. The inclusions S* C L° C M® induce isomorphisms 
H(S*) ~ H(L*) = HEM), 
and these cohomology sheaves vanish for k £0,p9 —1,q0 — 1. 


Proof. We will prove the result only for the inclusion S* Cc &°, the other case F® C Ml® 
is identical. Let us denote by £??% the sheaf of d’-closed differential forms of bidegree 
(p,q). We consider the filtration 


F,(£*) = £*n Der 


r2p 
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and the induced filtration on S*. In the case of &°, the first spectral sequence has the 
following terms Ej and E?: 


if p< po ER Cee a ep) er a", ep,qo-1 =—¥ i), 
if p>po ER’ : O0—> €P4 a”, @p.gotl _,... 5 EP ete: 
if p<pp EP°=O8, EPO l~ gpg, EPIT—0Q for ¢q#0,q0—1, 
if p>p) EPO ¥Po, EPT—0 for q#qo—1. 


The isomorphism in the third line is given by 
EPdo—} (gr EPdo—2 w q’ EP 0-1 ww EPA. 


The map d, : E0771! __, FP-49-! is induced by d'd” acting on €?9-}4-1, but 
thanks to the previous identification, this map becomes d’ acting on £?°~1-4, Hence E? 
consists of two sequences 


d’ a’ -1 
Dee o=08 =k —--. 0% — 0, 


/ / 
Be - QO » F940 d eS he eee er eS 220010) Lae sees 


if these sequences overlap (qo = 1), only the second one has to be considered. The term 
E? in the spectral sequence of * has the same first line, but the second is reduced to 


EY®~* — dQ%~? (resp. = C for qo = 1). Thanks to Lemma 12.2 below, we see that the 
two spectral sequences coincide in £5, with at most three non zero terms: 


BoP =e Behe = age? for po > 2, peor? = dour for qo > 2. 


Hence #*(¥*) ~ H*(L*) and these sheaves vanish for k 4 0,p9 — 1, qo — 1. 


(12.2) Lemma. The complex of sheaves 
0 — 2.40 a, 1,do __, ... __, P40 a, ict 
is a resolution of dae for qo > 1, resp. of C for q =0. 
Proof. Embed £*:% in the double complex 
ea ERA’ tor Gg <ggs. Ae? 0 for. @ = G5: 
For the first fitration of K*, we find 
EP d-) _ pq, APT — 0 for g#qo—1 


The second fitration gives EP 1 — 0 for g>1 and 


EP? — Ho(K*) = 4 HP") = O% forp<q-1 
0 for Pp 2 qo; 


thus the cohomology of £*”° coincides with that of (Q%, d)o<p<qo- 
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Lemma IV-11.10 and formula (IV-12.9) imply 


(12.3) HI (X, f°) ~ HE (X, £°) ~ H*(X, Ml?) 
~ H*(L°(X)) ~ H*(MO(X)) 


because the sheaves &" and Ml” are soft. In particular, the group H Ba(X, C) can be com- 
puted either by means of “6% differential forms or by means of currents. This property 
also holds for the De Rham or Dolbeault groups H*(X,C), H?4(X,C), as was already 
remarked in §IV-6. Another important consequence of (12.3) is: 


(12.4) Theorem. If X is compact, then dim HRa(X, C) < +00. 


Proof. We show more generally that the hypercohomology groups H*(X,S*) are finite 
dimensional. As there is an exact sequence 


C=—SC =F": ey" 39" = 0 


and a corresponding long exact sequence for hypercohomology groups, it is enough to 
show that the groups H*(X,Y/’*) are finite dimensional. This property is proved for 
Sf'* = F7* by induction on po. For po = 0 or 1, the complex F"* is reduced to its term 
of". thus 


H*(X,C) for po =0 
H*(X,@) for po =1 


Ns hak GS a mes Bal rs a { 
and this groups are finite dimensional. In general, we have an exact sequence 
0+ 8 + Sy, SE, 0 


where 242 denotes the subcomplex of SFp+1 reduced to one term in degree po. As 


HY (X, OF) = H*-P0(X, OR) = HP*- P(X, C) 


is finite dimensional, the Theorem follows. 


(12.5) Definition. We say that a compact manifold admits a strong Hodge decomposi- 
tion if the natural maps 


HBa(X,C) — HP*(X,C), DB HRg(X,C) — H*(X,C) 
ptq=k 


are isomorphisms. 


This implies of course that there are natural isomorphisms 


H*(X,C)~ @ H(X,C), H%?(X,C) ~ H9(X,C) 
pt+q=k 


and that the Hodge-Frolicher spectral sequence degenerates in E?. It follows from §8 
that all Kahler manifolds admit a strong Hodge decomposition. 
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§ 12.2. Direct and Inverse Image Morphisms 
Let F : X — > Y bea holomorphic map between complex analytic manifolds of 


respective dimensions n,m, and r =n —™m. We have pull-back morphisms 


F* : H¥*(Y,C)— H*(X,C), 
(12.6) F* : HP4(Y,C)— H”?4(X,C), 
F* : ABA(Y,C)— HBG(X,C), 


commuting with the natural morphisms (8.2), (8.3). 


Assume now that F' is proper. Theorem I-1.14 shows that one can define direct image 
morphisms 


he Dx) 9), Fee DK) SS), 


Pd Pq 


commuting with d’,d”. To F, therefore correspond cohomology morphisms 


F,: H*(X,C)— H*-*"(y,C), 
(13-7) F, : H?4(X,C)—> H?-™4-"(y,C), 
Ee BAX, Cl HE VC) 


which commute also with (8.2), (8.3). In addition, 1-1.14 c) implies the adjunction 
formula 


(12.8) F(a ~ F*8) = (Fra) » 8 


whenever a is a cohomology class (of any of the three above types) on X, and Ga 
cohomology class (of the same type) on Y. 


§ 12.3. Modifications and the Fujiki Class (©) 


Recall that a modification of a compact manifold X is a holomorphic map pi : Ka X 
such that 


i) X isa compact complex manifold of the same dimension as X ; 


ii) there exists an analytic subset S C X of codimension > 1 such that pp: X\p74(S) — 
X \ S is a biholomorphism. 


(12.9) Theorem. ip X admits a strong Hodge decomposition, and if u: x Xs 
modification, then X also admits a strong Hodge decomposition. 


Proof. We first observe that pu," f = f for every smooth form f on Y. In fact, this 
property is equivalent to the equality 


[uuwtrg= fp wtrn= f fas 


for every smooth form g on Y, and this equality is clear because p is a biholomorphism 
outside sets of Lebesgue measure 0. Consequently, the induced cohomology morphism 
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[lx is surjective and ju is injective (but these maps need not be isomorphisms). Now, we 
have commutative diagrams 


HRA(X,C) HP 4(X,C), EG) ABE(X,C) H*(X,C) 


p+q= 


be | Tu bx | Te ae be [Tu 


HBa(X,C) H?(X,C), CD HARa(X,C) H*(X,C) 
ptq=k 


with either upward or downward vertical arrows. Hence the surjectivity or injectivity of 
the top horizontal arrows implies that of the bottom horizontal arrows. 


(12.10) Definition. A manifold X is said to be in the Fujiki class () if X admits a 
Kahler modification X. 


By Th. 12.9, Hodge decomposition still holds for a manifold in the class (“@). We will 
see later that there exist non-Kahler manifolds in (“@), for example all non projective 
Moisezon manifolds (cf. §?.?). The class (“é) has been first introduced in |[Fujiki 1978]. 
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Chapter VII 


Positive Vector Bundles and Vanishing Theorems 


In this chapter, we prove a few vanishing theorems for hermitian vector bundles over compact complex 
manifolds. All these theorems are based on an a priori inequality for (p, q)-forms with values in a vector 
bundle, known as the Bochner-Kodaira-Nakano inequality. This inequality naturally leads to several 
positivity notions for the curvature of a vector bundle ([Kodaira 1953, 1954], [Griffiths 1969] and [Nakano 
1955, 1973]). The corresponding algebraic notion of ampleness introduced by Grothendieck [EGA 1960- 
67] and developped further by [Nakai 1963] and [Hartshorne 1966] is also discussed. The differential 
geometric techniques yield optimal vanishing results in the case of line bundles (Kodaira-Akizuki-Nakano 
and Girbau vanishing theorems) and also some partial results in the case of vector bundles (Nakano 
vanishing theorem). As an illustration, we compute the cohomology groups H?:4(P”, @(k)) ; much finer 
results will be obtained in chapters 8-11. Finally, the Kodaira vanishing theorem is combined with a 
blowing-up technique in order to establish the projective embedding theorem for manifolds admitting a 
Hodge metric. 


§ 1. Bochner-Kodaira-Nakano Identity 


Let (X,w) be a hermitian manifold, dime X =n, and let E be a hermitian holomor- 
phic vector bundle of rank r over X. We denote by D = D’+ D” its Chern connection (or 
Dg if we want to specify the bundle), and by 6 = 6’ + 6” the formal adjoint operator of 
D. The operators L, A of chapter 6 are extended to vector valued forms in A??7* X @ E 
by taking their tensor product with Idg. The following result extends the commutation 
relations of chapter 6 to the case of bundle valued operators. 


(1.1) Theorem. [fr is the operator of type (1,0) defined by rT = [A, d’w] on EN (X, E), 
then 


a). neh] = Pe +2); 
b) — [d%, L£] = —i(D; on +7), 
c) iA, Dit|= —i(6, +7*), 
d) [A, DE|= i(at ne 
Proof. Fix a point x9 in X and a coordinate system z = (z1,..., Zn) centered at rg. Then 


Prop. V-12.?? shows the existence of a normal coordinate frame (e)) at ro. fiver any 
section s = )7, 7, @e, € EX, (X, E), it is easy to check that the operators Dp, df, .-- 
have Taylor expansions of the type 


Dgs= 5 do, @®e,+O(\z|), dps =) 50, Be, + O((zI), 
N Xr 
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in terms of the scalar valued operators d, 6, .... Here the terms O(|z|) depend on the 
curvature coefficients of E. The proof of Th. 1.1 is then reduced to the case of scalar 
valued operators, which is granted by Th. VI-10.1. 


The Bochner-Kodaira-Nakano identity expresses the antiholomorphic Laplace op- 
erator A” = D"d" + 6"D" acting on €3(X,/) in terms of its conjugate operator 
A’ = D's’ + 6'D’, plus some extra terms involving the curvature of F and the torsion of 
the metric w (in case w is not Kahler). Such identities appear frequently in riemannian 
geometry (Weitzenbéck formula). 


(1.2) Theorem. A” = A’ + [i0(£), A] + [D’,7*] — [D”,7*]. 
Proof. Equality 1.1 d) yields 6” = —i[A, D’] — 7*, hence 

A" = [D",6"] = -i[D”, [A, D’]] - [D”,7"]. 
The Jacobi identity VI-10.2 and relation 1.1 c) imply 


[D”,[A, D’]] = [A, [D’, D’]] + |D’, [D”, A]] = [A, O(E)] + i[D’, 6 + 7%], 


taking into account that [D’, D”] = D? = @(E). Theorem 1.2 follows. 


(1.3) Corollary ([Akizuki-Nakano 1955]). If w is Kahler, then 


A” = A’ + [iO(E), A]. 


In the latter case, A” — A’ is therefore an operator of order 0 closely related to the 
curvature of EF. When w is not Kahler, Formula 1.2 is not really satisfactory, because it 
involves the first order operators [D’,7*] and [D”,7*]. In fact, these operators can be 
combined with A’ in order to yield a new positive self-adjoint operator A’. 


(1.4) Theorem ({[Demailly 1985]). The operator A! = [D’ +7, 6'+7*] is a positive 
and formally self-adjoint operator with the same principal part as the Laplace operator A’. 


Moreover 
A" = A’ 4 [iO(F), A} + Ti, 


where T., is an operator of order 0 depending only on the torsion of the hermitian metric 
Ww: : 
Ta = [A,[A, 5a’d’w] | — [d'w, (d'w)"]. 


Proof. The first assertion is clear, because the equality (D’ + r)* = 6’ + r* implies the 
self-adjointness of A’ and 
(Ai u,u)) = ||D'u + rull? + |\6’u + r*ul/? > 0 


for any compactly supported form u € “€5°,(X,/). In order to prove the formula, we 
need two lemmas. 


(1.5) Lemma. a) [L, 7] = 3d'w, b) [A, 7] = —2i7*. 


§ 1. Bochner-Kodaira-Nakano Identity 331 
Proof. a) Since [L, d'w] = 0, the Jacobi identity implies 
[L,7] = [L, [A, d’w]] = —[d’w, [L, A]] = 3d’, 
taking into account Cor. VI-10.4 and the fact that d/w is of degree 3. 
b) By 1.1 a) we have r = —i[6”, L] — D’, hence 
[A, 7] = —2[A, [6”, L]] — [A, D’] = —7([A, [6”, L]] + 6” +7"). 
Using again VI-10.4 and the Jacobi identity, we get 


[A, [6”, ]] = —[2, (A, 6"]] — [6", [Z, Al] 
—[[a@”, 1], A]* - 6" = -[d"w, Alt — 6” = 7-6". 


A substitution in the previous equality gives [A, T] = —2i7*. 


(1.6) Lemma. The following identities hold: 
a) (Dor == (D0 So: 
b) —[D",7*] = [7,0'+7*] + Tu. 
Proof. a) The Jacobi identity implies 
—[D’,[A, D’]| + [D’, [D’, A]] + [A,[D’, D’]] =0, 


hence —2[D’,[A, D’]] = 0 and likewise [6”, [5”, L]] = 0. Assertion a) is now a conse- 
quence of 1.1 a) and d). 


b) In order to verify b), we start from the equality 7* = 4A, T] provided by Lemma 1.5 
b). It follows that 


(15%) [De | = Sm, [A, 7]]. 


The Jacobi identity will now be used several times. One obtains 


(1.8) [D”, [A, 7] = [A, [7,D”]] + [7, [D”, Al] ; 
(1.9) [r, D"| = [D", 7] = [D", [A, dw] = [A, [d'w, D”]] + [d’w, [D”, Al] 
= [A, d"d'w] + [d'w, A] 


with A = [D”, A] = i(6’+7*). From (1.9) we deduce 
(1.10) [A, [7,D”]] = [A, [A, dd’w]] + [A, [d’w, Al]. 
Let us compute now the second Lie bracket in the right hand side of (1.10: 


(1.11) (A, [d’w, Al] = [A,[A, d’w]] — [a’w, [A, Al] = fr, A] + [a’w, [A, Al] ; 
(1.12) [A, A] =i[A, 6’ + 7*] = i[D'- a a 
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Lemma 1.5 b) provides [7, L] = —3d'w, and it is clear that [D’, LZ] = d'w. Equalities 
(1.12) and (1.11) yield therefore 


[A, A] = —2i(d'w)*, 
(1.13) [A, [d’w, A]] = [7,[D”, A]] — 2i[d’w, (d’'w)*]. 


Substituting (1.10) and (1.13) in (1.8) we get 


(1.14) [D", [A, 7] = [A, [A, d’d’w]] + 2[7, [D", Al] — 2i[d’w, (d’'w)*] 
= 2i(T., + [7,6 +7"). 


Formula b) is a consequence of (1.7) and (1.14). 


Theorem 1.4 follows now from Th. 1.2 if Formula 1.6 b) is rewritten 
A’ + [D’,7*] —[D"".7*] =[D'4+7,074+77°]+T.. 


When w is Kahler, then t = T,, = 0 and Lemma 1.6 a) shows that [D’,6”] = 0. 
Together with the adjoint relation [D’, 6’] = 0, this equality implies 


(1.15) A=A'+A". 
When w is not Kahler, Lemma 1.6 a) can be written [D’ +7, 6”] = 0 and we obtain more 
generally 


[D+7,5+7*] = [(D! +7) +D", (5 +77) +6") =A +A". 


(1.16) Proposition. Set A, = [D+7,6+7*]. Then A, = AL+A". 


§ 2. Basic a Priori Inequality 


Let (X,w) be a compact hermitian manifold, dime X = n, and E a hermitian holo- 
morphic vector bundle over X. For any section u € “€>°,(X,E) we have (A”u, u)) = 
|| D”ul|? + ||6” ul]? and the similar formula for A’ gives (A‘u,u)) > 0. Theorem 1.4 
implies therefore 


(2.1) |D"ul? + [aul > f (GOCE), Alu, u) + (Tau, wav. 


This inequality is known as the Bochner-Kodaira-Nakano inequality. When u is A”- 
harmonic, we get in particular 


(2.2) [ (((iO(E), Aju, u) + (Liu, u))dV < 0. 


These basic a priori estimates are the starting point of all vanishing theorems. Observe 
that [iO(£),A]+ 7, is a hermitian operator acting pointwise on A??T*X @ E (the 
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hermitian property can be seen from the fact that this operator coincides with A” — A’ 
on smooth sections). Using Hodge theory (Cor. VI-11.2), we get: 


(2.3) Corollary. If the hermitian operator [iO(E), A] + T., is positive definite on 
AP-IT*X © E, then H?4(X, EF) =0. 


In some circumstances, one can improve Cor. 2.3 thanks to the following “analytic 
continuation lemma” due to [Aronszajn 1957]: 


(2.4) Lemma. Let M be a connected €°-manifold, F a vector bundle over M, and 
P a second order elliptic differential operator acting on €°(M,F). Then any section 
a € ker P vanishing on a non-empty open subset of M vanishes identically on M. 

(2.5) Corollary. Assume that X is compact and connected. If 


[iO(E), A] + T., € Herm(A?“T*X @ E) 


is semi-positive on X and positive definite in at least one point x9 € X, then we have 
HP 4(X, FE) =0. 


Proof. By (2.2) every A’’-harmonic (p, q)-form u must vanish in the neighborhood of zo 
where [iO(£), A] + T., > 0, thus u = 0. Hodge theory implies H?4(X, FE) = 0. 


§ 3. Kodaira-Akizuki-Nakano Vanishing Theorem 


The main goal of vanishing theorems is to find natural geometric or algebraic con- 
ditions on a bundle F that will ensure that some cohomology groups with values in E 
vanish. In the next three sections, we prove various vanishing theorems for cohomology 
groups of a hermitian line bundle E over a compact complex manifold X. 


(3.1) Definition. A hermitian holomorphic line bundle E on X is said to be positive 
(resp. negative) if the hermitian matrix (cjx(z)) of its Chern curvature form 


iO(F) =i S- Cjk(Z) dz; A dz, 


1<j,k<n 
is positive (resp. negative) definite at every point z € X. 
Assume that X has a Kahler metric w. Let 
V(4) <--- S Yn(*) 


be the eigenvalues of iO(F), with respect to w, at each point x € X, and let 


iO(E), =i Ss" Aig) Ge AG: Gels 


l<jgn 
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be a diagonalization of iO(£),. By Prop. VI-8.3 we have 


(iO), Ayu) => (Sout Da - SS w) lean? 
JK 


JET jJEK 1<j<n 


(3.2) Pte Pg al 
for any form u = aK UK ST A Cie © APIT*X, 


(3.3) Akizuki-Nakano vanishing theorem (1954). Let E be a holomorphic line 
bundle on X. 

a) If E is positive, then H?4(X,E)=0 for p+q2>n+1. 
b) If E is negative, then H?4(X,F)=0 for p+q<n-l. 


Proof. In case a), choose w = iO(£) as a Kahler metric on X. Then we have y;(x) = 1 
for all 7 and x, so that 


(([i0(E), Alu, u)) > (p+ q—n)| full? 


for any u € AP 4T*X @ E. Assertion a) follows now from Corollary 2.3. Property b) is 
proved similarly, by taking w = —iO(F£). One can also derive b) from a) by Serre duality 
(Theorem VI-11.3). 


When p = 0 or p= n, Th. 3.3 can be generalized to the case where iO(£) degenerates 
at some points. We use here the standard notations 


(3.4) OCS MTX Ke air Ue. -ie= dine xX 5 
Kx is called the canonical line bundle of X. 


(3.5) Theorem ({[Grauert-Riemenschneider 1970]). Let (X,w) be a compact and 

connected Kahler manifold and E a line bundle on X. 

a) IfiO(E) > 0 on X and iO(E) > 0 in at least one point xo € X, then 
HYX,Kx@E)=0 for q21. 


b) IfiO(E) <0 on X and iO(E) <0 in at least one point xo € X, then 
HY(X,E)=0 for q<n-l. 


It will be proved in Volume II, by means of holomorphic Morse inequalities, that the 
Kahler assumption is in fact unnecessary. This improvement is a deep result first proved 
by [Siu 1984] with a different ad hoc method. 


Proof. For p = n, formula (3.2) gives 


(3.6) (fi0(B), Alu, uw) > (a +... +74) lel? 


and a) follows from Cor. 2.5. Now b) is a consequence of a) by Serre duality. 


§4. Girbau’s Vanishing Theorem 335 


§ 4. Girbau’s Vanishing Theorem 


Let E be a line bundle over a compact connected Kahler manifold (X,w). Girbau’s 
theorem deals with the (possibly everywhere) degenerate semi-positive case. We first 
state the corresponding generalization of Th. 4.5. 


(4.1) Theorem. [fiO(E) is semi-positive and has at least n—s+1 positive eigenvalues 
at a point x9 € X for some integer s € {1,...,n}, then 


AY(X,Kx @E)=0 for q2s. 


Proof. Apply 2.5 and inequality (3.6), and observe that y¢(x%o) > 0 for all ¢ > s. 


(4.2) Theorem ([Girbau 1976]). If iO(£) is semi-positive and has at least n — s+ 1 
positive eigenvalues at every point x © X, then 


A’ X,E)=0 for p+tqe>nts. 


Proof. Let us consider on X the new Kahler metric 
wWe=ew+iO(F), e>0, 


and let iO(£) =i) 7; ¢; A G be a diagonalization of iO(£) with respect to w and with 
V1 &.--<Yn- Then 


we =I) (6 +99) G AG- 
The eigenvalues of iO(£) with respect to w, are given therefore by 


(4.3) Vea fer) € 01, Is7en. 


On the other hand, the hypothesis is equivalent to y, > 0 on X. For 7 > s we have 
15 2 Ys, thus 


1 1 


= ——_ > — — el-e 8) SS 7 SM: 
Ite Tt 1 SSIS 


(4.4) Vi,e 


Let us denote the operators and inner products associated to we with € as an index. Then 
inequality (3.2) combined with (4.4) implies 


(iO(E), Aelu,u)e > ((q- 8 +1) -e/75) - (n=) lu? 
= (p+q—n—s+1—(q—s+le/ys)|ul?. 


Theorem 4.2 follows now from Cor. 2.3 if we choose 


ptq-—R—sr1. 
E< ———————__ min, (2). 
q—st+l rEX 


(4.5) Remark. The following example due to [Ramanujam 1972, 1974] shows that 
Girbau’s result is no longer true for p < n when iO(£) is only assumed to have n—s+1 
positive eigenvalues on a dense open set. 
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Let V be a hermitian vector space of dimension n + 1 and X the manifold obtained 
from P(V) ~ P” by blowing-up one point a. The manifold X may be described as 
follows: if P(V/Ca) is the projective space of lines @ containing a, then 


X = {(z, 2) € P(V) x P(V/Ca) ; xe é}. 
We have two natural projections 


™m :X — P(V)~P", 
TW, :X —-Y=P(V/Ca)~ 


n—1 


U 


It is clear that the preimage 7, '(x) is the single point (a, = (ax)) if « 4 a and that 
a '(a) = {a} x Y = P"“!, therefore 


m+ X\({a} x ¥) — P(V)\ {a} 


is an isomorphism. On the other hand, 7 is a locally trivial fiber bundle over Y with 
fiber 7 '(€) = €~ P', in particular X is smooth and n-dimensional. Consider now the 
line bundle E = 7} G@(1) over X, with the hermitian metric induced by that of ©(1). Then 
E is semi-positive and iO(F£) has n positive eigenvalues at every point of X \ ({a} x Y), 
hence the assumption of Th. 4.2 is satisfied on X \ ({a} x Y). However, we will see that 


HP?(X, FE) #0, O<p<n-l, 
in contradiction with the expected generalization of (4.2) when 2p >n+1. Let 7: Y ~ 


{a} x Y —> X be the inclusion. Then 7,07 : Y — {a} and 72.07 = Idy; in particular 
j* E = (m07)*@(1) is the trivial bundle Y x ©(1),. Consider now the composite morphism 


H?-”(Y, C)@H°(P(V), @(1)) > H?”(X, E) + H”(Y,C) ® (1a 
u@s It 15U @ 17S, 


given by u®@s +> (7207)*u®(m107)*s = u®s(a) ; it is surjective and H??(Y,C) 40 for 
0<p<n-1, so we have H”?(X, FE) £0. 


§5. Vanishing Theorem for Partially Positive Line Bundles 


Even in the case when the curvature form iO(£) is not semi-positive, some cohomology 
groups of high tensor powers E* still vanish under suitable assumptions. The prototype 
of such results is the following assertion, which can be seen as a consequence of the 
Andreotti-Grauert theorem [Andreotti-Grauert 1962], see IX-?.?; the special case where 
E is > 0 (that is, s = 1) is due to [Kodaira 1953] and [Serre 1956]. 


(5.1) Theorem. Let F be a holomorphic vector bundle over a compact complex manifold 
X, 8 a positive integer and E a hermitian line bundle such that iO(E) has at leastn—s+1 
positive eigenvalues at every point x € X. Then there exists an integer kg > 0 such that 


Hi(X,E*@F)=0 for q>s and k>kp. 
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Proof. The main idea is to construct a hermitian metric w, on X in such a way that 
all negative eigenvalues of iO(£) with respect to w, will be of small absolute value. Let 
w denote a fixed hermitian metric on X and let 71 < ... < Yn be the corresponding 
eigenvalues of iO(£). 


(5.2) Lemma. Let w € €°(R,R). If A is a hermitian n x n matrix with eigenvalues 
Ay <...< An and corresponding eigenvectors V1,...,Un, we define [A] as the hermitian 
matrix with eigenvalues w(A;) and eigenvectors v;, 1 <j <n. Then the map Ar— yA] 
is €C% on Herm(C”). 


Proof. Although the result is very well known, we give here a short proof. Without loss 
of generality, we may assume that w is compactly supported. Then we have 


i a ace 
Y[A] = w(te’* dt 


~ On 35 


where w is the rapidly decreasing Fourier transform of w. The equality fo (t—u)Pu? du = 
p!q!/(p +q+1)! and obvious power series developments yield 


t 
Da(e*4).B= if ews Bet dis 
0 


Since e’“4 is unitary, we get ||D,4(e’4)|| < |t|. A differentiation under the integral 


sign and Leibniz’ formula imply by induction on k the bound ||D‘(e4)|| < |t|*. Hence 
At— y[A] is smooth. 


Let us consider now the positive numbers 


to =infy,>0, M =supmax|y,| > 0. 
xX x j 


We select a function w- € 6° (IR, R) such that 


v(t) =t fort >to, v(t) >t forO<t<to, v(t) = M/e fort <0. 


By Lemma 5.2, we := wW-[i0(£)] is a smooth hermitian metric on X. Let us write 


1<j<n 1<j<n 


in an orthonormal basis (¢1,...,¢n) of T*X for w. The eigenvalues of iO(£) with respect 
to we are given by 7j,¢ = 7;/We(y,;) and the construction of 7, shows that —e < y;,- <1, 
1<j<n, and 7; =1 for s <j <n. Now, we have 


H4(X, E* @ F) ~ H™1(X, E® @G) 


where G = F ® KX. Let e, (gy)i<a<r and (¢;)1<j<n denote orthonormal frames of EF, 
G and (T*X,w-) respectively. For 


w= So urd ar...AGn AC; @e* @ ga € AMIT*X @ E* @G, 
|J|=q,A 
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inequality (3.2) yields 


(iO(£), Aclu, ue = S: (ae) lusrl? = (q —s+1—(s— 1)e)|ul?. 


JX ged 


Choosing ¢ = 1/s and q > s, the right hand side becomes > (1/s)|u|?. Since O(E* @G) = 
kO(E) ® Idg +0(G), there exists an integer ko such that 


[io(E* @G),A-]+T., acting on A™?T*X @ E® @G 


is positive definite for g > s and k > ko. The proof is complete. 


§6. Positivity Concepts for Vector Bundles 


Let FE be a hermitian holomorphic vector bundle of rank r over X, where dimc X = n. 


Denote by (e1,...,¢€,) an orthonormal frame of F over a coordinate patch Q Cc X with 
complex coordinates (z1,..., Zn), and 
(6.1) iO(E) al S- CikAp dz; A dz, &® aN & Ens CikAw = Ckjur 


1l<j,kgn, 1<A,uxr 


the Chern curvature tensor. To iO(£) corresponds a natural hermitian form @¢ on 
TX ® E defined by 


O2= Y_ Cykru(dz; @ eh) @ (dz, @ ex), 
Jik,A,p 


and such that 


Oz(u, u) = > Cie p(L) UprxURay we TeX @ Ey.(6.2) 
RK Aw 


(6.3) Definition ([Nakano 1955]). EF is said to be Nakano positive (resp. Nakano semi- 
negative) if 0 is positive definite (resp. semi-negative) as a hermitian form on TX ® E, 
i.e. of for everyuEe TX @E, u#0, we have 

Oz(u,u) >O (resp. < 0). 


We write >Nak (resp. <Nak) for Nakano positivity (resp. semi-negativity). 


(6.4) Definition ([Griffiths 1969]). E is said to be Griffiths positive (resp. Griffiths 
semi-negative) if for all€ € T,X, €#0 ands € E,, s #0 we have 


On(E@s,E@s)>0 (resp. < 0). 


We write >crit (resp. Sarit) for Griffiths positivity (resp. semi-negativity). 


It is clear that Nakano positivity implies Griffiths positivity and that both concepts 
coincide if r = 1 (in the case of a line bundle, E is merely said to be positive). One 


§6. Positivity Concepts for Vector Bundles 339 


can generalize further by introducing additional concepts of positivity which interpolate 
between Griffiths positivity and Nakano positivity. 


(6.5) Definition. Let T and E be complex vector spaces of dimensions n,r respectively, 
and let © be a hermitian form on T ® E. 


a) A tensoru€ T@ E is said to be of rank m if m is the smallest > 0 integer such that 
u can be written 


u=)°& @s;, ped, race op 
b) © is said to be m-positive (resp. m-semi-negative) if O(u,u) > 0 (resp. O(u, u) < 0) 
for every tensoru€ T@®E of rank <m,u#0. In this case, we write 


OS 0 Gesp. (OC 4D): 


We say that the bundle FE is m-positive if 0g > 0. Griffiths positivity corresponds 
to m = 1 and Nakano positivity to m > min(n,r). 


(6.6) Proposition. A bundle E is Griffiths positive if and only if E* is Griffiths nega- 
tive. 


Proof. By (V-4.3') we get i0(E*) = —iO(E)', hence 


Og (E1 @ Sa, €o @ 31) = —On(E1 @ 51,€2 @ 82), VE1,€2 € TX, Vs1, 82 € E, 


where 5; = (e, s;) € E*. Proposition 6.6 follows immediately. 


It should be observed that the corresponding duality property for Nakano positive 
bundles is not true. In fact, using (6.1) we get 


iO(E*) =-i So cjkyrdz; A dz @ eX @ et, 
jk A, 


(6.7) Og+(v,v) = — » CikprAUjAUkp) 


Jik,pyr 


for any v = >> u;, (0/0z;) ® ey € TX ® E*. The following example shows that Nakano 
positivity or negativity of Og and Of. are unrelated. 


(6.8) Example. Let H be the rank n bundle over P” defined in § V-15. For any 
u = >)u;(0/0z;) ®€, € TX @ A, v = D0 v,;(0/0z;) @€}§ CTX @ A*,1 <5,A Kn, 
formula (V-15.9) implies 


Ox (u, u) = UjAUYj 


0+ (v, v) = tga = = | So vyyl. 


(6.9) 
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It is then clear that H >cyi¢ 0 and H* <nax 0 , but A is neither >na, O nor <Nax 0. 


(6.10) Proposition. Let 0 —- S — E — Q — 0 be an exact sequence of hermitian 
vector bundles. Then 


a) EF Sant0 = Q Zarit 0, 
b) EF <erne 0 => S <earit 0, 
c) E<nakO = S <nak 0, 
and analogous implications hold true for strict positivity. 


Proof. If @ is written 5° dz; ® B;, 8; € hom(S, Q), then formulas (V-14.6) and (V-14.7) 
yield 
i0(S) =iO(E)is — > dz; A d% ® BEB;, 


i0(Q) =i1O(E)iq + S> dzj A dz @ BGR. 
Since 3 - (€ @ s) = >> &;8;-s and @* - (€@s) = >_ E, Gk - s we get 


Os(€@8,€'@s') =On(E@s,€@8') — YG Ex (Bj +8, Be 8’), 
ijk 


Os (u, u) = Op (u, u) = |G : ul’, 
Oo(E@ 8, €@ 8’) =On(E@ 8,6 @s') + SEE, ( GE 8, BF +8"), 


isk 


Og(€ @ 8,€ @ 8) = Op(E@s,€@s) +|8*-(E@s)|?. 


Since H is a quotient bundle of the trivial bundle V, Example 6.8 shows that EF >nax 0 
does not imply Q >Nak 0. 


§ 7. Nakano Vanishing Theorem 


Let (X,w) be a compact Kahler manifold, dimc X = n, and E —> X a hermitian 
vector bundle of rank r. We are going to compute explicitly the hermitian operator 
[iO(F), A] acting on AP 4T*X @E. Let xo € X and (21,..., Zn) be local coordinates such 
that (0/0z1,...,0/0zn) is an orthonormal basis of (T-X,w) at zo. One can write 


We, =1 ys dz, dzj, 


l<jgn 
IO CE) =a Ss Cikru a2; \ dz, @ €} @ €y 
ik, A,p 
where (€1,...,¢€,) is an orthonormal basis of E,,. Let 
U= Ss" usKr»dz7 \dZK @ey € (AP4T*X @ E) 


|J|=p, |K|=q,A 
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A simple computation as in the proof of Prop. VI-8.3 gives 


Au = i(-1)? SS UTS (= zl dzs) A (= al dx) @ ey, 


J,K,A,s 
iO(E) Au= i(—1)? S- CikAp USK,» dz; A dzz \ dz, \ dZxK ® Cy, 
Dk AMS KB 
: 0 
[iO(F), Aju = a CHE UIT RUEF NA (<— a dz) AdZK @ ey, 
Gok AM SK x 


O 
+ iS Cikdy\p USK, dzz \ dz, N (— | dx) © ey 
ib sty JK *5 


= ) Cipru Us,K,A az NdZK ® ey. 
DAM SK 


We extend the definition of wj,«,, to non increasing multi-indices J = (js), K = (ks) 
by deciding that uj,~%,, = 0 if J or K contains identical components repeated and that 
uy.K,d is alternate in the indices (j,), (ks). Then the above equality can be written 


(iO(£), Alu, u) = S- Cig UGS TS 
F » CikAp URR,K,AUZR, Kp 


a 5 Cj UPR NER Kis 


extended over all indices j,k, A, u, J, K, R, S with |R| = p—1,|S| = q—1. This hermitian 
form appears rather difficult to handle for general (p,q) because of sign compensation. 
Two interesting cases are p=n and q=n. 


e For u = do ux, dz1 A... din A dZx ® ey of type (n, q), we get 
Chl) (iO(F), Alu, u) = S- S- Cikip UjS,AUKS, > 
|S|=q-17,k,A,u 


because of the equality of the second and third summations in the general formula. 
Since ujs,, = 0 for 7 € S, the rank of the tensor (ujs,,);,, € C” ® C” is in fact < 
min{n —q+1,r}. We obtain therefore: 


(7.2) Lemma. Assume that E >m 0 in the sense of Def. 6.5. Then the hermitian 
operator |iO(E), A] is positive definite on A" IT*X @ E forg>1 andm > min{n—-—qt+ 
ie ae 


(7.3) Theorem. Let X be a compact connected Kahler manifold of dimension n and 
E a hermitian vector bundle of rank r. If 0g >m 0 on X and OF >m O in at least one 
point, then 


AMX, FE) = A(X,Kx@E)=0 for gq2=1 and m2>min{n—gq+4+1,r}. 


e Similarly, for u = > uy, dzz A dZ1A...A d%n ® ey of type (p,n), we get 


(i@(Z), Aju, u) = S- S° Cik\p URR,AUG Rs 


|R|=p-1 UK Ap 
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because of the equality of the first and third summations in the general formula. The 
indices j,k are twisted, thus [iO(£), A] defines a positive hermitian form under the as- 
sumption iO(£)' >,, 0, ie. iO(E*) <, 0, with m > min{n—p+1,r}. Serre duality 
(HP°(X, E))" = H"-?."(X, E*) gives: 


(7.4) Theorem. Let X and E be as above. If 0g <m 0 on X and Og <m 0 in at least 
one point, then 


H?°(X, FE) = H°(X,05 @E)=0 for p<n and m2min{p+1,r}. 


The special case m = r yields: 


(7.5) Corollary. For X and E as above: 
a) Nakano vanishing theorem (1955): 
E>nax 0, strictly in one point => H"™4(X,E)=0 for q2>1. 


b) E<nak 0, strictly in one point => H?°(X,E)=0 for p<n. 


§ 8. Relations Between Nakano and Griffiths Positivity 
It is clear that Nakano positivity implies Griffiths positivity. The main result of § 8 
is the following “converse” to this property [Demailly-Skoda 1979]. 


(8.1) Theorem. For any hermitian vector bundle E, 


E>airO0 = E®@det E >nax 0. 


To prove this result, we first use (V-4.2’) and (V-4.6). If End(E ® det E) is identified 
to hom(£, £), one can write 


O(F ® det F) = O(F) + Tre(O(£)) © Idg, 


Oredt EB = 9e+ Tree @h, 
where fh denotes the hermitian metric on & and where Trg Oz is the hermitian form on 
TX defined by 
Tre On(E,6)= D> On(E@er,€ Ben), EE TX, 


1<A<r 


for any orthonormal frame (e),...,¢,;) of E. Theorem 8.1 is now a consequence of the 
following simple property of hermitian forms on a tensor product of complex vector 
spaces. 


(8.2) Proposition. Let T, EF be complex vector spaces of respective dimensions n,r, and 
h a hermitian metric on E. Then for every hermitian form 8 onT ®E 


O>cir0 = O+TrEO@h Snax 0. 
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We first need a lemma analogous to Fourier inversion formula for discrete Fourier 
transforms. 


(8.3) Lemma. Let q¢ be an integer > 3, and xy, Yu, 1< AW <r, be complex numbers. 
Let o describe the set Uj of r-tuples of q-th roots of unity and put 


= S° Boy, y= S- Yip, CEU. 


1<AKr l<p<r 


Then for every pair (a, 3), 1<a,G8<r, the following identity holds: 


LaYg if a - B, 
qe »y a S- ty, if a=. 
a€Us l<ucr 


Proof. The coefficient of xy, in the summation q~" Yi eyr x Y7a0@ is given by 
qd 


ap <= 
qd y CaF BOO p- 
o€Ur 


This coefficient equals 1 when the pairs {a,j} and {G,\} are equal (in which case 
Jo0g0)0,, = 1 for any one of the g” elements of Uj ). Hence, it is sufficient to prove 
that 


S- On7 B00, = O 


o€Uy 


when the pairs {a, 4} and {3, A} are distinct. 


If {a, wu} A {G, A}, then one of the elements of one of the pairs does not belong to the 
other pair. As the four indices a, 3, A, 4 play the same role, we may suppose for example 
that a ¢ {G,A}. Let us apply to o the substitution 0 + 7, where 7 is defined by 


eo erte Tip = Oop “TOR: Ae, 


We get 
e2ti/4 S- if a F L, 
» FaT BOO pn = d = etri/a 3 if a= p, 


Since q > 3 by hypothesis, it follows that 


Ss" On0 B00, = 0. 


Proof of Proposition 8.2.. Let (t;)1<j<n be a basis of T, (€))i<a<r an orthonormal basis 
of EF and € = ey, Clee lL v= yn Usa by @e, €T@E. The coefficients c;,y,, of O 
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with respect to the basis t; ® e, satisfy the symmetry relation Cjx,, = Ckjp~r, and we 
have the formulas 


Ou, a) = S° Cik\pUjrxUkps 


Uk Aw 
Tre O(€,€) = S- CpRIXE IE Ks 
jks 
(0+ Tre 9 @h)(u,u) = S- CikypUjrUkp + CjkAAUjpUkp- 
jk A, 


For every o € U7 (cf. Lemma 8.3), put 


/ aa 
Ujo = y Upon] C, 


1<A<r 


ig ys tithe : @o = Sone € E. 
j BN 
Lemma 8.3 implies 


—r A NOAA ~~ 2 ,— — 
q y O(Ue @ es, to @ es) =¢ y CikrAptjqUka FAO p 


oeUr oeUr 
= y Go wupuen - ) Cik\AUjpUkp- 
jk AAy TK Ab 


The Griffiths positivity assumption shows that the left hand side is > 0, hence 


(0+ Trg 9 @h)(u,u) > ys CjkANUjAUKA S O 
j,k, 


with strict positivity if O >cri¢ 0 and u 4 0. 


(8.4) Example. Take EF = H over P” = P(V). The exact sequence 


0 — @(-1) — V — H —0 


implies det V = det H © G(—1). Since det V is a trivial bundle, we get (non canonical) 
isomorphisms 

det H ~ @(1), 
TP" =H@G6(1)~ He det H. 


We already know that H Scrip 0, hence TP” >nax 0. A direct computation based on 
(6.9) shows that 


Oppn(u, u) = (O64 + Try Oy ® h)(u, wu) 


1 
es J _ cs 2 
= UjkUkj + Uj KU; = 5 ) |w ir + igs| : 
1<j,kKn 1<j,k<n 
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In addition, we have TP” >cris 0. However, the Serre duality theorem gives 


HP", Kpn @ TP")* ~ H"-4(P", T*P”) 


“ i C if q=n-l, 
=H” «P",O)= 44 gener 


For n > 2, Th. 7.3 implies that TP” has no hermitian metric such that O@ppn >2 0 on 
P” and @ppn >2 0 in one point. This shows that the notion of 2-positivity is actually 
stronger than 1-positivity (i.e. Griffiths positivity). 


(8.5) Remark. Since Try 64 = Q@1) is positive and @7pn is not >Nak 0 when n > 2, 
we see that Prop. 8.2 is best possible in the sense that there cannot exist any constant 
c <1 such that 

O>airO = OF+cTrgeO @h Snax O. 


§9. Applications to Griffiths Positive Bundles 


We first need a preliminary result. 


(9.1) Proposition. Let T be a complex vector space and (E,h) a hermitian vector space 
of respective dimensions n,r with r > 2. Then for any hermitian form © on T ® E and 
any integer m > 1 


Or>airO0 = miTrzrO@h-O>d,, 0. 


Proof. Let us distinguish two cases. 


a) m=1. Let u€ T@E bea tensor of rank 1. Then u can be written u = €; @e; with 
£,€T, & #0, and e; € E, |e,| = 1. Complete e; into an orthonormal basis (€1,..., €,-) 
of E. One gets immediately 


(Tre © @A)(u,u) = Tre (4,81) = YS) OG ey, £1 Bey) 


1<A<r 
> O(€1 @ e1, £1 ®@ e1) = Olu, uv). 


b) m>2. Every tensor u € T @ FE of rank <m can be written 


u= S- EO Ge 3.0 ue 2, 


1<A<q 


with g = min(m,r) and (e,)1<,<r an orthonormal basis of E. Let F be the vector 
subspace of F generated by (€1,...,¢€q) and Of the restriction of 0 to T ® F. The first 
part shows that 

QO’ := Trp Or @h—- OF Sarit 0. 
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Proposition 9.2 applied to 0’ on T' ® F yields 

O'+Trr 0’ @h=qTrrOr @h- Of >, 0. 
Since u € T ® F is of rank <q<™m, we get (for u 4 0) 


O(u, u) = Or(u,u) < q(Trr Or @ h)(u, u) 
=7 S- O(€; ® ey, ; @e,) < MTrZO @ Alu, w). 


1<j,AKq 


Proposition 9.1 is of course also true in the semi-positive case. From these facts, we 
deduce 


(9.2) Theorem. Let E be a Griffiths (semi-)positive bundle of rank r > 2. Then for 
any integer m > 1 
E* ®@ (det EF)” >m0 (resp. 2m 0). 
Proof. Apply Prop. 8.1 to © = —@g¢« >cri¢ 0 and observe that 
Odet E = —Odet ex = Trex O. 
(9.3) Theorem. Let 0 —- S — E > Q — 0 be an exact sequence of hermitian vector 


bundles. Then for anym > 1 


E>m0 = S@(detQ)” >, 0. 


Proof. Formulas (V-14.6) and (V-14.7) imply 
10(S) >miB*AB , i10(Q) >miBAp", 
10 (det Q) = Tre(i@(Q)) > Tralid A 6"). 
If we write G = )\ dz; ® (; as in the proof of Prop. 6.10, then 
Trois A S*) = S> idz; A dz, Tre(Bj 9%) 
= \ idz; A d%, Trs(8%8;) = Trs(-i8* A B). 


Furthermore, it has been already proved that —i9* A G >nax 0. By Prop. 8.1 applied to 
the corresponding hermitian form © on TX & S, we get 


mTrg(—i8* A B) @Idg +i6* A B 2m 0, 
and Th. 9.3 follows. 


(9.4) Corollary. Let X be a compact n-dimensional complex manifold, E a vector 
bundle of rank r >2 and m > 1 an integer. Then 


§ 10. Cohomology Groups of G(k) over P” 347 


a) B >a 0 AUX, EL @det E)=0 for q21; 


b) E >crt 0 => H™4(X, E* @ (det E)™) =O» jor gu. 
and m>min{n—q+1,r}; 


c) Let 0O-> S>E—>Q-—-0 be an exact sequence of vector bundles and m = min{n — 
q+1,rk S}$,q>1. IfE >» 0 and if L is a line bundle such that L ® (det Q)~™ > 0, 
then 

A™4(X,S @L) =0. 


Proof. Immediate consequence of Theorems 7.3, 8.1, 9.2 and 9.3. 


Note that under our hypotheses w = i Trg O(£) = iO(A’E) is a Kahler metric on 
X. Corollary 2.5 shows that it is enough in a), b), c) to assume semi-positivity and strict 
positivity in one point (this is true a priori only if X is supposed in addition to be Kahler, 
but this hypothesis can be removed by means of Siu’s result mentioned after (4.5). 


a) is in fact a special case of a result of [Griffiths 1969], which we will prove in full 
generality in volume II (see the chapter on vanishing theorems for ample vector bundles); 
property b) will be also considerably strengthened there. Property c) is due to [Skoda 
1978] for g = 0 and to [Demailly 1982c] in general. Let us take the tensor product of the 
exact sequence in c) with (det Q)!'. The corresponding long cohomology exact sequence 
implies that the natural morphism 


H"1(X, E® (det Q)') — H™4(X,Q @ (det Q)!) 


is surjective for gq > 0 and l,m > min{n — q,rk S}, bijective for gq > 1 and l,m > 
min{n —q+1,rk S}. 


§10. Cohomology Groups of 6(k) over P” 


As an illustration of the above results, we compute now the cohomology groups of all 
line bundles ©(k) — P”. This precise evaluation will be needed in the proof of a general 
vanishing theorem for vector bundles, due to Le Potier (see volume II). As in §V-15, we 
consider a complex vector space V of dimension n + 1 and the exact sequence 


(10.1) 0 — @(-1) — V — H — 0 


Dn 


of vector bundles over = P(V). We thus have det V = det H @ @(-1), and as 
TP(V) =H ® @(1) by Th. V-15.7, we find 


(10.2) K pv) = det I* P(V) = det H* ® ©(—n) = det V* @ @(—n —- 1) 


where det V is a trivial line bundle. 
Before going further, we need some notations. For every integer k € N, we consider 
the homological complex C**(V*) with differential y such that 
COR) = MPV RSE EY) UG hy 
(10.3) =0 otherwise, 
ae MPVS y* = AP 1y* eg ey 
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where ¥ is the linear map obtained by contraction with the Euler vector field Idy € V @ 
V*, through the obvious maps V @ APV* —> AP—!V* and V* @ Sk-PV* — Sk-Ptly*, 
If (z9,..., n) are coordinates on V, the module C?:*(V*) can be identified with the space 
of p-forms 


a(z) = S ay(z) dzr 


|I|=p 


where the a; ’s are homogeneous polynomials of degree k — p. The differential y is given 
by contraction with the Euler vector field € = Slo cjcn 2 0/02}. 


Let us denote by Z”*(V*) the space of p-cycles of C**(V*), i.e. the space of forms 
a € CP-*(V*) such that € 1 a = 0. The exterior derivative d also acts on C**(V*) ; we 
have 
ae Cen (Ve) Or ray 


and a trivial computation shows that dy + yd =k - Id¢e.n(ys). 
(10.4) Theorem. For k 4 0, C**(V*) is exact and there exist canonical isomorphisms 


CPV SV GR RV ZU Ze UV"), 


Proof. The identity dy + yd = k-Id implies the exactness. The isomorphism is given by 
iyd ® y and its inverse by P, + id 0 Py. 


Let us consider now the canonical mappings 
me VNAOP HS PV ie peo VO O(a) 


defined in §V-15. As Tj.,P(V) ~ V/Cé(z) for all z € V \ {0}, every form a € Z?*(V*) 
defines a holomorphic section of 7*(A?T*P(V)), a(z) being homogencous of degree k 
with respect to z. Hence a(z)@p'(z)~* is a holomorphic section of 1*(A?T* P(V) @G(k)), 
and since its homogeneity degree is 0, it induces a holomorphic section of A?T* P(V) @ 
©(k). We thus have an injective morphism 


(10.5) ZPE(V*) —+ H”°(P(V), O(k)). 
(10.6) Theorem. The groups H”°(P(V),@(k)) are given by 
a) HP°(P(V), @(k)) ~ Z?*(V*) for k>p>0, 

b) HP°(P(V),G(k)) =0 for k<p and (k,p) # (0,0). 
Proof. Let s be a holomorphic section of A?T* P(V) @ G(k). Set 


a(z) = (drz)*(s([z]) @u'(z)"), 2 © V \ {0}. 


Then a is a holomorphic p-form on V \ {0} such that € 1 a = 0, and the coefficients of 
a are homogeneous of degree k — p on V \ {0} (recall that dr), = A~'drz). It follows 
that a = 0 if k < pand that a € Z?-*(V*) if k > p. The injective morphism (10.5) is 
therefore also surjective. Finally, Z??(V*) = 0 for p = k # 0, because of the exactness 
of C**(V*) when k 4 0. The proof is complete. 
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(10.7) Theorem. The cohomology groups H”:4 (P(V), @(k)) vanish in the following 
cases: 


a) g#0,n,p; 


b) q=0, k<p and (k,p) 4 (0,0); 
c)q=n, k>-—n+p and (k,p) 4 (0,n); 
d) q=p#0,n, k #0. 


The remaining non vanishing groups are: 

b) HP°(P(V), @(k)) ~ ZP*(V*) for k>p; 

€) HP" (P(V),@(k)) & Z*-P-*(V) for k<—n+p; 

d) HP?(P(V),C)=C, O<pK<n. 

Proof. e d) is already known, and so is a) when k = 0 (Th. VI-13.3). 

e b) and b) follow from Th. 10.6, and c), €) are equivalent to b), b) via Serre duality: 
H?-4(P(V), O(k))" = H"-P."-4(P(V), @(-k)), 

thanks to the canonical isomorphism (ZPk(V))* = LPP), 


e Let us prove now property a) when k # 0 and property d). By Serre duality, we may 
assume k > 0. Then 
MT" P(V) @ Keay @ AY PTP(V ). 


It is very easy to verify that E >na, 0 implies A*E >nax O for every integer s. Since 
TP(V) >nax 0, we get therefore 


F= AP OPP (VY) & O(k) >nakO for k>0, 
and the Nakano vanishing theorem implies 


H?4(P(V), G(k)) = H4(P(V), APT* P(V) ® G(k)) 


§11. Ample Vector Bundles 
§11.A. Globally Generated Vector Bundles 


All definitions concerning ampleness are purely algebraic and do not involve differ- 
ential geometry. We shall see however that ampleness is intimately connected with the 
differential geometric notion of positivity. For a general discussion of properties of ample 
vector bundles in arbitrary characteristic, we refer to [Hartshorne 1966]. 


(11.1) Definition. Let E — X be a holomorphic vector bundle over an arbitrary 
complex manifold X . 
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a) E is said to be globally generated if for every x € X the evaluation map H°(X, E) > 
E, 18 onto. 


b) E is said to be semi-ample if there exists an integer ko such that S*E is globally 
generated for k > ko. 


Any quotient of a trivial vector bundle is globally generated, for example the tau- 
tological quotient vector bundle Q over the Grassmannian G,(V) is globally generated. 
Conversely, every globally generated vector bundle E of rank r is isomorphic to the 
quotient of a trivial vector bundle of rank < n+ r, as shown by the following result. 


(11.2) Proposition. If a vector bundle E of rank r is globally generated, then there 
exists a finite dimensional subspace V C H®(X, E), dimV <n+r, such that V generates 
all fibers E,, x EX. 


Proof. Put an arbitrary hermitian metric on FE and consider the Fréchet space ¥ = 
H®(X, E)®"*" of (n+r)-tuples of holomorphic sections of E, endowed with the topology 
of uniform convergence on compact subsets of X. For every compact set K C X, we set 


A(K) = {(51,..-,;Sn4r) € ¥ which do not generate EF on Kk}. 


It is enough to prove that A(K) is of first category in ¥ : indeed, Baire’s theorem will 
imply that A(X) = U A(K,) is also of first category, if (K,) is an exhaustive sequence 
of compact subsets of X. It is clear that A(‘) is closed, because A(/c) is characterized 
by the closed condition 
min 8, At A Sz |'S 0; 
a 2 si, | 

It is therefore sufficient to prove that A(/‘) has no interior point. By hypothesis, each 
fiber E,, x € K, is generated by r global sections s/,...,s/.. We have in fact s4/A---Asi # 
O in a neighborhood U, of x. By compactness of K, there exist finitely many sections 
s{,..-,8y Which generate F in a neighborhood Q of the set K. 


If T is a complex vector space of dimension r, define R;(T?) as the set of p-tuples 


(%1,...,@p) € T? of rank k. Given a € R,(T?), we can reorder the p-tuple in such a way 
that aj \---A az, #4 0. Complete these & vectors into a basis (a1,..., ax, 01,..., br—k) 
of T. For every point x € T? in a neighborhood of a, then (x1,...,2%,b1,...,br—x) is 


again a basis of T. Therefore, we will have x € R;,(T?) if and only if the coordinates of 
x1,k+1<1<N, relative to b;,...,b,_, vanish. It follows that R;,(T”) is a (non closed) 
submanifold of T? of codimension (r — k)(p — k). 


Now, we have a surjective affine bundle-morphism 
G2:0 C8) = pet 
(x, A) te (s(x) ls S- AjkSk(2)) 1 ejengr' 
1<k<N 


Therefore ®~!(R;,(E"*")) is a locally trivial differentiable bundle over 9, and the codi- 
mension of its fibers in CN("+” is (r —k)(nt+r—k) >n+1ifk <r; it follows that the 
dimension of the total space ®~'(R;z(E"'")) is < N(n +r) —1. By Sard’s theorem 


U 72(@(R(e"™)) 


k<r 
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is of zero measure in CN‘"+"), This means that for almost every value of the parameter 
A the vectors s;(x) + >, Ajns,(@) € Ey, 1 <j <n+r7, are of maximum rank r at each 
point z € Q. Therefore A(/‘) has no interior point. 


Assume now that V Cc H°(X, FE) generates E on X. Then there is an exact sequence 
(11.3) 0—-S—V—E— 0 


of vector bundles over X, where S, = {s € V ; s(x) = 0}, codimy S, =r. One obtains 
therefore a commutative diagram 


pr @ 
{ 


(11.4) | 
eS eW) 
where Wy, Vy are the holomorphic maps defined by 


dy (@) = Sz, re xX, 
Vy(u)={sEeV; s(x) =u} eEV/S,, uc Ey. 


In particular, we see that every globally generated vector bundle FE of rank r is the pull- 
back of the tautological quotient vector bundle Q of rank r over the Grassmannian by 
means of some holomorphic map X —> G;,(V). In the special case when rk FE = r = 1, 
the above diagram becomes 


gE 2% @(1) 
| i 
P(V*) 


(11.4’) 


es 


(11.5) Corollary. If E is globally generated, then E possesses a hermitian metric such 
that E Serie 0 (and also E* <Nax 0). 


Proof. Apply Prop. 6.11 to the exact sequence (11.3), where V is endowed with an 


arbitrary hermitian metric. 


When E is of rank r = 1, then S*E = E®* and any hermitian metric of B®” yields 
a metric on F after extracting k-th roots. Thus: 


(11.6) Corollary. If E is a semi-ample line bundle, then E > 0. 


In the case of vector bundles (r > 2) the answer is unknown, mainly because there is 
no known procedure to get a Griffiths semipositive metric on E from one on S*E. 


§ 11.B. Ampleness 


We are now turning ourselves to the definition of ampleness. If EK —> X isa 
holomorphic vector bundle, we define the bundle J*’E of k-jets of sections of E. by 
(J*E), = G,(E)/(ME* - @,(E)) for every « € X, where Ml, is the maximal ideal 
of G,. Let (e1,...,e,) be a holomorphic frame of EF and (21,..., Zn) analytic coordinates 


352 Chapter VII. Positive Vector Bundles and Vanishing Theorems 


on an open subset Q C X. The fiber (J*E), can be identified with the set of Taylor 
developments of order k : 


Ss) aa(z — 2)“ ea(z), 


1<AKr,|al<k 


and the coefficients c, . define coordinates along the fibers of J KE. It is clear that the 
choice of another holomorphic frame (e)) would yield a linear change of coordinates 


(c),2) with holomorphic coefficients in x. Hence J*E is a holomorphic vector bundle of 
ey) 


rank r( hn 


(11.7) Definition. 
a) E is said to be very ample if all evaluation maps 
H°(X, BE) > (J'E)s, H°(X, E) > E, @ Ey, Cex, LSE Ys 


are surjective. 


b) E is said to be ample if there exists an integer ko such that S*E is very ample for 
k > ko. 


(11.8) Example. ©(1) — P” is a very ample line bundle (immediate verification). 
Since the pull-back of a (very) ample vector bundle by an embedding is clearly also 
(very) ample, diagram (V-16.8) shows that A"Q — G,(V) is very ample. However, Q 
itself cannot be very ample if r > 2, because dim H°(G,.(V),Q) = dimV = d, whereas 


rank(J'Q) = (rank Q)(1+dimG,(V)) =r(1l+r(d—r)) >d if r>2. 


(11.9) Proposition. If E is very ample of rank r, there exists a subspace V of H°(X, E), 
dimV < max (nr +n+7r,2(n+ r)), such that all the evaluation maps V — E, © Ey, 
rf#y, andV > (J'E),, c € X, are surjective. 


Proof. The arguments are exactly the same as in the proof of Prop. 11.4, if we consider 
instead the bundles J1E —> X and E x E — X x X \ Ax of respective ranks r(n + 1) 
and 2r, and sections s4,..., 8, € H°(X, E) generating these bundles. 


(11.10) Proposition. Let E — X be a holomorphic vector bundle. 


a) If V c H°(X, E) generates J'E —> X and E x E — X x X \ Ax, then py is an 
embedding. 


b) Conversely, if rankE = 1 and if there exists V C H°(X,E) generating E such that 


wy is an embedding, then E is very ample. 


Proof. b) is immediate, because F = ~y,(G(1)) and ©(1) is very ample. Note that the 
result is false for r > 2 as shown by the example EF = Q over X =G;,(V). 


a) Under the assumption of a), it is clear since S, = {s € V ; s(x) = 0} that S, = S, 
implies x = y, hence wy is injective. Therefore, it is enough to prove that the map 7 + S;, 
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has an injective differential. Let x € X and W C V such that S, 6W = V. Choose 
a coordinate system in a neighborhood of x in X and a small tangent vector h € T,X. 
The element S,4;, € G,(V) is the graph of a small linear map u = O(|h|) : S; — W. 
Thus we have 


Sein ={s' =st+tEV; se S,, t=ul(s) EW, s(x +h) =O}. 
Since s(x) = 0 and |t| = O(|Al), we find 
s'(a +h) = 8'(x) + dys’ -h + O(|s’|- |A|?) = t(x) + des +h + O(|s| - |AI?), 


thus s’(x + h) = 0 if and only if t(7) = —d,s -h + O(|s|- |h|?). Thanks to the fiber 
isomorphism Vy : EF, > V/S,; ~W, t(x) >t mod Sz, we get: 


u(s) =t = Wy(t(x)) = —Wy (drs +h + O(|s| - |hI?)). 


Recall that T,G;(V) = hom(S,, Q,) = hom(y, V/y) (see V-16.5) and use these identifi- 
cations at y = S,. It follows that 


(11.11) (dev): h=u= (Sy > V/Sp, s-—> —Vy (des -h)), 


Now hypothesis a) implies that S, 5 s+— d,s € hom(T,X, F,) is onto, hence d,wy is 
injective. 


(11.12) Corollary. If E is an ample line bundle, then E > 0. 


Proof. If E is very ample, diagram (11.4’) shows that E is the pull-back of ©(1) by the 
embedding Wy, hence iO0(E) = ¥¥,(i0(@(1))) > 0 with the induced metric. The ample 
case follows by extracting roots. 


(11.13) Corollary. If FE is a very ample vector bundle, then E carries a hermitian 
metric such that E* <Na,x 0, in particular E >crit 0. 


Proof. Choose V as in Prop. 11.9 and select an arbitrary hermitian metric on V. Then 
diagram 11.4 yields E = wjQ, hence 0g = V{,6g. By formula (V-16.9) we have for every 
£€TG,(V) =hom(S,Q) andtEeQ: 


Bo(E @t,E@t) = D- Enb tity =) er 


j,k, 


= |(0,1) o€) 


Let hE T,X,t € E,. Thanks to formula (11.11), we get 


On(h@t,h@t) ae daiy -h) @ Vy (E), (dey -h) ® Vy (t)) 
= |(e, (day - h P= |S >sro (Wy (dz S: h), Vy(t )) 
5 ae > 0. 


| 2 


As S; 3 8 +> dys € T*X © E is surjective, it follows that Og(h @t,h@t) #0 when 
h#0,t40. Now, d,s defines a linear form on TX ® E* and the above formula for the 
curvature of F clearly yields 


Onx(u,u) = —|S, Dsr-odzs-ul?<0 ifu¥d. 
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(11.14) Problem ([Griffiths 1969]). Jf E is an ample vector bundle over a compact 
manifold X, then is E >ari¢ 0 ? 


Griffiths’ problem has been solved in the affirmative when X is a curve (see [Ume- 
mura 1973] and also [Campana-Flenner 1990]), but the general case is still unclear and 
seems very deep. The next sections will be concerned with the important result of 
Kodaira asserting the equivalence between positivity and ampleness for line bundles. 


§ 12. Blowing-up along a Submanifold 


Here we generalize the blowing-up process already considered in Remark 4.5 to arbi- 
trary manifolds. Let X be a complex n-dimensional manifold and Y a closed submanifold 
with codimy Y = s. 


(12.1) Notations. The normal bundle of Y in X is the vector bundle over Y defined as 
the quotient NY = (TX);y/TY. The fibers of NY are thus given by NyY = T,X/TyY 
at every point y € Y. We also consider the projectivized normal bundle P(NY) — Y 
whose fibers are the projective spaces P(N,Y) associated to the fibers of NY. 


The blow-up of X with center Y (to be constructed later) is a complex n-dimensional 
manifold X together with a holomorphic map ¢ : X — X such that: 


i) E := ao \(Y) is a smooth hypersurface in X, and the restriction 0: EY isa 
holomorphic fiber bundle isomorphic to the projectivized normal bundle P(NY) — Y. 


ii) 0: X \E — X\Y isa biholomorphism. 


In order to construct X and o, we first define the set-theoretic underlying objects as the 
disjoint sums 


X=(X\Y)IUE, where E:=P(NY), 
o=Idxy\y U7, where 7: fH — YY. 
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= 


VII-1 Blow-up of one point in X. 


This means intuitively that we have replaced each point y € Y by the projective space of 
all directions normal to Y. When Y is reduced to a single point, the geometric picture 
is given by Fig. 1 below. In general, the picture is obtained by slicing X transversally to 
Y near each point and by blowing-up each slice at the intersection point with Y. 


It remains to construct the manifold structure on X and in particular to describe what 
are the holomorphic functions near a point of E. Let f,g be holomorphic functions on an 
open set U C X such that f = g =0 on YOU. Then df and dg vanish on TY;yqu, hence 
df and dg induce linear forms on NY;+yqu. The holomorphic function h(z) = f(z)/g(z) 


on the open set 
Ug :={zeU; g(z) 40} CU\Y 


can be extended in a natural way to a function h on the set 
Uy =U, U {(2,[]) € PINY )tvew 5 dg.(€) #0} CX 


by letting 


(es (€l) = FS, 


Using this observation, we now define the manifold structure on x by giving explicitly an 
atlas. Every coordinate chart of X\Y is taken to be also a coordinate chart of X. Further- 
more, for every point yo € Y, there exists a neighborhood U of yo in X and a coordinate 
chart T(z) = (21,.--,2n) : U — C” centered at yo such that 7(U) = B’ x B” for some 
balls. B-eC* BY c CC. and such that-Y NU =F 40 kB) ==. S20), 


(z, [€]) € P(NY )tynu. 
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It follows that (z541,.--,2n) are local coordinates on Y MU and that the vector fields 
(0/0z1,...,0/0z5) yield a holomorphic frame of NY;yqu. Let us denote by (&,...,&s) 
the corresponding coordinates along the fibers of NY. Then (£1,...,&s, Zs41,---;%n) are 
coordinates on the total space NY. For every 7 = 1,..., 5, we set 


0; =U., ={zeU\Y ; 2; F0}U {(z, (El) € PNY) wow 5 € ZO. 


Then (Usigj<s is a covering of U = 0~'(U) and for each j we define a coordinate chart 
Fy = (Wiyas sy Wy) Uy > CO by 


wr = (=) lor eek se is aye ee lor koe or Ss: 


For z € U \Y, resp. (z, [E]) € P(NY)pynu, we get 


Ee ZL ZG] Gt] z 

(2) = (W1)+-50n) = (Fy. s > Fs : sees = eaigenazals 
45 25 45 45 

1 C7 0 Cu. & 

Sa 9 SS 5 oaias) ee ete Owe een ‘ 

oj gj gj § 


Ths [é]) = (wi, os ate) = 


With respect to the coordinates (wz) on U; and (zz) on U, the map o is given by 


G22) (Uw 


5 
US tH WW 5 2 WHEW WS WA Ty os op Sg S Weds cep) 


where 0; = Togo ie thus a is holomorphic. The range of the coordinate chart T; is 
T;(U;) = oe (r(U)), so it is actually open in C”. Furthermore EM U; is defined by the 
single equation w; = 0, thus EF is a smooth hypersurface in X. It remains only to verify 
that the coordinate changes w +—> w’ associated to any coordinate change z +—> 2’ on X 
are holomorphic. For that purpose, it is sufficient to verify that (f/g)~ is holomorphic in 
(wi,---;Wn) on U; Ug. As g vanishes on Y MU, we can write g(z) = Vicpcs Zh An(2Z) 
for some holomorphic functions A; on U. Therefore 


~N 


has an extension (g/z;)~ to U; which is a holomorphic function of the variables 
(wi,...,Wn). Since (g/z;)~ (z, [€]) = dgz(€)/€; on ENU,, it is clear that 


U; NU, = {w €U; ; (g/z;)~(w) £ O}. 
Hence U; a U, is open in U, and (f/g)~ = (f/2;)~/(g/z;)~ is holomorphic on U; a cee 


(12.3) Definition. The map o : X > X is called the blow-up of X with center Y and 
E=oa7'(Y) x P(NY) is called the exceptional divisor of X. 
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According to (V-13.5), we denote by @(E) the line bundle on X associated to the 
divisor E and by h € H°(X,@(E)) the canonical section such that div(h) = [E]. On the 
other hand, we denote by ©pjwy)(—1) C m*(NY) the tautological line subbundle over 
E = P(NY) such that the fiber above the point (z, [€]) is CE C N.Y. 


(12.4) Proposition. ©(F) enjoys the following properties: 
a) G(E)}x is isomorphic to ©pywy)(—l). 


b) Assume that X is compact. For every positive line bundle L over X, the line bundle 
6(—E) @ o*(L*) over X is positive for k > 0 large enough. 


Proof. a) The canonical section h € H 6.4 ,©(F)) vanishes at order 1 along FE, hence the 
kernel of its differential 7 


is TE. We get therefore an isomorphism NE ~ ©(E£)+m. Now, the map oc: ame. 6 
satisfies o(F) C Y, so its differential do : TX —> o*(TX) is such that do(TE) Cc 
o*(TY). Therefore do induces a morphism 


(12.5) NE — o*(NY) =2*(NY) 


of vector bundles over E. The vector field 0/Ow, yields a non vanishing section of NE 
on U;, and (12.2) implies 


O O O O 
dei(a) = az; + S- bare // S- oar 


1<k<s,kF¥j 1<k<s 


at every point (z,[€]) € E. This shows that (12.5) is an isomorphism of NE onto 
Op(ny)(-1) C m*(NY), hence 


b) Select an arbitrary hermitian metric on TX and consider the induced metrics on NY 
and on ©pywy)(1) —> E = P(NY). The restriction of @pyyy)(1) to each fiber P(N.Y) is 
the standard line bundle @(1) over P°~!; thus by (V-15.10) this restriction has a positive 
definite curvature form. Extend now the metric of © pyyy)(1) on E to a metric of ©(—E) 
on X in an arbitrary way. If F = ©(—E) @ o*(L*), then O(F) = O(@(—E))+ko*O(L), 
thus for every t € T X we have 


On(t, t) = Oem (t, t) + k Oz (do(t), do(t)). 


By the compactness of the unitary tangent bundle to X and the positivity of @7, it is 
sufficient to verify that Oq(_ 2) (t,t) > 0 for every unit vector t € T,X such that do(t) = 0. 
However, from the computations of a), this can only happen when z € F and t € TE, 
and in that case da(t) = dx(t) = 0, so t is tangent to the fiber P(N,Y). Therefore 


Oz) (t,t) = Pepnyyy (y(t t) > 0. 
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(12.7) Proposition. The canonical line bundle of X is given by 

Kz= G((s — 1)E) @o*Kx, where s=codimy Y. 
Proof. Kx is generated on U by the holomorphic n-form dz; A\.../A dz,. Using (12.2), 
we see that o* Kx is generated on U; by 


a" (dzj:As-.ANdz,) = wet dw, A...A\dwWn. 


Since the divisor of the section h € H°(X,@(E)) is the hypersurface E defined by the 
equation w; = 0 in U;, we have a well defined line bundle isomorphism 


o* Kx — @((1—s8)E) @ Kz, ar h'*e*(a). 


§ 13. Equivalence of Positivity and Ampleness for Line Bundles 


We have seen in section 11 that every ample line bundle carries a hermitian metric 
of positive curvature. The converse will be a consequence of the following result. 


(13.1) Theorem. Let L —> X be a positive line bundle and L* the k-th tensor power of 
L. For every N-tuple (x1,...,un) of distinct points of X, there exists a constant C > 0 
such that the evaluation maps 


HX, L*) ——< rs D:D CI?) x 
are surjective for all integers m >0, k > C(m+1). 


(13.2) Lemma. Leto: X — X be the blow-up of X with center the finite set Y = 
{x1,...,an}, and let ©(E) be the line bundle associated to the exceptional divisor E. 
Then _ 

H'(X,G6(—mE) ® o* L*) =0 


form 2>1,k >Cm and C > 0 large enough. 


Proof. By Prop. 12.7 we get Kz = G((n —1)E) @ o*Kx and 
H?(X,6(—mE) @ o*L*) = H™!(X, K=" @ 6(-mE) @ o* L*) = H™!(X, F) 


where F = ©(—(m+n-—1)E) ®0*(Kx' ®L*), so the conclusion will follow from the 
Kodaira-Nakano vanishing theorem if we can show that F' > 0 when & is large enough. 
Fix an arbitrary hermitian metric on Kx. Then 


O(F) = (m+n -—1)0(G(—B)) + o*(kO(L) — O(Kx)). 


There is ky > O such that i(koO(L) _ O(Kx)) > 0 on X, and Prop. 12.4 implies the 


existence of Cp > 0 such that i(@(@(—E)) + Coo*O(L)) > 0 on X. Thus i0@(F) > 0 for 
m2>2—nandk>kog+Co(m+n-1). 


§ 14. Kodaira’s Projectivity Criterion 359 


Proof of Theorem 13.1.. Let v; € H°(Q;,L") be a holomorphic section of L* in a 
neighborhood (; of x; having a prescribed m-jet at x;. Set 


v(e) = > vy(e)v4(a) 


where w; = 1 in a neighborhood of xz; and w; has compact support in 2,;. Then dv = 
2 dw; + v; vanishes in a neighborhood of x1,...,2x. Let h be the canonical section of 
6(E)~* such that div(h) = [E]. The (0,1)-form o*d’v vanishes in a neighborhood of 
E =h~1(0), hence 
w=h- Vora € a1 (x, G(—(m+1)E) @o*L*). 
and w is a d’-closed form. By Lemma 13.2 there exists a smooth section 
ue €Sy(X, O(-(m + 1)E) @ o* L*) 
such that d’u = w = h-(™+))g*d!v. This implies 
o*ty —h™+1y, © H°(X,0*L*), 
and since o*L is trivial near E, there exists a section g € H°(X,L*) such that o*g = 


o*v —h™*"u. As h vanishes at order 1 along E, the m-jet of g at x; must be equal to 
that of v (or v;). 


(13.3) Corollary. For any holomorphic line bundle L —+ X, the following conditions 
are equivalent: 


a) L is ample; 
b) L>0, i.e. L possesses a hermitian metric such that iO(L) > 0. 


Proof. a) => b) is given by Cor. 11.12, whereas b) => a) is a consequence of Th. 13.1 
for m= 1. 


§ 14. Kodaira’s Projectivity Criterion 


The following fundamental projectivity criterion is due to [Kodaira 1954]. 


(14.1) Theorem. Let X be a compact complex manifold, dimc X = n. The following 
conditions are equivalent. 


a) X is projective algebraic, i.e. X can be embedded as an algebraic submanifold of the 
complex projective space PN for N large. 


b) X carries a positive line bundle L. 


c) X carries a Hodge metric, i.e. a Kahler metric w with rational cohomology class 
{w} € H*(X,Q). 


Proof. a) => b). Take L = @(1);x. 
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b) => c). Take w = +O(L); then {w} is the image of ci(L) € H?(X, Z). 


c) => b). We can multiply {w} by a common denominator of its coefficients and suppose 
that {w} is in the image of H?(X,Z). Then Th. V-13.9 b) shows that there exists a 
hermitian line bundle LZ such that ~O(L) = w > 0. 


b) = a). Corollary 13.3 shows that F = L* is very ample for some integer k > 0. 
Then Prop. 11.9 enables us to find a subspace V of H°(X, F), dimV < 2n +2, such that 
wy : X — G,(V) = P(V*) is an embedding. Thus X can be embedded in P?”*! and 
Chow’s theorem II-7.10 shows that the image is an algebraic set in P?2"*1. 


(14.2) Remark. The above proof shows in particular that every n-dimensional projec- 
tive manifold X can be embedded in P?"+!. This can be shown directly by using generic 
projections PY — P?"+! and Whitney type arguments as in 11.2. 


(14.3) Corollary. Every compact Riemann surface X is isomorphic to an algebraic 
curve in P®. 


Proof. Any positive smooth form w of type (1,1) is Kahler, and w is in fact a Hodge 
metric if we normalize its volume so that [ yWw=l. 


This example can be somewhat generalized as follows. 
(14.4) Corollary. Every Kahler manifold (X,w) such that H?(X,@) =0 is projective. 
Proof. By hypothesis H®:?(X,C) = 0 = H*:°(X,C), hence 

HX, CH (XC) 


admits a basis {ai},...,{an} € H?(X,Q) where aj,...,ay are harmonic real (1, 1)- 
forms. Since {w} is real, we have {w} = A:{ai}+...+An{awn}, A; € R, thus 


w= Aya,+...+Anan 
because w itself is harmonic. If w4,...,j are rational numbers sufficiently close to 


Ai,---,An, then @ := 1a, +---pwnan is close to w, so w is a positive definite d-closed 
(1,1)-form, and {@} € H?(X,Q). 


We obtain now as a consequence the celebrated Riemann criterion characterizing 
abelian varieties ( = projective algebraic complex tori). 


(14.5) Corollary. A complex torus X = C"/T (Lf a lattice of C”) is an abelian variety 
if and only if there exists a positive definite hermitian form h on C” such that 


Im (h(71,72)) € Z for all 1,42 €T. 
Proof (Sufficiency of the condition)... Set w = —Imh. Then w defines a constant Kahler 


metric on C”, hence also on X = C"/T. Let (a1,...,@2n) be an integral basis of the 
lattice I. We denote by T;, Tj, the real 1- and 2-tori 


t= (RI Dida torent. “ea Tee des. “Ug ak on: 
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Topologically we have X + T, x... x Ton, so the Kiinneth formula IV-15.7 yields 


H°(X,Z)~ @®&) (H°(T;,Z)@ H\(T;,Z)), 


1<j<2n 
H'(X,Z)~ Q@_ AMG, Z)@H(%,.Z)~ QD A’ (Tx,Z) 
1<j<k<2n 1<j<k<2n 


where the projection H?(X,Z) —>+ H?(Tjx,Z) is induced by the injection T;, C X. In 
the identification H?(Tj,,R) ~ R, we get 


(14.6) {Whi Ti, = ff w = w(a;,a,) = —Imh(a;, ax). 
The assumption on h implies {w}}7,, € H?(Tjx, Z) for all j,k, therefore {w} € H?(X, Z) 


and X is projective by Th. (14.1). 


Proof (Necessity of the condition).. If X is projective, then X admits a Kahler metric 
w such that {w} is in the image of H?(X,Z). In general, w is not invariant under the 
translations T,(y) = y — x of X. Therefore, we replace w by its “mean value”: 


2 1 ‘ 
= TIO hea 


which has the same cohomology class as w (7, is homotopic to the identity). Now @ is 
the imaginary part of a constant positive definite hermitian form h on C”, and formula 
(14.6) shows that Imh(a;, ax) € Z. 


(14.7) Example. Let X be a projective manifold. We shall prove that the Jacobian 
Jac(X) and the Albanese variety Alb(X) (cf. § VI-13 for definitions) are abelian varieties. 


In fact, let w be a Kahler metric on X such that {w} is in the image of H?(X, Z) and 
let h be the hermitian metric on H!(X, ©) ~ H®1(X, C) defined by 
Kio) = i: —2uAT Aw} 
x 
for all closed (0,1)-forms u,v. As 
—2iuANtTAwW”™~ = —|ul*w”, 
n 


we see that h is a positive definite hermitian form on H°1(X,C). Consider elements 
yy € H*(X,Z), j = 1,2. If we write 7; = 7; + 7 in the decomposition H'(X,C) = 
H1°(X,C) 6 H®!(X, C), we get 


h(i, 72) = 27 AAW, 
xX 
mbt.) = f Oi Arg+ rt aryawrt =f nanrw™ eZ. 
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Therefore Jac(X) is an abelian variety. 


Now, we observe that H"~'”"(X,C) is the anti-dual of H°1(X,C) by Serre duality. 
We select on H"~1:"(X,C) the dual hermitian metric h*. Since the Poincaré bilinear 
pairing yields a unimodular bilinear map 


H'(X,Z) x AH?" (X,Z) —Z, 


we easily conclude that Im h* (71,74) € Q for all 71, y2 € H?"~1(X, Z). Therefore Alb(X) 
is also an abelian variety. 
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Chapter VIII 


L? Estimates on Pseudoconvex Manifolds 


The main goal of this chapter is to show that the differential geometric technique that has been used 
in order to prove vanishing theorems also yields very precise L? estimates for the solutions of equations 
du = v on pseudoconvex manifolds. The central idea, due to [Hérmander 1965], is to introduce weights 
of the type e~” where y is a function satisfying suitable convexity conditions. This method leads to gen- 
eralizations of many standard vanishing theorems to weakly pseudoconvex manifolds. As a special case, 
we obtain the original HOrmander estimates for pseudoconvex domains of C”, and give some applications 
to algebraic geometry (H6rmander-Bombieri-Skoda theorem, properties of zero sets of polynomials in 
C”). We also derive the Ohsawa-Takegoshi extension theorem for L? holomorphic functions and Skoda’s 
L? estimates for surjective bundle morphisms [Skoda 1972a, 1978], [Demailly 1982c]. Skoda’s estimates 
can be used to obtain a quick solution of the Levi problem, and have important applications to local 
algebra and Nullstellensatz theorems. Finally, L? estimates are used to prove the Newlander-Nirenberg 
theorem on the analyticity of almost complex structures. We apply it to establish Kuranishi’s theorem 
on deformation theory of compact complex manifolds. 


§ 1. Non Bounded Operators on Hilbert Spaces 


A few preliminaries of functional analysis will be needed here. Let #1, #2 be complex 
Hilbert spaces. We consider a linear operator T defined on a subspace DomT C Hy 
(called the domain of T) into #2. The operator T is said to be densely defined if Dom T 
is dense in #1, and closed if its graph 


GrT = {(2,Tx) ; « € DomT} 


is closed in Hy xX Ho. 


Assume now that T is closed and densely defined. The adjoint T* of T (in Von 
Neumann’s sense) is constructed as follows: Dom 7™ is the set of y € #2 such that the 
linear form 

DomT 3 2+—=> (Tx, y)2 


is bounded in # j-norm. Since DomT is dense, there exists for every y in DomT™ a 
unique element T*y € #, such that (Tz,y)o = (x,T*y)i for all x € DomT™. It is 


immediate to verify that Gr7T* = (Gr(—T))~ in #, xX #e. It follows that T™ is closed 
and that every pair (u,v) € #1 x Hy can be written 


(u,v) = (#,-Tx)+(T*y,y), «eDomT, ye Dom”. 
Take in particular u = 0. Then 


r+T*y=0, v=y-Tx=yt+TT*y,  (v,y)2 = |lyll2 + |lT*yll7. 
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If v € (DomT*)+ we get (v,y)2 = 0, thus y = 0 and v = 0. Therefore T* is densely 
defined and our discussion implies: 


(1.1) Theorem [Von Neumann 1929]). Jf T : H, —> #2 is a closed and densely 
defined operator, then its adjoint T* is also closed and densely defined and (T*)* = T. 
Furthermore, we have the relation Ker T* = (ImT)+ and its dual (Ker T)+ = ImT*. 


Consider now two closed and densely defined operators T, S : 
Hy > Hy => Hs 
such that SoT = 0. By this, we mean that the range T(DomT) is contained in Ker S C 
Dom S, in such a way that there is no problem for defining the composition S oT. The 
starting point of all L? estimates is the following abstract existence theorem. 


(1.2) Theorem. There are orthogonal decompositions 


Hy = (Ker SO KerT”*) 6ImT GImS*, 
Ker S = (Ker Sm KerT™) @ ImT. 


In order that Im T = Ker S, it suffices that 
(1.3) |T*x||? + ||Sx||f > Clla|lf, Ve € Dom SN DomT* 


for some constant C > 0. In that case, for every v € Hz such that Suv = 0, there exists 
u © Hy, such that Tu =v and 


1 
lel? < Ble. 


In particular 
Inf =ImT=KerS, ImS* =ImS* = KerT7™. 


Proof. Since S is closed, the kernel Ker S is closed in #2. The relation (Ker S)+ = Im S* 
implies 


(1.4) HH. = Ker S 6 Im S* 


and similarly #2 = KerT* @ImT. However, the assumption S o T’ = 0 shows that 
ImT Cc Ker S, therefore 


(1.5) Ker S = (Ker S 1 KerT*) @ ImT. 


The first two equalities in Th. 1.2 are then equivalent to the conjunction of (1.4) and 
Clap: 


Now, under assumption (1.3), we are going to show that the equation Tu = v is 
always solvable if Su = 0. Let x € DomT™. One can write 


g=2'+a" where x’ €KerS and 2x” € (KerS)+ c (ImT)~ = KerT. 
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Since z, 2” € Dom T”, we have also x’ € Dom T*. We get 
(v, x)2 = (v, x')» ok (vu, 2" 9 _ (v, x')s 


because v € Ker S and 2” € (Ker $)+. As Sx’ = 0 and T*x"” = 0, the Cauchy-Schwarz 
inequality combined with (1.3) implies 


1 1 
I(v,a)al” < fella lle“lla < Sllella T*e"l = Sllella IT*arllr- 


This shows that the linear form T¥ 5 2 +— (x,v)2 is continuous on ImT™* C #, with 
norm < C~'/?|lu||>.. By the Hahn-Banach theorem, this form can be extended to a 
continuous linear form on #; of norm < C~!/|lullo, i.e. we can find u € #1 such that 
lJull1 < C7"? [ulz and 


(a, v)o =(T*z,u)1, Va €DomT™. 
This means that u € Dom(7T*)* = DomT and v = Tu. We have thus shown that 


Im T = Ker S, in particular Im T is closed. The dual equality Im $* = Ker T* follows by 
considering the dual pair (S*, 7%). 


§ 2. Complete Riemannian Manifolds 


Let (M,g) be a riemannian manifold of dimension m, with metric 
g(z) = >) gjn(x) da; @dey,, 1<j,k<m. 


The length of a path y : [a,b] —> M is by definition 


a= f Wola =f (Salvo) yornw) at 
a a jk 


The geodesic distance of two points x,y € M is 


d(z,y) =inf f(y) over paths y with y(a)=2, y(b) =y, 
a 


if x,y are in the same connected component of M, 6(x,y) = +00 otherwise. It is easy 
to check that 6 satisfies the usual axioms of distances: for the separation axiom, use the 
fact that if y is outside some closed coordinate ball B of radius r centered at x and if 
g > c\dx|? on B, then 5(x,y) > c/?r. In addition, 6 satisfies the axiom: 


1 
(2.1) for every x,y € M, inf max{d(z, A) 0s 2) ) = 3 0( y). 


In fact for every ¢ > 0 there is a path y such that y(a) = 2, y(b) = y, €(y) < 6(z,y) +e 
and we can take z to be at mid-distance between x and y along y. A metric space FE with 
a distance 6 satisfying the additional axiom (2.1) will be called a geodesic metric space. It 
is then easy to see by dichotomy that any two points x, y € E can be joined by a chain of 
points x = £0, 41,...,enN = y such that 6(a@,,%;41) < ¢ and 9° 4(a;, 2541) < (a, y) +6. 
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(2.2) Lemma (Hopf-Rinow). Let (E,6) be a geodesic metric space. Then the following 
properties are equivalent: 


a) E is locally compact and complete; 


b) all closed geodesic balls B(xo,r) are compact. 


Proof. Since any Cauchy sequence is bounded, it is immediate that b) implies a). We 
now check that a) => b). Fix xo and define R to be the supremum of all r > 0 
such that B(ao,7) is compact. Since E is locally compact, we have R > 0. Suppose 
that R < +oo. Then B(2o,r) is compact for every r < R. Let y, be a sequence of 
points in B(xo,.R). Fix an integer p. As 6(xo, yy) < R, axiom (2.1) shows that we can 
find points z, € M such that 6(2o, z,) < (1 — 27”)R and 5(z,,y,) < 2'-PR. Since 
B(ao, (1 — 27”) R) is compact, there is a subsequence (2,(p,q))geN Converging to a limit 
point wp with 6(2,(p,q); Wp) < 2~%. We proceed by induction on p and take v(p+1,q) to 
be a subsequence of v(p,q). Then 
5(Yu(p,a)1 Wp) S O(Yu(p,4) 2v(p,4)) + 9(2vp,q) Wp) S 2 Re, 

Since (Yy(p+1,q)) is a subsequence of (Y,(p,q)), we infer that 6(wp, wp41) <327-P?R by 
letting g tend to +oo. By the completeness hypothesis, the Cauchy sequence (w,) con- 
verges to a limit point w € M, and the above inequalities show that (¥,(p,»)) converges 
to w € B(axo, R). Therefore B(xo, R) is compact. Now, each point y € B(ao, R) can be 
covered by a compact ball B(y, ¢,), and the compact set B(x, R) admits a finite covering 
by concentric balls B(y;, €y,/2). Set ¢ = miney,. Every point z € B(ao,R+€/2) is at 
distance < ¢/2 of some point y € B(x, R), hence at distance < ¢/2 + €y,/2 of some 
point y;, in particular B(xzp, R+e/2) C U Bly;, Ey,) is compact. This is a contradiction, 
so R = +00. 


The following standard definitions and properties will be useful in order to deal with 
the completeness of the metric. 


(2.3) Definitions. 


a) A riemannian manifold (M, g) is said to be complete if (M,6) is complete as a metric 
space. 


b) A continuous function w : M — R is said to be exhaustive if for every c € R the 
sublevel set M. = {x € M ; W(x) < c} ts relatively compact in M. 


c) A sequence (K,),en of compact subsets of M is said to be exhaustive if M =U K, 
and if K, is contained in the interior of Ky+41 for all v (so that every compact subset 
of M is contained in some K,). 

(2.4) Lemma. The following properties are equivalent: 

a) (M,q) is complete; 

b) there exists an exhaustive function w € 6°(M,R) such that |dy|, <1; 


c) there exists an exhaustive sequence (K,),en of compact subsets of M and functions 
Wy € €%(M,R) such that 


wy =1 inaneighborhood of K,, Supp wy C Ky 44, 
Oye and: |dyy|,< 2". 
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Proof. a) => b). Without loss of generality, we may assume that M is connected. Select 
a point a € M and set (x) = $6(ao, x). Then vo is a Lipschitz function with constant 
4, thus Wo is differentiable almost everywhere on M and |diwo|g < 4. We can find a 
smoothing w~ of wo such that |dy|, < 1 and |~ — Yo| < 1. Then w is an exhaustion 
function of M. 


b) => c). Choose ~ as in a) and a function p € °°(R, R) such that p = 1 on | — ov, 1.1], 
p =0 on [1.9,+o00[ and 0 < p’ < 2 on [1,2]. Then 


Ky ={@eM; v(a) <2"**}, wb (2) = 0(2-" + ¥(2)) 
satisfy our requirements. 
6) = -b). Set. = S. 2"(1 —< aby): 


b) = > a). The inequality |dy|, < 1 implies |¢(x) — w(y)| < 6(a, y) for all x,y € M, so 
all 6-balls must be relatively compact in M. 


§ 3. L? Hodge Theory on Complete Riemannian Manifolds 


Let (M, g) be a riemannian manifold and let F\, Fy be hermitian °° vector bundles 
over M. If P : €°(M,Fi) — ‘°(M, Fo) is a differential operator with smooth 
coefficients, then P induces a non bounded operator 


Petey) S470, B) 


as follows: if u € L?(M , Ff), we compute Pu in the sense of distribution theory and 
we say that u € Dom P if Pu € L?(M, F.). It follows that P is densely defined, since 
Dom P contains the set %(M, F;) of compactly supported sections of °° (M, F,), which 
is dense in L?(M, F). Furthermore Gr P is closed: if u, — u in L?(M, F,) and Pu, — v 
ine (M, Fy) then Pu, > Pu. in the weak topology of distributions, thus we must 
have Pu = v and (u,v) € Gr P. By the general results of § 1, we see that P has a 
closed and densely defined Von Neumann adjoint aw We want to stress, however, 
that (P p)* does not always coincide with the extension (P*)~ of the formal adjoint P* : 
6° (M, Fo) —> “€°(M, F,), computed in the sense of distribution theory. In fact u € 
Dom (P)*, resp. u € Dom(P*)~, if and only if there is an element v € L?(M, F,) such 
that (u, Pf) = (v, f) for all f € Dom P, resp. for all f €¢ %(M, F,). Therefore we always 
have Dom (P)* C Dom (P*)~ and the inclusion may be strict because the integration by 


parts to perform may involve boundary integrals for (P)*. 


(3.1) Example. Consider 


d 
P=— :17(]0,1]) — L?(0, 1[) 
dx 
where the L? space is taken with respect to the Lebesgue measure dz. Then Dom P 
consists of all L? functions with L? derivatives on ]0, 1{. Such functions have a continuous 
extension to the interval [0,1]. An integration by parts shows that 


to ae 1 
7 uc ae = | ~“Fas 
o da 0 
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for all f € (0,1), thus P* = —d/dxz = —P. However for f € Dom P the integration 
by parts involves the extra term u(1)f(1) — u(0)f(0) in the right hand side, which is 
thus continuous in f with respect_to the L? topology if and only if du/dx_€ DL? and 
u(0) = u(1) = 0. Therefore Dom (P)* consists of all w € Dom (P*)~ = Dom P satisfying 
the additional boundary condition u(0) = u(1) = 0. 


Let E — M be a differentiable hermitian bundle. In what follows, we still denote by 
D,6,A the differential operators of § VI-2 extended in the sense of distribution theory 
(as explained above). These operators are thus closed and densely defined operators 
on L?(M, E) = cer L*(M,E). We also introduce the space Dp(M, E) of compactly 
supported forms in “65° (M,£). The theory relies heavily on the following important 
result. 


(3.2) Theorem. Assume that (M,g) is complete. Then 


a) D.(M, E) is dense in Dom D, Domd and Dom DM Domo respectively for the graph 
norms 


wr full + Dull, we lull + [oul], we [ull + [Dull + oul. 


b) D* = 0, 6* = D as adjoint operators in Von Neumann’s sense. 
c) One has (u, Au) = ||Dull? + ||oul|? for every u€ DomA. In particular 
Dom Ac DomDNDom6, KerA = Ker Df Ker 6, 
and A is self-adjoint. 


d) If D? =0, there are orthogonal decompositions 


L?(M, E) = #°(M, E)®@ Im Dg Im6, 
Ker D = #°(M, E) 6 ImD 


where #°(M,E) = {u € L2(M,E); Au = 0} C €3°(M,E) is the space of L? 
harmonic forms. 


Proof. a) We show that every element u € Dom D can be approximated in the graph 
norm of D by smooth and compactly supported forms. By hypothesis, wu and Du belong 
to L?(M, E). Let (w,_) be a sequence of functions as in Lemma 2.4 c). Then Wu — u in 
L?2(M, E) and D(y,u) = v, Dut dy, Au where 


ld, Aul < |dy,| |u| < 27” Jul. 


Therefore dy, \ u — 0 and D(w,u) — Du. After replacing u by wu, we may assume 
that uw has compact support, and by using a finite partition of unity on a neighborhood 
of Supp u we may also assume that Supp u is contained in a coordinate chart of M on 
which E is trivial. Let A be the connection form of D on this chart and (p-) a family of 
smoothing kernels. Then u* p- € %e(M, EL) converges to u in L?(M, E) and 


D(ux pe) — (Du) x pe = AA (ux pe) — (ANU) x pe 
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because d commutes with convolution (as any differential operator with constant coeffi- 
cients). Moreover (Du)«xp- converges to Du in L?(M, E) and AA(uxp-), (AAu)xp- both 
converge to AA u since AA acts continuously on L?. Thus D(u* p-) converges to Du 
and the density of %.(M, E) in Dom D follows. The proof for Dom é and Dom DNDom6 
is similar, except that the principal part of 6 no longer has constant coefficients in 
general. The convolution technique requires in this case the following lemma due to 
K.O. Friedrichs (see e.g. [Hérmander 1963]). 


(3.3) Lemma. Let Pf = Soa, 0f/Ox, + bf be a differential operator of order 1 on an 
open set Q C R”, with coefficients a, € C*(Q), b € C°(Q). Then for any v € L?(R”) 
with compact support in Q we have 


lim || P(o * pe) ~ (Pv) * pelle = 0. 


Proof. It is enough to consider the case when P = a0/Ox,x. As the result is obvious if 
v € C!, we only have to show that 


||P(u* pe) — (Pu) * pelln2 < Clloll ze 


and to use a density argument. A computation of we. = P(v * p-) — (Pv) x pe by means 
of an integration by parts gives 


wela) = ff (ale) 5 (e = ey) oly) — ale = eu) Sw — eu)olu) ty 
= [. ((a(e) — al — ey))o(@ - cv) ~9i p(y) 
+ Akal — ey)v(a — ey) p(y) dy. 


If C is a bound for |da| in a neighborhood of Supp v, we get 


n 


Jwe(w)| <of lu(z — ey)|(ly| 1A.o(y)| + le) |) ay, 


so Minkowski’s inequality ||f * g||ze < ||f||z:||g||ze gives 


fwellz2 <C( fh (ul eC) + lolw)))au) lola 


Proof (end).. b) is equivalent to the fact that 
(Du, v)) = (u, dv)), VYWueDomD, VW € Domo. 
By a), we can find uy, vy € De(M, E) such that 
uu, wv, Du,—> Du and dv, dv in L2(M,E), 


and the required equality is the limit of the equalities (Duy, v_)) = (up, dv,)). 
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c) Let u € DomA. As A is an elliptic operator of order 2, u must be in W2(M, E, loc) 
by Garding’s inequality. In particular Du, du € L?(M, E, loc) and we can perform all 
integrations by parts that we want if the forms are multiplied by compactly supported 
functions w,. Let us compute 


|e Dull? + [lb dul]? = 

= (WiDu, Du) + (u, Deedu)) 

(D(d2u), Du)) + (ue, P2Dbu)) — 2 dehy Au, Du) + 2((u, dudeby A du) 
(v2u, Au) — 2¢dv, A u,b, Du) + 2, deb, A (0b,6u))) 

(yu, Au) + 2°” (2]fa5, Du) full + 2h, Sul [ull 

2u, Au)) +27 (\lab Dull? + |fb,dul? + 2Iull2). 


— 


IN IX 


— 


We get therefore 


1 


Ib Dull? + |jevdul)? < 


((p2u, Au) + 27 |Jull?). 


By letting v tend to +00, we obtain ||Du||? + ||du||? < (u, Au)), in particular Du, du are 
in L2(M, E). This implies 


(u, Av)) = (Du, Dv)) + (du, dv)),  Vu,v € DomA, 


because the equality holds for q,u and v, and because we have w,u — u, D(w,u) — Du 
and 6(q,u) > du in L?. Therefore A is self-adjoint. 


d) is an immediate consequence of b), c) and Th. 1.2. 


On a complete hermitian manifold (X,w), there are of course similar results for the 
operators D’, D’, 6’, 6", A’, A” attached to a hermitian vector bundle E. 


§ 4. General Estimate for d” on Hermitian Manifolds 


Let (X,w) be a complete hermitian manifold and E a hermitian holomorphic vector 
bundle of rank r over X. Assume that the hermitian operator 


(4.1) Ary = [iO0(£), A] +T. 
is semi-positive on APT @ E. Then for every form u € Dom D’ 1 Dom 6” of bidegree 
(p,q) we have 
(4.2) || Dull? + |]o"ul|? > i (Agwu, u) dV. 
x 


In fact (4.2) is true for all u € Mp q(X,) in view of the Bochner-Kodaira-Nakano 
identity VII-2.3, and this result is easily extended to every u in Dom D” M Dom 0” by 
density of H, 4(X, £) (Th. 3.2 a)). 


Assume now that a form g € L? ,(X, £) is given such that 


(4.3) Dg =0, 
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and that for almost every x € X there exists a € [0, +00| such that 
(g(x), u)|? < a (Apt, u) 


for every u € (A? 4T$ @ E),. If the operator Ag,, is invertible, the minimal such number 


a is \Ap i 9(z)/? = (Ap wg(2); g(x)), so we shall always denote it in this way even when 


Ap is no longer invertible. Assume furthermore that 


(4.4) ih (ABI 9) dV < +00. 
Xx 


The basic result of L? theory can be stated as follows. 


(4.5) Theorem. If (X,w) is complete and Ag. > 0 in bidegree (p,q), then for any 
gE Le AX, E) satisfying (4.4) such that Dg = 0 there exists f € 1S (252) such 
that D” f = g and 


IP < f (Aplg.9) av. 
x 
Proof. For every u € Dom D” M Dom 0” we have 


2 ? 1/2; 4-1 1/2 : 
uo =| f tuarav] <(f (Avon u)'?(Agl 9,9)" av) 
4 x 
< f (Agias) AV f (Avouu) av 
x ; xX 
by means of the Cauchy-Schwarz inequality. The a priori estimate (4.2) implies 
| (u, 9) < C(||D"ull? + jo"ul|?), Yu € Dom D” N Dom 6" 


where C is the integral (4.4). Now we just have to repeat the proof of the existence part 
of Th. 1.2. For any u € Dom 6”, let us write 


u=uUr+ue, ure€KerD", us € (KerD”)t = Imo". 
Then D”u; = 0 and 6”ug = 0. Since g € Ker D”, we get 
2 2 
|(u,9))|> = Car, 9) < Clo” ur ||? = Clo" ull. 
The Hahn-Banach theorem shows that the continuous linear form 


2 
Leq-1 


(X, E) 3 6"u— ((u, 9) 
can be extended to a linear form v +> ((v, f)), f € L? ,_,(X, B), of norm ||f\| < c’/. 
This means that 

(u,g)) = (6"u, f)), Vu € Domo", 


i.e. that D” f = g. The theorem is proved. 
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(4.6) Remark. One can always find a solution f € (Ker D”)+ : otherwise replace f by 
its orthogonal projection on (Ker D’”)+. This solution is clearly unique and is precisely 
the solution of minimal L? norm of the equation D” f = g. We have f € Im6”, thus f 
satifies the additional equation 


(4.7) of =0. 
Consequently A” f = 6"D" f = 6g. If g © €3,(X, E), the ellipticity of A” shows that 
f € €2,_1(X, E). 


p,q-1 


(4.8) Remark. If Az, is positive definite, let A(z) > 0 be the smallest eigenvalue of 
this operator at « € X. Then A is continuous on X and we have 


| (ApwgI 9g) IV < | Ma)7"|g(x)|? dV. 
xX xX 


The above situation occurs for example if w is complete Kahler, EF >,, 0 and p = n, 
q21,m2>min{n—q+1,r} (apply Lemma VII-7.2). 


§5. Estimates on Weakly Pseudoconvex Manifolds 


We first introduce a large class of complex manifolds on which the L? estimates will 
be easily tractable. 


(5.1) Definition. A complex manifold X is said to be weakly pseudoconvex if there 
exists an exhaustion function w € 6%°(X,R) such that id’d’y > 0 on X, i.e. w is 
plurisubharmonic. 


For domains 2 Cc C”, the above weak pseudoconvexity notion is equivalent to pseudo- 
convexity (cf. Th. I-4.14). Note that every compact manifold is also weakly pseudoconvex 
(take w = 0). Other examples that will appear later are Stein manifolds, or the total 


space of a Griffiths semi-negative vector bundle over a compact manifold (cf. Prop. IX- 
rae pe 


(5.2) Theorem. Every weakly pseudoconver Kahler manifold (X,w) carries a complete 
Kahler metric @. 


Proof. Let w € “é°(X,R) be an exhaustive plurisubharmonic function on X. After 
addition of a constant to w, we can assume w > 0. Then @ = w + id’d’’(q?) is Kahler 
and 


SDE CAD NGD SOP RH. 
Since dp = d'y + dy, we get |\dvls = V2Id'vl5 < 


complete. 


1 and Lemma 2.4 shows that @ is 


Observe that we could have set more generally @ = w + id’d’(y ow) where y is a 
convex increasing function. Then 


5 =w + i(x’ ow)d'dl th + i(x” od)d'yy A dl 
(5.3) >w+id' (poy) Ad" (pow) 
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where p(t) = I, V/x"(u)du. We thus have |d'(p 0 w)|5 < 1 and @ will be complete as 
soon as limt—.+400 p(t) = +00, ie. 


+0o 
(5.4) / Vx" (u) du = +00. 


One can take for example y(t) = t — log(t) for t > 1. 


It follows from the above considerations that almost all vanishing theorems for positive 
vector bundles over compact manifolds are also valid on weakly pseudoconvex manifolds. 
Let us mention here the analogues of some results proved in Chapter 7. 


(5.5) Theorem. For any m-positive vector bundle of rank r over a weakly pseudoconver 
manifold X, we have H™4(X, E) =0 for allq > 1 andm > min{n—q+1,r}. 


Proof. The curvature form iO(det F) is a Kahler metric on X, hence X possesses a com- 
plete Kahler metric w. Let w € “€%°(X,R) be an exhaustive plurisubharmonic function. 
For any convex increasing function x € °°(R,R), we denote by EF, the holomorphic 
vector bundle E together with the modified metric |ul? = |u|? exp (— xo ¥(zx)), u € Er. 
We get 


iO(E,) = i0(E) + id’d"(x 0) ® Idg >m iO(B), 


thus Ap, > Az. > 0 in bidegree (n,q). Let g be a given form of bidegree (n,q) with 
L?., coefficients, such that Dg = 0. The integrals 


[ve Lag < f (Agia, ger a, | loPenetav 
xX al xX 2 x 


become convergent if y grows fast enough. We can thus apply Th. 4.5 to (X, Fy,w) and 
find a (n,q—1) form f such that D” f = g. If g is smooth, Remark 4.6 shows that f can 
also be chosen smooth. 


(5.6) Theorem. /f E is a positive line bundle over a weakly pseudoconver manifold X , 
then H?9(X,E)=0 forpt+qent+l. 


Proof. The proof is similar to that of Th. 5.5, except that we use here the Kahler metric 
wy = iO(E,) =w+id'd"(xo), w =i0(B), 


which depends on y. By (5.4) w, is complete as soon as x is a convex increasing function 
that grows fast enough. Apply now Th. 4.5 to (X,£,,w ,) and observe that Ag, 4. = 
[iO( Fy), Ay] = (p +q—n) Id in bidegree (p,q) in virtue of Cor. VI-8.4 It remains 
to show that for every form g € “€>,(X,E) there exists a choice of y such that g € 
Le (X, Ey, wy). By (5.3) the norm of a scalar form with respect to wy is less than its 
norm with respect to w, hence alk < |g|? exp(—y ow). On the other hand 


dV, <C(1+ x ovty” oy)" dV 


where C’ is a positive continuous function on X. The following lemma implies that we 
can always choose y in order that the integral of | q\s dV, converges on X. 
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(5.7) Lemma. For any positive function \ € “6° ({0, +oo, R), there exists a smooth con- 
vex function x € €([0,+00[,R) such that x,x’,x” > A and (1+ x/ + y")"e™* <1/d. 


Proof. We shall construct x such that y” > y’ > y > A and y""/y? < C for some constant 
C’. Then yx satisties the conclusion of the lemma after addition of a constant. Without 
loss of generality, we may assume that . is increasing and \ > 1. We define y as a power 
series 


+oo 
Vit) = > Aga,...a,t*, 
k=0 


where ax, > 0 is a decreasing sequence converging to 0 very slowly. Then y is real 
analytic on R and the inequalities y"” > x’ > y are realized if we choose ay, > 1/k, k > 1. 
Select a strictly increasing sequence of integers (V,)p>1 so large that “A(p 1) Neve 


[1/p, 1/(p — 1)|. We set 


Gp =i On SEA), 


1 
a, = 5 Ne + 1)/Ne el/VE ON, Sk < Noqi. 


Then (a,) is decreasing. For t € [0,1] we have x(t) > ao > A(t) and for t € [1, +00] the 
choice k = N, where p = [t] is the integer part of t gives 


x(t) > x(p) > (aoar-.-a%)p" > (axp)* > A(p+ 1) > AZ). 
Furthermore, we have 
2 42k 


x(t)? > (apay4 shed ar) 


0 
k+ 1)(k + 2) aoa... Geet’, 


thus we will get y(t) < Cx(t)? if we can prove that 


W 
) 


2 / 2 
Ti, GGOi«sfOie = C TOGO edt) .. Te 
H 4\(p +1)/%? is d find 
owever, as = (p+ 1) is decreasing, we fin 


aga, ..--Aaam = Am+1---A2m 


(aga, ..-Qm)? Apa, ...Am 


it 
<ew (Goat tana Saya aq t OW) 


< exp (2V2m — 4\/m + O(1)) < C’m™”. 


Asa last application, we generalize the Girbau vanishing theorem in the case of weakly 
pseudoconvex manifolds. This result is due to [Abdelkader 1980] and [Ohsawa 1981]. We 
present here a simplified proof which appeared in [Demailly 1985]. 
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(5.8) Theorem. Let (X,w) be a weakly pseudoconvex Kahler manifold. If E is a semi- 
positive line bundle such that iO(E) has at least n — s+ 1 positive eigenvalues at every 
point, then 

A?UX,E)=0 for p+qents. 


Proof. Let x, p € “6°%(R, R) be convex increasing functions to be specified later. We use 
here the hermitian metric 


a = iO(E,) + exp(—po p) w 
= i0(F) + id’d" (x ow) + exp(—pow)w. 


Although w is Kahler, the metric a is not so. Denote by ¥;°" (resp. 7°"), 1 <j <n, 
the eigenvalues of iO(£,) with respect to w (resp. a), rearranged in increasing order. 
The minimax principle implies 7°" > ae and the hypothesis yields 0 < 79” < yee < 
... <2" on X. By means of a diagonalization of iO(F,,) with respect to w, we find 


Xie O0,w 
x,a Vj V5 


ibe = = 2 > 
“1 98" + exp(—p ow) ~ 40” + exp(—pot) 


Let ¢ > 0 be small. Select p such that exp(—po w(x)) < ey2"(x) at every point. Then 
for 7 > s we get 
a MGC ee 21l-e, 
1; + Ey,’ l+e 
and Th. VI-8.3 implies 


(HOG Nausea > (ap hata e Say ie Sora 
> ((p—s+1)(1—«) —(n—q))|ul? 
> (1-(p—s + 1)e) ul? 
It remains however to control the torsion term T,. As w is Kahler, trivial computations 
yield 
da=—p' op exp(-—poy) doAuw, 
d'd'a = exp(—pow) [((p' 0B)? — pl ow)d'b dtp — pl og ddd] Nw. 
Since 
azi(xiop dd’ t+x" ov dprd'y) + exp(—poy)u, 
we get the upper bounds 


=a 
Jdala < plow |d'dla lexp(—pov)wla < plow (x" op)? 

|d'd"" | ZO ee ape 

NS sia ——* hs eae 

x" 0p xo 
It is then clear that we can choose x growing sufficiently fast in order that |Tala <«. If 
é is chosen sufficiently small, we get An, a 2 s Id, and the conclusion is obtained in the 
same way as for Th. 5.6. 
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§6. Hormander’s Estimates for non Complete Kahler Metrics 


Our aim here is to derive also estimates for a non complete Kahler metric, for example 
the standard metric of C” on a bounded domain 2 cc C”. A result of this type can be 
obtained in the situation described at the end of Remark 4.8. The underlying idea is due 
to [Hormander 1966], although we do not apply his so called “three weights” technique, 
but use instead an approximation of the given metric w by complete Kahler metrics. 


(6.1) Theorem. Let (X,@) be a complete Kahler manifold, w another Kahler metric, 
possibly non complete, and E —+ X am-semi-positive vector bundle. Let g € Par e.@ E) 
be such that D’g = 0 and 


| (Az *9,9) dV < +00 
x 


with respect to w, where Aq stands for the operator iO(E£) AA in bidegree (n,q) and q > 1, 


m>min{n—q+1,r}. Then there exists f € Le E) such that D" f = g and 


2 < [ (Az, g) aV. 


Proof. For every ¢ > 0, the Kahler metric 
We =wtew 


is complete. The idea of the proof is to apply the L? estimates to w- and to let ¢ tend to 
zero. Let us put an index ¢ to all objects depending on w,. It follows from Lemma 6.3 
below that 


(6.2) |u|? dV. < jul? dV, (Aj cu, Ue dVz < (AZ *u, u) dV 


for every u € A” "TS @ E. If these estimates are taken for granted, Th. 4.5 applied to 


w- yields a section f- € Ley -alX, E) such that D” f. = g and 


i fel dV. < ‘ (Aq19, g)edV; < i (Aqg, 9) dV. 
xX xX x 


This implies that the family (f-) is bounded in L? norm on every compact subset of X. 
We can thus find a weakly convergent subsequence (f-,) in L?2,,. The weak limit f is the 
solution we are looking for. 


(6.3) Lemma. Let w, y be hermitian metrics on X such that y > w. For every 
uE€A°ITS @ FE, q>1, we have 


Juls dV, < |u|? dV, (AZ 4U, u)y dV, < (Aju, u) dV 


where an index y means that the corresponding term is computed in terms of y instead 
of w. 


Proof. Let xo € X be a given point and (z1,...,2,) coordinates such that 


1 S- day NdZ7F;, “VS 1 S° yj dz; \dz; at xo, 


1<j<n 1<j<n 
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where 71 < ... < Yn are the eigenvalues of y with respect to w (thus y; > 1). We have 
|dz;|2 = ye and |dzx|3 = yx for any multi-index K, with the notation yx = Lex Vi: 
For every u = So uK,,dz1A...Ad%n \ dZK ®e, |K| =¢q,1<A <7, the computations 
of § VII-7 yield 


Fee OV SFE coma, 


Jol = > (1am)! luca 


K,X 
juls dV, = >> ye" luxal? dV < |ul? dV, 
K,x 


Ayu = S- S 0 i(-1)" toby ujr,a (dz;) Adz @ ey, 
|I|=q-1 3,A 


where (dz;) means dz, /.. dz; SN ding 


= 
Ag = y y Ne Crpniy Uj PO eens den IN dzpr & e5; 
|I|=q-19,k,A,m 


(Aga ty = Oise 9a) S- Ge S- a Ve CPM Uj Il, AUKI ps 


|I|=q-1 Uk A, py 
= =2 = ee = 
Zvi Vi) 5 Yr 5 Vi Ve CikAp Ujl,AURI,w 
\I|=q-1 Tk Aw 


= Vis uy Agoath yu) 


where S, is the operator defined by 


Sxt:= S- (V1 ---InVK) UK, d2z1 A... \ din A dZK @ ey. 
K 


We get therefore 
(u,v) 41? = |(u, Sv) |? < (Ay tu, u)(AgSyv, Sv) 
< (V1 S9P8 Yn) Age th u) (Ag; VU)» 


and the choice v = Ay. 


yu implies 


(AZ t,t) < (11a) (AGM, 4) 5 


this relation is equivalent to the last one in the lemma. 


An important special case is that of a semi-positive line bundle E. If we let 0 < 
Ai(a) < ... < An(x) be the eigenvalues of iO(F), with respect to w, for all x € X, 
formula VI-8.3 implies 


(Aqu,u) > (Ar +--+ Ag)lul?, 


1 
6.4 Azg, av < | SV 
(6.4) [sanav< f —— - la 
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A typical situation where these estimates can be applied is the case when E is the trivial 
line bundle X x C with metric given by a weight e~”. One can assume for example that 
y is plurisubharmonic and that id’d’y has at least n —q+1 positive eigenvalues at every 
point, i.e. AZ > 0 on X. This situation leads to very important L* estimates, which are 
precisely those given by [Hérmander 1965, 1966]. We state here a slightly more general 
result. 


(6.5) Theorem. Let (X,w) be a weakly pseudoconvex Kahler manifold, E a hermitian 
line bundle on X, p € 6° (X,R) a weight function such that the eigenvalues \1 <...< 
An of iO(E) + id'd’y are > 0. Then for every form g of type (n,q), q > 1, with L?., 
(resp. €%) coefficients such that Dg = 0 and 


1 set 
————— dV < +00, 
E Ait + Ag gle 


we can find a L?,. (resp. €°) form f of type (n,q—1) such that D" f = g and 


loc 
1 
teva < [ = _ = |9/? e * dV. 
fu peel 


Proof. Apply the general estimates to the bundle E,, deduced from E' by multiplication 
of the metric by e~* ; we have iO(E,) = iO(£) + id’d'p. It is not necessary here to 
assume in addition that g € L? ,(X, E,). In fact, g is in Lz, and we can exhaust X by 
the relatively compact weakly pseudoconvex domains 


Xe={reX > la) < ch 


where w € @°(X,R) is a plurisubharmonic exhaustion function (note that — log(c — w) 
is also such a function on X,). We get therefore solutions f. on X. with uniform L? 
bounds; any weak limit f gives the desired solution. 


If estimates for (p,q)-forms instead of (n,q)-forms are needed, one can invoke the 
isomorphism APTS ~ A”-PTy © A"T (obtained through contraction of n-forms by 
(n — p)-vectors) to get 


APIT? BEXA™TL@F, F=E@A™?Tx. 


Let us look more carefully to the case p = 0. The (1, 1)-curvature form of A"Tx with 
respect to a hermitian metric w on Ty is called the Ricci curvature of w. We denote: 


(6.6) Definition. Ricci(w) = iO(A"Tx) =i Tr O(Tx). 

For any local coordinate system (z1,..., Zn), the holomorphic n-form dz, A... A dzn 
is a section of A"T$, hence Formula V-13.3 implies 
(6.7) Ricci(w) = id’d” log |dz1 A... A dzn|?, = —id'd” log det (wx). 


The estimates of Th. 6.5 can therefore be applied to any (0, q)-form g, but \1 <... < An 
must be replaced by the eigenvalues of the (1, 1)-form 


(6.8) iO(E) + Ricci(w) + id'd’p (supposed +> 0). 
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We consider now domains (2 Cc C” equipped with the euclidean metric of C”, and the 
trivial bundle E = x C. The following result is especially convenient because it requires 
only weak plurisubharmonicity and avoids to compute the curvature eigenvalues. 


(6.9) Theorem. Let Q Cc C” be a weakly pseudoconver open subset and py an upper 
semi-continuous plurisubharmonic function on Q. For every € € |0,1] and every g € 
L? ,(Q, loc) such that dg =0 and 


i (1 -- Iz|?)|gl? e av < +00, 
Q 


we can find a L?,. form f of type (p,q—1) such that d" f = g and 


loc 
a 4 
' (1+ |z?) “|fPevav < =| (1+ |2|*)|g/?e~? dV < +00. 
Q mye) 
Moreover f can be chosen smooth if g and ~ are smooth. 


Proof. Since APTQ is a trivial bundle with trivial metric, the proof is immediately 
reduced to the case p = 0 (or equivalently p =n). Let us first suppose that y is smooth. 
We replace y by ® = » +7 where 


T(z) = log (1 +(1+ ewer 


(6.10) Lemma. The smallest eigenvalue \1(z) of id'd’r(z) satisfies 


62 
“@) 2 Sa G++) 


In fact a brute force computation of the complex hessian Hr,(€) and the Cauchy- 
Schwarz inequality yield 


Hr,(€) = 
_ e(dtle)2)e El? | ee — DOH 22)° 26 2)? e2C+H217)° 2K AP 
1 +.(1+|2/7)° LG lale)e (1+ (1+|z|2)2)" 
(Q+|z2)@2 — d-e)(tt |2P)e Ale? (at [el?)* 72?) 
be (STE EE 4+ (1 +) Jie 
_,__itele? + (1+ |al?)* 2> eel? 
(1 + [2[2)2-©(1 + (1 + [a[)*)” (1+ [z[2)!-© (1 + (1 + [z[2)*)” 
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> ——————————— 
2(1 + |z|?)(1 + (1 + |z|?)*) 


lel’. 


The Lemma implies e~7/A; < 2(1 + |z|?)/e?, thus Cor. 6.5 provides an f such that 
pe 2 
[ Grater tureta <3 f (1+ leP\laterav < to, 
Q Q 


and the required estimate follows. If y is not smooth, apply the result to a sequence 
of regularized weights p- * y > y on an increasing sequence of domains 2, CC 2, and 
extract a weakly convergent subsequence of solutions. 
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§ 7. Extension of Holomorphic Functions from Subvarieties 


The existence theorems for solutions of the d” operator easily lead to an extension 
theorem for sections of a holomorphic line bundle defined in a neighborhood of an analytic 
subset. The following result |[Demailly 1982] is an improvement and a generalization of 
Jennane’s extension theorem |Jennane 1976]. 


(7.1) Theorem. Let (X,w) be a weakly pseudoconver Kahler manifold, L a hermitian 
line bundle and E a hermitian vector bundle over X. Let Y be an analytic subset of X 
such that Y = a0~1(0) for some section o of E, and p the maximal codimension of the 
irreducible components of Y. Let f be a holomorphic section of Kx ® L defined in the 
open set U > Y of points x € X such that |o(x)| <1. If fi, |f|?dV < +00 and if the 
curvature form of L satisfies 


i@(L) > (45+— 


set Tap) io).0} 


for some € > 0, there is a section F € HOoUX, Kx ®L) such that Fry = fry and 
Fi? 1)? 
| _ ll owe (+222) | |f|? dV. 
ge (blo? )P re é a 


The proof will involve a weight with logarithmic singularities along Y. We must 
therefore apply the existence theorem over X \ Y. This requires to know whether X \ Y 
has a complete Kahler metric. 


(7.2) Lemma. Let (X,w) be a Kahler manifold, and Y = 0~1(0) an analytic subset 
defined by a section of a hermitian vector bundle E — X. If X is weakly pseudoconvex 
and exhausted by X.= {x EX ; w(x) <c}, then X.\Y has a complete Kahler metric 
for allc € R. The same conclusion holds for X \Y if (X,w) is complete and if for some 
constant C > 0 we have Og <crip Cw@(, )e on X. 


Proof. Set tT = log|o|?. Then d’t = {D’a,0}/|o|? and D"D'o = D?c = O(E)o, thus 
{D'o,D'o}  {D'o,o}A{o,D'o} {iO(E)o,c} 
=a —— 
lo? lo|* lo? 
For every € € Tx, we find therefore 
_ |a|?|D'o-€? —|D'o-E,0)/? — On(ES0,€ @a) 
|o|* lol? 


Onr(E@a,€ oa) 
|o|? 


Hr(§) 


> 


by the Cauchy-Schwarz inequality. If C' is a bound for the coefficients of Og on the 
compact subset X,., we get id’d”r > —Cw on X,. Let x € @*(R,R) be a convex 
increasing function. We set 


G=wtid'd"(xoT). 
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Formula 5.3 shows that @ is positive definite if y’ < 1/2C and that @ is complete near 
Y =7~1(—oo) as soon as 


[ Vx" (t) dt = +00. 


One can choose for example y such that x(t) = <4(t — log|t|) for t < —1. In order to 
obtain a complete Kahler metric on X, \ Y, we need also that the metric be complete 
near OX,. Such a metric is given by 


aa ee _ ~ idd’py idwad"y 
w = 0+ id’d” log(c— Too+ a 
g(c— ) =) Cy: 


> id’ log(e — w)~' Ad” log(c — 4)" ; 


@ is complete on X, \ 2 because log(e — w)~! tends to +oo on OX¢. 


Proof of Theorem 7.1.. When we replace o by (1+ 7)o for some small 7 > 0 and let 7 
tend to 0, we see that we can assume f defined in a neighborhood of U. Let h be the 
continuous section of L such that h = (1 — |o|?t')f on U = {\o| < 1} and h = 0 on 
XU. We have hry = fry and 


ree o/?-'{o,D'o} f on U, d“h=0 on X\NU. 


We consider g = d’h as a (n,1)-form with values in the hermitian line bundle Ly, = L, 
endowed with the weight e~* given by 


y = plog|o|? + €log(1 + |o|”). 


Notice that y is singular along Y. The Cauchy-Schwarz inequality implies i{D’o,a} A 
{o, D'o} <i{D’o, D’o} as in Lemma 7.2, and we find 


1 2); D' D' 2 D' D' 
“ad log(1 + jo?) = Lt eP)HD'e. D’o} ~ i{D'o,0} A{o,D'o} 


(Lt lel?)? 
_ {i0(E)o, o} a i{D'o, D'o} — {iO(E)o, o} 
Lele (Lae ai?) Velie - 


The inequality id'd” log |o|? > —{iO(E)c,o}/|c|? obtained in Lemma 7.2 and the above 
one imply 


iO(L,) =iO(L) + pid'd” log |o|? + ¢id’d” log(1 + |o|?) 


> i@(L) — (=: - Tre) ie @a.0} as ene 


Jol? (1+ |ol?)? 


thanks to the hypothesis on the curvature of L and the Cauchy-Schwarz inequality. 
Set € = (p+ 1)/2|o|/?-'{D'o, o} = 3°; dz; in an w-orthonormal basis 0/0z,;, and let 
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f= >> €;0/0%; be the dual (0, 1)-vector field. For every (n,1)-form v with values in Ly, 
we find 


(ah, v)| = EA f,v)| = [CAE 4 v)| < [FLIES al, 
& 4 v=) -ig; dey A Av = -i€ A Av, 


(ah, v)[? < [FP EA vl? = [fF P(Hi€ A Av, € 4 v) 

= |f)?(-i€ AE A Av, v) = |f P(E AE, Alu, v) 
< PEM oi2(1 + Jol)? [£12 (HOCL,), Alo, ). 
Thus, in the notations of Th. 6.1, the form g = d"h satisfies 


(Aztg,g) < PED opm + oft)? [s2 < LEY peer, 


Ae 


where the last equality results from the fact that (1+ |o|?)? < 4 on the support of g. 
Lemma 7.2 shows that the existence theorem 6.1 can be applied on each set X,Y. 
Letting c tend to infinity, we infer the existence of a (n,0)-form u with values in L such 
that du =g on X \Y and 


ul? (p +1)? [ir 
dV < ——— dv. 
Pcs le PP( + [oD ae 


This estimate implies in particular that u is locally L? near Y. As g is continuous over X, 
Lemma 7.3 below shows that the equality du = g = dh extends to X, thus F =h—u 
is holomorphic everywhere. Hence u = h — F is continuous on X. As |o(x)| < Cd(z,Y) 
in a neighborhood of every point of Y, we see that |o|~?? is non integrable at every point 
Xo © Yreg, because codimY < p. It follows that u = 0 on Y, so 


The final L?-estimate of Th. 7.1 follows from the inequality 
JF |? = |h—ul? < (1+ |o|-**) Jul? + (1+ Jol??) [FI 


which implies 


(7.3) Lemma. Let 2 be an open subset of C” and Y an analytic subset of Q. Assume 
that v is a(p,q—1)-form with L?,, coefficients and w a (p,q)-form with Li... coefficients 
such that dv = w on QNY (in the sense of distribution theory). Then dv =w on Q. 


Proof. An induction on the dimension of Y shows that it is sufficient to prove the result 
in a neighborhood of a regular point a € Y. By using a local analytic isomorphism, the 
proof is reduced to the case where Y is contained in the hyperplane z, = 0, with a = 0. 
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Let \ € €%(R, R) be a function such that \(t) = 0 for t < $ and A(t) = 1 fort > 1. We 
must show that 


(7.4) [w Aa= yet f vAd'a 


Q 


for all a € n—pn—q(Q). Set Ax(z) = A(|z1|/e) and replace a in the integral by A-a. 
Then A. € Dn—pn—q(Q \ Y) and the hypotheses imply 


| wArAa= (urs | v Ad" (Aca) = (cure | uA (d"v\e Nat Acd"a). 
Q Q Q 


As w and v have Li... coefficients on Q, the integrals of w A A-@ and v A A-d’a converge 


respectively to the integrals of w A a and v A da as € tends to 0. The remaining term 
can be estimated by means of the Cauchy-Schwarz inequality: 


2 
Lf enatrna a lv A al? dv. i, Id". [2 dV: 
Q |z1|<e Supp a 


as uv € L2, (Q), the integral Hiei |v A a|? dV converges to 0 with ¢, whereas 


C 
: \d’r-|? dV < =z Vol( Supp aN {ja| <e}) <C. 
Supp @ 


Equality (7.4) follows when ¢ tends to 0. 


(7.5) Corollary. Let 2 Cc C” be a weakly pseudoconver domain and let vy, w be 
plurisubharmonic functions on Q, where w is supposed to be finite and continuous. Let 
o =(01,...,0,) be a family of holomorphic functions on Q, let Y =o~1(0), p= mazi- 
mal codimension of Y and set 


a) U = {z €Q; |o(z)/? <e-¥}, resp. 
b)-U j{vens le@)? <M. 


For every ¢ > 0 and every holomorphic function f on U, there exists a holomorphic 
function F on QS such that Fyy = fry and 


eee ee (p +1)? / Bo Sap 
eee Et (Loe prey ; 
a) | Soo" dV ( + : ) yl e dV, resp 
lee” (p +1)? / ee 
b ———_.—— dV < (1+ ——— e—(Pt+e)Y Gy. 
Lwaer erage eu 


Proof. After taking convolutions with smooth kernels on pseudoconvex subdomains 2. C 
CQ, we may assume y, ~ smooth. In either case a) or b), apply Th. 7.1 to 


a) E =QxC? with the weight e”?, L = 2 x C with the weight e~*t?”, and U = 
{|o|?e” < 1}. Then 


iQ(E) = —id'd’') @Idp <0, i0(L) =id'd’y — pid'd’ > piO(E). 
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b) E =x C" with the weight e~’, L = Q x C with the weight e~?-+©)”, and 
U ={|o/?e-¥ < 1}. Then 


iO(F) =id'd"y @Idg >0, iO(L) =id'd"p +(pte)id’d"y > (p+) iO(E). 


The condition on O(L) is satisfied in both cases and Kg is trivial. 


(7.6) Hérmander-Bombieri-Skoda theorem. Let QC C” be a weakly pseudoconver 
domain and yp a plurisubharmonic function on Q. For every e > 0 and every point z € Q 
such that e~* is integrable in a neighborhood of z, there exists a holomorphic function 
F on Q such that F(z) =1 and 


Felipe! 


: (+e ra dV < +00. 


[Bombieri 1970] originally stated the theorem with the exponent 3n instead of n+; 
the improved exponent n+ € is due to [Skoda 1975]. The example Q = C”, y(z) =0 
shows that one cannot replace ¢ by 0. 


Proof. Apply Cor. 7.5 b) to f = 1, o(z) = z-2, p = nand wv = logr? where U = B(zo,r) 
is a ball such that [,,e~? dV < +00. 


(7.7) Corollary. Let y be a plurisubharmonic function on a complex manifold X. Let 
A be the set of points z © X such that e~? is not locally integrable in a neighborhood of 
z. Then A is an analytic subset of X. 


Proof. Let Q C X be an open coordinate patch isomorphic to a ball of C”, with coordi- 
nates (21,...,2n). Define E C H°(Q, @) to be the Hilbert space of holomorphic functions 
f on Q such that 


| |f(z)|?e"? dV (z) < +00. 
Q 
Then ANQ = (ren f ~1(0). In fact, every f in E must obviously vanish on A; conversely, 


if z9 € A, Th. 7.6 shows that there exists f € F such that f(zo) 4 0. By Th. II-5.5, we 
conclude that A is analytic. 


§ 8. Applications to Hypersurface Singularities 


We first give some basic definitions and results concerning multiplicities of divisors 
on a complex manifold. 


(8.1) Proposition. Let X be a complex manifold and A = 5>A;[Z;] a divisor on X 
with real coefficients \; > 0. Letx € X and f; =0,1 <3 < N, irreducible equations of 
Z; on a neighborhood U of x. 


a) The multiplicity of A at x is defined by 


psa) = >: AG Orda fy: 
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b) A is said to have normal crossings at a point x € Supp A if all hypersurfaces Z; 
containing x are smooth at x and intersect transversally, t.e. if the linear forms df; 
defining the corresponding tangent spaces T, Z; are linearly independent at x. The set 
nnc(A) of non normal crossing points is an analytic subset of X. 


c) The non-integrability locus nil(A) is defined as the set of points x € X such that 
LL |f;|-2 is non integrable near x. Then nil(A) is an analytic subset of X and there 
are inclusions 


{x@ EX; p(A,z) =n} Cnil(A) Cc {a € X; w(A,x) > 1}. 
Moreover nil(A) C nnc(A) if all coefficients of A satisfy r; <1. 


Proof. b) The set nnc(A) MU is the union of the analytic sets 
fj, =--- = fi, = 9, dfj,\...Ndfj, =9, 
for each subset {j1,..., jp} of the index set {1,...,.N}. Thus nnc(A) is analytic. 


c) The analyticity of nil(A) follows from Cor. 7.7 applied to the plurisubharmonic function 

= )° 2X, log|f;|. Assume first that A; <1 and that A has normal crossings at x. Let 
fj, (a) =... = f;,(@) = 0 and f(x) 0 for 7 A 7. Then, we can choose local coordinates 
(w1,..-,Wn) on U such that w; = f;,(z), ..., ws = f;,(z), and we have 


CdX(w) 
fom Tit noe 7 <f, fw... Jews. ~ is 


It follows that nil(A) C nnc(A). Let us prove now the statement relating nil(A) with 
multiplicity sets. Near any point x, we have |f;(z)| < Cj|z — 2|'" with m; = ordz fy, 


thus 
[lle 2eaar ee. 


It follows that x € nil(A) as soon as p(A,x) > n. On the other hand, we are going to 
prove that u(A,x) < 1 implies x ¢ nil(A), ie. []|f;|~?*” integrable near 2. We may 
assume A; rational; otherwise replace each A; by a slightly larger rational number in such 
a way that u(A, x) < 1 is still true. Set f = [J i where k is a common denominator. 
The result is then a consequence of the following lemma. 


(8.2) Lemma. If f € Gx, is not identically 0, there exists a neighborhood U of x such 
that Jr |f|-24 dV converges for all \ <1/m, m= ordzf. 


Proof. One can assume that f is a Weierstrass polynomial 


f(z) = 2 +ai(z)er tt + t+am(z’),  a;(2’)€ Gn-1, a; (0) =O, 
with respect to some coordinates (z1,..., Zn) centered at x. Let v;(z’), 1 < 7 < m, denote 
the roots zp, of f(z) = 0. On a small neighborhood U of x we have |v;(z’)| < 1. The 


inequality between arithmetic and geometric mean implies 


fer aadin= fT bn 5s2) dent, 
{l2n|<1} . 


{l2n|<1} 1<j<m 


1 
< an ea — U5 (Zane diy dYyn 


{lenISl} 1<j<m 


e i, dindyn 
= 2mXr? 
{|zn|<2} |Z 
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so the Lemma follows from the Fubini theorem. 


Another interesting application concerns the study of multiplicities of singular points 
for algebraic hypersurfaces in P”. Following [Waldschmidt 1975], we introduce the fol- 
lowing definition. 


(8.3) Definition. Let S be a finite subset of P”. For any integer t > 1, we define w;,(S) 


as the minimum of the degrees of non zero homogeneous polynomials P € C{zo,..., Zn] 
which vanish at order t at every point of S, i.e. D°P(w) =0 for every w € S and every 
multi-index a = (ao,...,Qn) of length |a| < t. 


It is clear that t > u,(S) is a non-decreasing and subadditive function, i.e. for all 
integers t,,t2 > 1 we have w;,44,(S) < wz, (S) + w4,(5). One defines 


(8.4) Gey Sine 


tol ot 


For all integers t,t’ > 1, the monotonicity and subadditivity of w,(S) show that 


we SUPT ei(S);. hence asy< 2S) e (5 - =) aus: 


We find therefore 


(8.5) asa) tm: SO), 


t—+00 t 


Our goal is to find a lower bound of (2(S) in terms of u,(S). For n = 1, it is obvious that 
Q(S') = u,(S)/t = card $ for all t. From now on, we assume that n > 2. 


(8.6) Theorem. Let t,,t2 > 1 be integers, let P be a homogeneous polynomial of 
degree w,(S) vanishing at order > tz at every point of S. If P = PH : LP is the 
decomposition of P in irreducible factors and Z; = PO); we set 


ne are A = Si(kja— [kjal) [Zj], «= dim (nil(A)). 


Then we have the inequality 


w,(S)+n-—a-—1 | uy,(S) 
a ie oa to 


Let us first make a few comments before giving the proof. If we let t2 tend to infinity 
and observe that nil(A) C nnc(A) by Prop. 8.1 c), we get a < 2 and 


Ww, (S) ail < Q(S) z wa (5) 


8.7 S 
( ) titn-1 to 


Such a result was first obtained by [Waldschmidt 1975, 1979] with the lower bound 
w+, (S)/(ti +n —1), as a consequence of the Hérmander-Bombieri-Skoda theorem. The 
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above improved inequalities were then found by (Esnault-Viehweg 1983), who used rather 
deep tools of algebraic geometry. Our proof will consist in a refinement of the Bombieri- 
Waldschmidt method due to [Azhari 1990]. It has been conjectured by [Chudnovsky 1979] 
that Q(S) > (wi($) +n —-—1)/n. Chudnovsky’s conjecture is true for n = 2 (as shown 
by (8.7)); this case was first verified independently by [Chudnovsky 1979] and [De- 
mailly 1982]. The conjecture can also be verified in case S is a complete polytope, 
and the lower bound of the conjecture is then optimal (see [Demailly 1982a] and ??.?.?). 
More generally, it is natural to ask whether the inequality 


we, (S) eee 2 Q(S) < we, (5) 


(8.8) S 
titn-1 to 


always holds; this is the case if there are infinitely many tz for which P can be chosen in 
such a way that nil(A) has dimension a = 0. 


(8.9) Bertini’s lemma. Jf E C P” is an analytic subset of dimension a, there exists a 
dense subset in the grassmannian of k-codimensional linear subspaces Y of P” such that 
dim(ENY) <a—k (when k >a this means that ENY =(). 


Proof. By induction on n, it suffices to show that dim(£ MH) < a— 1 for a generic 
hyperplane H Cc P”. Let E; be the (finite) family of irreducible components of EL, and 
w, € E; an arbitrary point. Then EN H = UD E,94 and we have dim E;NH < dim E; < 
a as soon as H avoids all points w;. 


Proof of Theorem 8.6.. By Bertini’s lemma, there exists a linear subspace Y C P” of 
codimension a+1 such that nil(A) NY = @. We consider P as a section of the line bundle 
©(D) over P”, where D = deg P (cf. Th. V-15.5). There are sections 01,...,0a41 of 
6(1) such that Y = o~1(0). We shall apply Th. 7.1 to E = G(1) with its standard 
hermitian metric, and to L = @(k) equipped with the additional weight y = alog|P|?. 
We may assume that the open set U = {|o| < 1} is such that nil(A) NU = 0, otherwise it 


suffices to multiply o by a large constant. This implies that the polynomial Q = |] pe a 


satisfies 
i IQ\? e~* dV = [ [Pil 782 2? av < too. 
U U 


Set w = ic(@(1)). We have id’d” log |P|? > —ic(@(D)) = —Dw by the Lelong-Poincaré 
equation, thus iO(L,) > (k-—aD)w. The desired curvature inequality iO(L,) > (a+1+ 
€)iO(E) is satisfied if k -aD > (a+1+¢). We thus take 


k= |aD|+a+2. 


The section f € H°(U, Kpn @ L) = H® (U, O(k -—n—- 1)) is taken to be a multiple of Q 
by some polynomial. This is possible provided that 


k-n-l>degeQ <= aD+a+2-—n-12) [kya] deg P;, 
or equivalently, as D = }°k,; deg P;, 


(8.10) So (kja — [kja]) deg Pj >n-a—1. 
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Then we get f € H°(U, Kpn @ L) such that fi, |f|?e~? dV < +00. Theorem 7.1 implies 
the existence of F € H°(P”, Kpn ® L), i.e. of a polynomial F' of degree k — n — 1, such 


that ‘ 
F 
nm pr 


observe that |o| is bounded, for we are on a compact manifold. Near any w € S, we 
have |P(z)| < Clz—w]", thus |P(z)|?% < Clz — w/?“+"-)), This implies that the above 
integral can converge only if F’ vanishes at order > t; at each point w € S. Therefore 


wz,(S) <deg F=kK—-—n-—1=[aD]|+a4+1-n< av, (S)+a4+1-—-n, 


which is the desired inequality. 


However, the above proof only works under the additional assumption (8.10). Assume 
on the contrary that 


C= Si (kja — [k;a]) deg P; <n-—a-—1. 
Then the polynomial @ has degree 
S[k] deg P; =a deg P—B=aD-§8, 
and @ vanishes at every point w € S' with order 
S [kal ordy ls =a se k; 0tdyP;.= So (kja =k) ordyP; 
a ord, P — 8 Sate -B=t,-(B—-—n+t+}1). 


This implies ord,,Q > t; —[G—n+1]. As [G—n+1] <n-—a-—1—n+1=-a<0, we 
can take a derivative of order —[3 — n+ 1] of Q to get a polynomial F' with 


deg F=aD-—64+(|[6-—n+4+1]) <aD-n+1, 
which vanishes at order t; on S. In this case, we obtain therefore 


Grn 


2 


w(S) <aD-n4+1= w(S)-—n+1 


and the proof of Th. 8.6 is complete. 


§9. Skoda’s L? Estimates for Surjective Bundle Morphisms 


Let (X,w) be a Kahler manifold, dimX = n, and g : E —> Q a holomorphic 
morphism of hermitian vector bundles over X. Assume in the first instance that g 
is surjective. We are interested in conditions insuring for example that the induced 
morphism g : H*(X,Kx ® E) —> H*(X, Kx ®Q) is also surjective. For that purpose, 
it is natural to consider the subbundle S = Kerg C E and the exact sequence 


(9.1) C39 3 FO 20, 
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Assume for the moment that S and Q are endowed with the metrics induced by that of 
E. Let L be a line bundle over X. We consider the tensor product of sequence (9.1) by 
The 


(9.2) 0—-S@L—E@L +QeL—0. 


(9.3) Theorem. Let k be an integer such thatO <k <n. Setr = rk E, q = rkQ, 
s=rkS=r-q and 


m = min{n —k,s} = min{n —k,r—q}. 


Assume that (X,w) possesses also a complete Kahler metric @, that E >, 0, and that 
L — X is a hermitian line bundle such that 


i0(L) — (m+ e)iO(det Q) > 0 


for some ce > 0. Then for every D’-closed form f of type (n,k) with values in Q ® L 
such that || f|| < +00, there exists a D"’-closed form h of type (n,k) with values in E® L 
such that f =g-h and 

|All? < (1+ m/e) IF. 


The idea of the proof is essentially due to [Skoda 1978], who actually proved the 
special case k = 0. The general case appeared in [Demailly 1982c]. 


Proof. Let 7 : S — E be the inclusion morphism, g* : Q — FE and j* : E — S the 
adjoints of g,7, and 


De= (“8 BP), ge €z(Xhom(s,Q)), H* € R(X, hom(a,5)), 


the matrix of Dg with respect to the orthogonal splitting EF ~ S @ Q (cf. §V-14). Then 
g*f is a lifting of f in E @ L. We shall try to find h under the form 


h=g*f+ju, we L?,(X,S@L). 


As the images of S and Q in E are orthogonal, we have |h|? = | f|? + |u|? at every point 
s X. On the other hand Dg.,f = 0 by hypothesis and D'g* = —j 0 8* by V-14.3 d), 
ence 


Drath = —j(8* A f) +5 Der =I(Dser — B* Af): 
We are thus led to solve the equation 


(9.4) Sapu = BX Af, 


and for that, we apply Th. 4.5 to the (n,k + 1)-form 6* A f. One observes now that the 
curvature of S ® L can be expressed in terms of 3. This remark will be used to prove: 


(9.5) Lemma. (A; '(G* A f), (3* A f)) < (m/e) |fP: 
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If the Lemma is taken for granted, Th. 4.5 yields a solution u of (9.4) in L?, ,(X, S@L) 
such that ||u|/? < (m/e) || f||?. As |[Al]? = || f||? + ||ul|?, the proof of Th. 9.3 i is scones. 


Proof of Lemma 9.5.. Exactly as in the proof of Th. VII-10.3, formulas (V-14.6) and 
(V-14.7) yield 


i0(S) >mi8*AB, iO(det Q) > Tra(i3 A B*) = Trs(—i8* A 8). 
Since €{°, (X, Herm S) 5 © := —i6* A 8 Sarit 0, Prop. VII-10.1 implies 
m Trs(—i6* A B) @ Idg +i6* A B Sm 0 
From the hypothesis on the curvature of L we get 


i0(S @ L) >m iOS) @ Id; +(m + €)iO(det Q) @ Idser 


2 
Sm (i8* A B+(m+e) Trs(-i8* A B) @ Idg ) @ Idz 
2m (eE/m) (—i6* A B) @Idg @Idz. 


For any v € A™*+!1T* @ S @ L, Lemma VII-7.2 implies 
(9.6) (Az,s@xv,v) 2 (e/m) (-i8* ABA Av,v), 


because rk(S @ L) = s and m = min{n —k,s}. Let (dz1,...,dz,) be an orthonormal 
basis of TY at a given point x9 € X and set 


S° dz; @B;, Bj € hom(S,Q). 


l<j<n 


The adjoint of the operator (6* \e => dz; A (5 e is the contraction 6 1 e defined by 


a 
Cita. ay J (Bjv) = S¢ -ide; A A(Bjv) = 18 A Av. 


We get consequently (—i9* A GA Av,v) =| 4 v|? and (9.6) implies 


("A fev)? =|(F,6 4 ew)? <[f1? 16 4 vl? < (m/e) Arsen, ») [fl 


If X has a plurisubharmonic exhaustion function w, we can select a convex increasing 
function y € é°°(R, R) and multiply the metric of L by the weight exp(—x ow) in order 
to make the L? norm of f converge. Theorem 9.3 implies therefore: 


(9.7) Corollary. Let (X,w) be a weakly pseudoconvex Kahler manifold, let g: E — Q 
be a surjective bundle morphism with r =rk E, q=rk Q, letm = min{n — k,r — q} and 
let L + X be a hermitian line bundle. Suppose that E >, 0 and 


i0(L) — (m+ €)i@(det Q) > 0 


89. Skoda’s L? Estimates for Surjective Bundle Morphisms 391 


for somee>0O0. Then g induces a surjective map 


H*(X,Kx @E@L) — H*(X,Kx @Q@L). 


The most remarkable feature of this result is that it does not require any strict 
positivity assumption on the curvature (for instance E can be a flat bundle). A careful 
examination of the proof shows that it amounts to verify that the image of the coboundary 
morphism 


—B* Ne: H*(X,Kx ®Q@L)— H*"1(X, Kx ®S@L) 
vanishes; however the cohomology group H**!(X, Kx ® S ® L) itself does not vanish in 
general as it would do under a strict positivity assumption (cf. Th. VII-9.4). 


We want now to get also estimates when Q is endowed with a metric given a priori, 
that can be distinct from the quotient metric of EF by g. Then the map 
g*(gg*) | : Q— E is the lifting of Q orthogonal to S$ = Kerg. The quotient metric 
|e |’ on Q is therefore defined in terms of the original metric | e | by 

lel’? = |g*(g9*)*v|? = ((gg*)*0, v) = det(gg*)* (gg*v, v) 
where gg* € End(Q) denotes the endomorphism of Q whose matrix is the transposed of 
the comatrix of gg*. For every w € det Q, we find 
Jw? = det(gg*)~* wl’. 
If Q’ denotes the bundle Q with the quotient metric, we get 
iO(det Q’) = iO(det Q) + id'd” log det(gg*). 


In order that the hypotheses of Th. 9.3 be satisfied, we are led to define a new metric 
| ¢ |’ on L by |u|’? = |u|? (det(gg*)) " *. Then 


iO@(L') = iO(L) + (m +6) id’d” log det(gg*) > (m + €) iO(det Q’). 
Theorem 9.3 applied to (EF, Q’, L') can now be reformulated: 


(9.8) Theorem. Let X be a complete Kahler manifold equipped with a Kahler metric w 
on X, let E — Q be a surjective morphism of hermitian vector bundles and let L — X 
be a hermitian line bundle. Set r = rk E, q =rk Q and m = min{n — k,r — q} and 
suppose FE’ >», 0, 

i0(L) —(m +e)iO(det Q) > 0 


for some e > 0. Then for every D"-closed form f of type (n,k) with values in Q ® L 
such that 


I = (g9*f, f) (det gg*)~"*~* dV < +00, 
xX 


there exists a D"-closed form h of type (n,k) with values in E ® L such that f =g-h 
and 


| |h|? (det gg*)"™-£ dV < (14+ m/e) I. 
x 
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Our next goal is to extend Th. 9.8 in the case when g : E —> Q is only generically 
surjective; this means that the analytic set 


Y={xEX; gx : Ex —> Qz is not surjective } 


defined by the equation A%g = 0 is nowhere dense in X. Here A%q is a section of the 
bundle hom(A?E, det Q). 


(9.9) Theorem. The existence statement and the estimates of Th. 9.8 remain true for 
a generically surjective morphism g: E — Q provided that X is weakly pseudoconvex. 


Proof. Apply Th. 9.8 to each relatively compact domain X, \ Y (these domains are 
complete Kahler by Lemma 7.2). From a sequence of solutions on X.\ Y we can extract 
a subsequence converging weakly on X \Y asc tends to +00. One gets a form h satisfying 
the estimates, such that D”h = 0 on X \ Y and f =g-h. In order to see that D”h = 0 
on X, it suffices to apply Lemma 7.3 and to observe that h has L?,, coefficients on X by 
our estimates. 


A very special but interesting case is obtained for the trivial bundles FE = Q x C’, 
Q = 2 x C over a pseudoconvex open set 92 Cc C”. Then the morphism g is given by a 
r-tuple (gi,-.-,g9,r) of holomorphic functions on 2. Let us take k = 0 and L=QxC 
with the metric given by a weight e ”. If we observe that gg* = Id when rk Q = 1, 
Th. 9.8 applied on X =  g~1(0) and Lemmas 7.2, 7.3 give: 


(9.10) Theorem ([Skoda 1978]). Let Q be a complete Kahler open subset of C” and ~ 
a plurisubharmonic function on Q. Set m= min{n,r—1}. Then for every holomorphic 
function f on Q such that 


T= | |f|? [glare ee dV < +o, 
QZ 


where Z = g~*(0), there exist holomorphic functions (h1,...,h,) on Q such that f = 
Yo gjh; and 


| inl? [g| 20" + e-¥ AV < (1+ m/e)I. 
QVY 


This last theorem can be used in order to obtain a quick solution of the Levi problem 
mentioned in §I-4. It can be used also to prove a result of |Diederich-Pflug 1981], relating 
the pseudoconvexity property and the existence of complete Kahler metrics for domains 
of-C™: 

(9.11) Theorem. Let Q C C” be an open subset. Then: 


a) Q is a domain of holomorphy if and only if Q is pseudoconver ; 


b) If (Q)° =Q and if Q has a complete Kahler metric G, then Q is pseudoconvec. 


Note that statement b) can be false if the assumption ((Q)° = Q is omitted: in fact 
C” \ {0} is complete Kahler by Lemma 7.2, but it is not pseudoconvex if n > 2. 
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Proof. b) By Th. 1-4.12, it is enough to verify that 2 is a domain of holomorphy, i.e. 
that for every connected open subset U such that UM 0Q 4 @ and every connected 
component W of UM there exists a holomorphic function h on 9 such that hjyw cannot 


be continued to U. Since (Q)° = Q, the set U \ 2 is not empty. We select ae U\ 2. 
Then the integral 


| |z — a et) dV (z) 
Q 


converges. By Th. 9.10 applied to f(z) = 1, g;(z) = z; — a; and y = 0, there exist 
holomorphic functions h; on 2 such that $>(z; — a;) hj(z) = 1. This shows that at least 
one of the functions h; cannot be analytically continued at a € U. 


a) Assume that 2 is pseudoconvex. Given any open connected set U such that UNdQ # 9, 
choose a € UN OQ. By Th. 1-4.14 c) the function 


(2) = (n + €)(log(1 + |z|”) — 2 log d(z, CQ) 


is plurisubharmonic on (22. Then the integral 


[ Jz — a|-2*9) e~#) dV (z) < | (1 + |z|?)""-* dV(z) 
Q Q 


converges, and we conclude as for b). 


§10. Application of Skoda’s L? Estimates to Local Algebra 


We apply here Th. 9.10 to the study of ideals in the ring ©, = C{z,..., Zn} of germs 
of holomorphic functions on (C”,0). Let -F = (g1,..., 97) # (0) be an ideal of G,,. 


(10.1) Definition. Let k © R,. We associate to -¥ the following ideals: 


5 eet 
a) the ideal a, of germs u € G,, such that |u| < Clg|* for some constant C > 0, where 
lal? = |gil? +--- + lar’. 


b) the ideal Gk) of germs wu € Gy, such that 
| jul? [gl 2449) dV < +00 
Q 
on a small ball Q centered at 0, if ¢ > 0 is small enough. 
(10.2) Proposition. For all k,l © Ry we have 
a) oF c Fe): 
b) FoF” ifken: 


Qe Pe So 


~ 
Ym 


a) HF GO c Gero, 
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All properties are immediate from the definitions except a) which is a consequence of 
Lemma 8.2. Before stating the main result, we need a simple lemma. 


(10.3) Lemma. If. = (g1,...,9,) andr > n, we can find elements g1,..-,;9n € F such 
that C~*|g| < |g| < Clg| on a neighborhood of 0. Each g; can be taken to be a linear 
combination 
9) =45-9= D> aynge, a7 €C” \ {0} 
1<k<r 


where the coefficients (|a1],...,[@n]) are chosen in the complement of a proper analytic 
subset of (P’~1)”. 


It_follows from the Lemma that the ideal ¥ = (91,..-,Gn) C -F satisfies Ff!) = Fh) 
and §*) = §*) for all k. 


Proof. Assume that g € ©(Q)". Consider the analytic subsets in Q x (P"~1)” defined by 


A= {(z,[wi],---, [wn]) ; wy. 9(z) = OF, 
A* = U irreducible components of A not contained in g~'(0) x (P’~1)”. 
For z ¢ g~1(0) the fiber A, = {([wi],..-,[wn]); wj-g(z) = O} = A% is a product of 


n hyperplanes in P’~1, hence AM (Q g~1(0)) x (P"~1)” is a fiber bundle with base 
Q\ g71(0) and fiber (P’~?)”". As A® is the closure of this set in 2 x (P7~1)”, we have 


dim A* =n +n(r— 2) = n(r — 1) = dim(P""?)". 


It follows that the zero fiber 


Ag = A* 1 ({0} x (P™~")") 
is a proper subset of {0} x (P"™~1)”. Choose (a1,-..,@n) € (C” \ {0})” such that 


(0, [dale ses [an]) is not in A}. By an easy compactness argument the set 
A* 1M (B(0,e) x (P’~)”) is disjoint from the neighborhood 


B(0,¢) x | [[B(a;,2)] 
of (0, [ai],..-,[@n]) for ¢ small enough. For z € B(0,¢) we have |a;.g(z)| > e|g(z)| for 
some j, otherwise the inequality |a;. g(z)| < e|g(z)| would imply the existence of h; € C" 
with |h,;| < ¢ and a,j. g(z) =h;.g(z). Since g(z) 4 0, we would have 
(z, [a1 — hy],..-, [Qn — An]) € A*O (B(0,€) x CPP ee 


a contradiction. We obtain therefore 


élg(z)| < max |a;. g(z)| < (max |a;|)|g(z)|_ on B(0,¢). 


(10.4) Theorem ({Briancgon-Skoda 1974]). Set p = min{n —1,r—1}. Then 
a) FR) = FF") = FF") fork > p. 
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b) FH”) © Fk+P) CFF for allk EN. 


Proof. a) The inclusions FI) CFF CF*+ are obvious thanks to Prop. 10.2, so 
we only have to prove that .F°+) Cc .F.F). Assume first that r <n. Let f € .F°+) be 
such that 


| fl? [gl 242) dV < +00. 
Q 


For k > p—1, we can apply Th. 9.10 with m = r—1 and with the weight y = 
(k — m) log|g|*. Hence f can be written f = 5° gjh; with 


if lal? |g\-2@+2) dV < +00, 
Q 


thus h; € ¥(*) and feE Ff Gh), When r > n, Lemma 10.3 shows that there is an ideal 
¥ C.F with n generators such that f“*) = .¥“). We find 
GAD — GH) © FF) CFG" for ken-1. 


b) Property a) implies inductively glk+p) — ¥* FP) for allk € N. This gives in particular 
FRtP) CFF, 


(10.5) Corollary. 


a) The ideal F is the integral closure of .F, i.e. by definition the set of germs u € Gn 
which satisfy an equation 


ut +ayut'4+---+aq=0, as € -F*, l<s<d. 


b) Similarly, a is the set of germs u € @, which satisfy an equation 
ye age faco Gs =, ae cn, he ed, 


where |t| denotes the smallest integer > t. 


As the ideal x) is finitely generated, property b) shows that there always exists a 
rational number / > k such that .£ = -¥*), 


Proof. a) If u € ©, satisfies a polynomial equation with coefficients a, € 4°, then clearly 
las| < Cs |g|* and Lemma II-4.10 implies |u| < C |g]. 


Conversely, assume that u € -f. The ring G,, is Noetherian, so the ideal FG) has a 
finite number of generators v1,...,Un. For every j we have uv; € FF”) = FF) hence 
there exist elements b;;, € -F such that 


uvj = ) bjKVe- 


1<k<N 


The matrix (ud;, — bj;,) has the non zero vector (v;) in its kernel, thus wu satisfies the 
equation det(ud;~ — bj;~) = 0, which is of the required type. 
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b) Observe that vi,...,uy satisfy simultaneously some integrability condition 
Jog lujl PGT? < +00, thus £) = ¥@t for n € [0,e[. Let u € F*). For every in- 
teger m € N we have 

wy, € FO Gorn c Hlkmenty), 


If k ¢ Q, we can find m such that d(km + €/2,Z) < ¢/2, thus km+7 € N for some 
n € j0,¢|. If k € Q, we take m such that km € N and 7 = 0. Then 
wu; € gN+P) — JN F?) with N=km+7é€N, 


and the reasoning made in a) gives det(u6;;, — bjx) = 0 for some bj, € F%. This is an 
equation of the type described in b), where the coefficients a, vanish when s is not a 
multiple of m and ams € FNe C glemsl, 


Let us mention that Briancon and Skoda’s result 10.4 b) is optimal for k = 1. Take 
for example .F = (g1,..-,gr) with gj(z) = 27, 1 <j <r, and f(z) = 1...2. Then 
|f| < Clg| and 10.4 b) yields f” € J; Rowever: it is easy to verify that f7~1 lg SF. The 
theorem also gives an answer to the fallowiné conjecture made by J. Mather. 


(10.6) Corollary. Let f € Gn and F7 = (z10f/02,...,2n0f /Ozn). Then f € Sf, and 
for every integer k >0, f¥*™-1e ye 


The Corollary is also optimal for k = 1 : for example, one can verify that the function 
f(z) = (a. .:en)? + 28! +... + 22"? is such that f°-! ¢F;. 


Proof. Set gj(z) = 2; Of /0z;, 1<j <n. By 10.4 b), it suffices to show that |f| < a 
For every germ of analytic curve C 3 t+-—> y(t), y € 0, the vanishing order of f o y(t) at 
t = 0 is the same as that of 


pA ej SEO): 


l<jxn 
We thus obtain 
youl <i l| [ALD] co, D leyol |Z E(x(0)| < Colao 
l<j<n 


and conclude by the following elementary lemma. 


(10.7) Lemma. Let f,9i,...,9r € Gn be germs of holomorphic functions vanishing at 
0. Then we have |f| < Clg| for some constant C if and only if for every germ of analytic 
curve y through 0 there exists a constant C, such that |foy| <Cy|g° 7]. 


Proof. If the inequality |f| < C|g| does not hold on any neighborhood of 0, the germ of 
analytic set (A,0) c (C"*", 0) defined by 


9j(2) = flz)enty, LS7<r, 
contains a sequence of points (2y9;(20)7F Gx) converging to 0 as v tends to +00, 
with f(z.) # 0. Hence (A,0) contains an irreducible component on which f ¥ 0 and 
there is a germ of curve ¥ = (7, Yn+;) : (C,0) = (C”*", 0) contained in (A,0) such that 


foy £0. We get gj oy = (f° 7) %n4j, hence |g o y(t)| < Cle] |f o 7(¢)| and the inequality 
|foy| < Cy|g o y| does not hold. 
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§ 11. Integrability of Almost Complex Structures 


Let M be a “6% manifold of real dimension m = 2n. An almost complex structure on 
M is by definition an endomorphism J € End(7T'M) of class ‘6° such that J? = —Id. 
Then TM becomes a complex vector bundle for which the scalar multiplication by 7 
is given by J. The pair (M, JJ) is said to be an almost complex manifold. For such a 
manifold, the complexified tangent space TcM = C®pgTM splits into conjugate complex 
subspaces 


(11.1) ToM =T'°MOT°'M,  dimcT’°M = dimcT°'M =n, 


where T!°M, T°'M Cc TcM are the eigenspaces of Id @J corresponding to the eigen- 
values 7 and —i. The complexified exterior algebra C @p A°T*M = A®TZM has a 
corresponding splitting 


(12) MTEM = @ A?*TEM 
pt+q=k 


where we denote by definition 
(11.3) APTA M = AP(T*°M)* @c AU(T°M)*. 


As for complex manifolds, we let C5 ,(M/, E) be the space of differential forms of class C’* 
and bidegree (p,q) on M with values in a complex vector bundle E. There is a natural 
antisymmetric bilinear map 


6: €9(M,T'°M) x 6°(M,T!°M) — 6°(M,T°?'M) 


which associates to a pair (€,7) of (1,0)-vector fields the (0,1)-component of the Lie 
bracket [€, 7]. Since 


é,fnl=f[Enlt+ (.f)n, Vf € €°(M,C) 


we see that 6(€, f7) = f O(€, 7). It follows that 0 is in fact a (2,0)-form on M with values 
in T°M. 

If M is a complex analytic manifold and J its natural almost complex structure, we 
have in fact 6 = 0, because [0/0z;,0/0z,] = 0, 1 < j,k <n, for any holomorphic local 
coordinate system (21,..., Zn). 


(11.4) Definition. The form 6 € “€39(M, T°!M) is called the torsion form of J. The 
almost complex structure J is said to be integrable if 0 = 0. 


(11.5) Example. If M is of real dimension m = 2, every almost complex structure 
is integrable, because n = 1 and alternate (2,0)-forms must be zero. Assume that 
M is a smooth oriented surface. To any Riemannian metric g we can associate the 
endomorphism J € End(7’M) equal to the rotation of +7/2. A change of orientation 
changes J into the conjugate structure —J. Conversely, if J is given, TM is a complex line 
bundle, so M is oriented, and a Riemannian metric g is associated to J if and only if g is 
J-hermitian. As a consequence, there is a one-to-one correspondence between conformal 
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classes of Riemannian metrics on M and almost complex structures corresponding to a 
given orientation. 


If (M, J) is an almost complex manifold and u € 67<,(M, C), we let d’u, d’u be the 
components of type (p+1,q) and (p,q+1) in the exterior derivative du. Let (€1,...,€n) 
be a frame of T!}°Mjq. The torsion form 6 can be written 


0= J) aj @E,, 04 € CF(N,C). 


l<jgn 


Then @ yields conjugate operators 6’, 6” on A°TZM such that 


(11.6) u= So aA; tu), Ou= So AACE 4 u). 


l<jxn l<jgn 


If u is of bidegree (p,q), then 6’u and 6”u are of bidegree (p+ 2,q—1) and (p—1,q+2). 
It is clear that 0’, 6” are derivations, i.e. 


O'(uAv) = (6'u) Av + (—1)9% “u A (6'v) 
for all smooth forms u,v, and similarly for 6”. 
(11.7) Proposition. We have d=d' +d" —6& — 6". 


Proof. Since all operators occuring in the formula are derivations, it is sufficient to check 
the formula for forms of degree 0 or 1. If u is of degree 0, the result is obvious because 
6’u = 6”u = 0 and du can only have components of types (1,0) or (0,1). If u is a 1-form 
and €,7 are complex vector fields, we have 


When u is of type (0,1) and €,7 of type (1,0), we find 
(du)? (, n) ad —u(O(€, n)) 


thus (du)?° = —@’u, and of course (du)! = d’u, (du)°? = d!’u, 0”u = 0 by definition. 
The case of a (1,0)-form u follows by conjugation. 


Proposition 11.7 shows that J is integrable if and only if d = d' +d’. In this case, we 
infer immediately 


d’? a 0, dd!’ ct dd’ = 0, dq’? = 0. 


For an integrable almost complex structure, we thus have the same formalism as for a 
complex analytic structure, and indeed we shall prove: 


(11.8) Newlander-Nirenberg theorem (1957). Every integrable almost complex 
structure J on M is defined by a unique analytic structure. 


The proof we shall give follows rather closely that of [Hérmander 1966], which was 
itself based on previous ideas of [Kohn 1963, 1964]. A function f € C1(Q,C), OC M, is 
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said to be J-holomorphic if d’f = 0. Let fi,..., fp € C'(Q,C) and let h be a function 
of class C' on an open subset of C? containing the range of f = (fi,..., fp). An easy 
computation gives 


Oh Oh 
V1 _ aia Lie a pases TfL. 
ee) aed et Ds (5, °f)4 f+ (Fr es)Th, 
1<j<p 
in particular ho f is J-holomorphic as soon as f1,..., fp are J-holomorphic and h holo- 


morphic in the usual sense. 


Constructing a complex analytic structure on M amounts to show the existence of J- 
holomorphic complex coordinates (21,..., 2%, on a neighborhood 2 of every point a € M. 
Formula (11.9) then shows that all coordinate changes h : (z,) + (wz) are holomorphic 
in the usual sense, so that M is furnished with a complex analytic atlas. The uniqueness 
of the analytic structure associated to J is clear, since the holomorphic functions are 
characterized by the condition df = 0. In order to show the existence, we need a 
lemma. 


(11.10) Lemma. For every point a € M and every integer s > 1, there exist “°° 
complex coordinates (z1,...,2n) centered at a such that 


222022. hay ee 


Proof. By induction on s. Let (€f,...,€*) be a basis of A1°TZM. One can find complex 
functions z; such that dz;(a) = €%, ie. 


d'z;(a)=£7, d"z;(a) =0. 


Then (21,...,2n) satisfy the conclusions of the Lemma for s = 1. If (2,...,2n) are 
already constructed for the integer s, we have a Taylor expansion 


d2= S- P3x(z, Z) d'ze + O(|z|8T*) 


1<k<n 


where P;;,(z,w) is a homogeneous polynomial in (z,w) € C” x C” of total degree s. As 
J is integrable, we have 


Cad y5 = S- — da A dzy t+ ee d'a Ad’ z% + O(|z|*) 
aye Oz) OZ 
OP; OP 7 oS 
= > a = = dz A dz, + O(|2|*) 
1<k<l<n t k 


because OP;;,/0z is of degree s — 1 and d”z, = O(|z|°). Since the polynomial between 

brackets is of degree s — 1, we must have 
OP; _ OP; 
OZ OZ 


=0, VW, k,l. 
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We define polynomials Q,; of degree s + 1 


1 
Q5 (2,2) - | S- mr tle tz) at. 


1<l<n 


Trivial computations show that 


1<I<n 
1 
d x i 
= i a E Pag; 12) | d= Pale) 


00; = dQ; 


1l<k<n 1<k<n 
O : 
== Sy balan + Offzl*4) = O((2|"*) 
Zk 
1<k<n 


because 0Q;/Oz; is of degree s and d”z, = O(|z|). The new coordinates 


=F Qe 2); l<jen 


fulfill the Lemma at step s+ 1. 


All usual notions defined on complex analytic manifolds can be extended to integrable 
almost complex manifolds. For example, a smooth function y is said to be strictly 
plurisubharmonic if id'd'’y is a positive definite (1, 1)-form. Then w = id'd’y is a Kahler 
metric on (M, J). 

In this context, all L? estimates proved in the previous paragraphs still apply to an 
integrable almost complex manifold; remember that the proof of the Bochner-Kodaira- 
Nakano identity used only Taylor developments of order < 2, and the coordinates given 
by Lemma 11.10 work perfectly well for that purpose. In particular, Th. 6.5 is still valid. 


(11.11) Lemma. Let (2,..., 2) be coordinates centered at a pointa € M with dz; = 
O(|z|*), s > 3. Then the functions 


b(z)=|z]?, ve(z) = lz? + log(|z? +e7),  € €]0, 1] 
are strictly plurisubharmonic on a small ball |z| < ro. 
Proof. We have 
id'dp =i So d'ay diz +2; Nd" 2; +2; d'd"2; + 2; dd" z;. 
l<j<n 


The last three terms are O(|z|*) and the first one is positive definite at z = 0, so the 
result is clear for ~. Moreover 
tt of Alz/? +e") So d’2; Ad’zj — D> Zyd'2y A D2 d 2; 
id dy. =idd el. (ena 
O(lz|?) | O(zl***) 
jz? +e? (lei? +27)? 
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We observe that the first two terms are positive definite, whereas the remainder is O(|z]) 
uniformly in e. 


Proof of theorem 11.8.. With the notations of the previous lemmas, consider the pseu- 
doconvex open set 


Q = {\z| <r} ={v(z)—-1r? <0}, r<ro, 


endowed with the Kahler metric w = id'd'’y. Let h € &(Q) be a cut-off function with 
0<h<1andh=1 ona neighborhood of z = 0. We apply Th. 6.5 to the (0, 1)-forms 


gj = ad" (zjh(z)) € €GA(Q, C) 
for the weight 
oz) = Ale? + (n+ 1) log |z|? = lim Alz|? + (n+ 1) log(l2l? + 2). 
E=—> 
Lemma 11.11 shows that y is plurisubharmonic for A > n+ 1, and for A large enough 


we obtain 
id’d’p + Ricci(w) >w on Q. 


By Remark (6.8) we get a function f; such that df; = g,; and 


[ sPevav < f lg;|7e PdV. 
Q Q 


As g; = d"z; = O(|z|§) and e~* = O(|z|~?"~?) near z = 0, the integral of g; converges 
provided that s > 2. Then f |f;(z)|?|z|~?""?dV converges also at z = 0. Since the 
solution f; is smooth, we must have f;(0) = df;(0) =0. We set 


a = BZ) = ie 1 < j < nN. 


Then Zz; is J-holomorphic and dz;(0) = dz;(0), so (z1,..., Zn) is a J-holomorphic coor- 
dinate system at z = 0. 


In particular, any Riemannian metric on an oriented 2-dimensional real manifold 
defines a unique analytic structure. This fact will be used in order to obtain a simple 
proof of the well-known: 


(11.12) Uniformization theorem. Every simply connected Riemann surface X is 
biholomorphic either to P', C or the unit disk A. 


Proof. We will merely use the fact that H1(X,R) = 0. If X is compact, then X is a 
complex curve of genus 0, so X ~ P! by Th. VI-14.16. On the other hand, the elementary 
Riemann mapping theorem says that an open set Q C C with H!(Q, R) = 0 is either equal 
to C or biholomorphic to the unit disk. Thus, all we have to show is that a non compact 
Riemann surface X with H'(X,R) =0 can be embedded in the complex plane C. 


Let Q, be an exhausting sequence of relatively compact connected open sets with 
smooth boundary in X. We may assume that X \ Q, has no relatively compact con- 
nected components, otherwise we “fill the holes” of 0, by taking the union with all such 
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components. We let Y, be the double of the manifold with boundary (Q,,00,), ice. the 
union of two copies of 2, with opposite orientations and the boundaries identified. Then 
Y, is a compact oriented surface without boundary. 


(11.13) Lemma. We have H'(Y,,R) = 0. 


Proof. Let us first compute H}(Q,,R). Let wu be a closed 1-form with compact support 
in Q,. By Poincaré duality H}(X,R) = 0, so u = df for some function f € G(X). As 
df = 0 on a neighborhood of X \Q, and as all connected components of this set are non 
compact, f must be equal to the constant zero near X \ Q,. Hence u = df is the zero 
class in H}(Q,,R) and we get H}(Q,,R) = H'(Q,,R) = 0. The exact sequence of the 
pair (Q,,00,) yields 


R = H°(Q,,R) — H°(d0,,R) — H1(9,,09,; R) ~ H}(Q,,R) = 0, 


thus H°(0Q,,R) = R. Finally, the Mayer-Vietoris sequence applied to small neighbor- 
hoods of the two copies of 2, in Y, gives an exact sequence 


H°(Q,, R)®? — H°(00,,R) — H(Y,,R) — H'(Q,,R)® =0 


where the first map is onto. Hence H1(Y,,R) =0. 


Proof End of the proof of the uniformization theorem.. Extend the almost complex 
structure of Q, in an arbitrary way to Y,, e.g. by an extension of a Riemannian metric. 
Then Y,, becomes a compact Riemann surface of genus 0, thus Y, ~ P! and we obtain 
in particular a holomorphic embedding ®, : Q, — C. Fix a point a@ € Qo and a non 
zero linear form €* € T,X. We can take the composition of ®, with an affine linear map 
C — C so that 6,(a) = 0 and d®,(a) = €*. By the well-known properties of injective 
holomorphic maps, (®,) is then uniformly bounded on every small disk centered at a, 
thus also on every compact subset of X by a connectedness argument. Hence (®,,) has 
a subsequence converging towards an injective holomorphic map ® : X — C. 
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Chapter IX 


Finiteness Theorems for g-Convex Spaces and Stein 
Spaces 


§ 1. Topological Preliminaries 


§1.A. Krull Topology of ©,-Modules 


We shall use in an essential way different kind of topological results. The first of these 
concern the topology of modules over a local ring and depend on the Artin-Rees and Krull 
lemmas. Let R be a noetherian local ring; “local” means that R has a unique maximal 
ideal m, or equivalently, that R has an ideal m such that every element a € R\~\ m is 
invertible. 


(1.1) Nakayama lemma. Let E be a finitely generated R-module such that mE = E. 
Then E = {0}. 


Proof. By induction on the number of generators of E': if F is generated by 21,...,2%p, 
the hypothesis E = mE shows that rp = a1 %14+---+Qp)%p witha; Em;asl—a,€ Rvm 
is invertible, we see that x, can be expressed in terms of 71,...,2%p_1 if p > 1 and that 


(1.2) Artin-Rees lemma. Let F be a finitely generated R-module and let E be a 
submodule. There exists an integer s such that 


EnmwF=m*-*(Enm'F) for k>s. 


Proof. Let R; be the polynomial ring R[mt] = R+mt+---+m*t* +--- where ¢ is an 
indeterminate. If g1,..., gp is a set of generators of the ideal m over R, we see that the 
ring R; is generated by git,..., gpt over R, hence R; is also noetherian. Now, we consider 


the R;-modules 
B=QeEt, R=Q@_ ('Fy)t". 


Then F; is generated over R; by the generators of Ff over R, hence the submodule 
FE, F; is finitely generated. Let s be the highest exponent of t in a set of generators 
P,(t),..., Pn(t) of E, A F;. If we identify the components of t” in the extreme terms of 


the equality 
@ (nm F) th = BN = (Pare) Pl, 
k 


j 
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we get 
EnmWF c Ss" m (Eom PF) cm s(Enm'F). 
l<s 


The opposite inclusion is clear. 


(1.3) Krull lemma. Let F be a finitely generated R-module and let E be a submodule. 
Then 


a) Miso mF = {0}. 
b) Nesol(E + m*F) = E. 


Proof. a) Put G = Akso mF Cc F. By the Artin-Rees lemma, there exists s € N such 
that GN m* F = m*-*(Gon mF). Taking k = s +1, we find G C mG, hence mG = G 
and G = {0} by the Nakayama lemma. 


b) By applying a) to the quotient module F/E we get ()m*(F/E) = {0}. Property b) 
follows. 


Now assume that R = ©, = C{z,...,2n} and m = (z,...,2,). Then @,,/m* is a 
finite dimensional vector space generated by the monomials 2°, |a| < k. It follows that 
E/m*E is a finite dimensional vector space for any finitely generated ©,-module E. As 
(\m*E = {0} by 1.3 a), there is an injection 


(1.4) E— |[£/0'E. 
keEN 


We endow F with the Hausdorff topology induced by the product, i.e. with the weakest 
topology that makes all projections E —> E/m"E continuous for the complex vector 
space topology on E/m*E. This topology is called the Krull topology (or rather, the 
analytic Krull topology; the “algebraic” Krull topology would be obtained by taking the 
discrete topology on E/m*E). For E = @,, this is the topology of simple convergence 
on coefficients, defined by the collection of semi-norms >> cqz* += |ca|. Observe that 
this topology is not complete: the completion of ©, can be identified with the ring 
of formal power series C[[z1,...,2n]]. In general, the completion is the inverse limit 
E=limE /m*E. Every G,-homomorphism E —> F is continuous, because the induced 
finite dimensional linear maps E/m*E —> F/m*F are continuous. 


(1.5) Theorem. Let E C F be finitely generated ©,,-modules. Then: 


a) The map F —+G = F/E is open, i.e. the Krull topology of G is the quotient of the 
Krull topology of F ; 


b) E is closed in F and the topology induced by F on E coincides with the Krull topology 
of E. 


Proof. a) is an immediate consequence of the fact that the surjective finite dimensional 
linear maps F/m* F —> G/m*G are open. 
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b) Let FE be the closure of E in F. The image of F in F/m*F is mapped into the closure 
of the image of E. As every subspace of a finite dimensional space is closed, the images 
of E and E must coincide, ic. E+m*F = E+ m*F. Therefore 


ECEC{)(E+mF)=E 
thanks to 1.3 b). The topology induced by F' on EF is the weakest that makes all pro- 
jections E —> E/E m*F continuous (via the injections E/E A m*F — F/m*F). 


However, the Artin-Rees lemma gives 


mMECENwWF=m'(EnmF) cm’ “%E for k>s, 


so the topology induced by F coincides with that induced by [] E/m*E. 


§1.B. Compact Pertubations of Linear Operators 
We now recall some basic results in the perturbation theory of linear operators. These 


results will be needed in order to obtain a finiteness criterion for cohomology groups. 


(1.6) Definition. Let E,F be Hausdorff locally convex topological vector spaces and 
g: E — F a continuous linear operator. 


a) g is said to be compact if there exists a neighborhood U of 0 in E such that the image 
g(U) is compact in F. 


b) g is said to be a monomorphism if g is a topological isomorphism of E onto a 
closed subspace of F, and a quasi-monomorphism if ker g is finite dimensional and 
g: E/kerg — F a monomorphism. 


c) g is said to be an epimorphism if g is surjective and open, and a quasi-epimorphism 
if g is an epimorphism of E onto a closed finite codimensional subspace F' C F. 


d) g is said to be a quasi-isomorphism if g is simultaneously a quasi-monomorphism and 
a quasi-epimorphism. 
(1.7) Lemma. Assume that E, F are Fréchet spaces. Then 


a) g is a (quasi-) monomorphism if and only if g(E) is closed in F and g is injective 
(resp. and ker g is finite dimensional). 


b) g is a (quasi-) epimorphism if and only if g is surjective (resp. g(E) is finite codimen- 
sional). 


Proof. a) If g(E) is closed, the map g: E/ ker g —> g(E) is a continuous bijective linear 
map between Fréchet spaces, so g is a topological isomorphism by Banach’s theorem. 


b) If g is surjective, Banach’s theorem implies that g is open, thus g is an epimorphism. 


If g(£) is finite codimensional, let S be a supplementary subspace of g(£) in Ff, dim S' < 
+oo. Then the map 


G: (E/kerg)@S—F, €Oy 9%) +y 
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is a bijective linear map between Fréchet spaces, so it is a topological isomorphism. In 
particular g(E) = G((E/ ker g) © {0}) is closed as an image of a closed subspace. Hence 
g(E) is also a Fréchet space and g: E —> g(£) is an epimorphism. 


(1.8) Theorem. Leth: E — F be a compact linear operator. 
a) Ifg: E — F is a quasi-monomorphism, then g + h is a quasi-monomorphism. 


b) If E, F are Fréchet spaces and if g: E —> F is a quasi-epimorphism, then g +h is 
a quasi-epimorphism. 


Proof. Set f =g+h and let U be an open convex symmetric neighborhood of 0 in E 
such that K = h(U) is compact. 


a) It is sufficient to show that there is a finite dimensional subspace E’ C E such that 
ftz is a monomorphism. If we take E’ equal to a supplementary subspace of ker g, we 
see that we may assume g injective. Then g is a monomorphism, so we may assume in 
fact that E is a subspace of F’ and that g is the inclusion. Let V be an open convex 
symmetric neighborhood of 0 in F' such that U = VME. There exists a closed finite 
codimensional subspace F’ C F' such that KF’ c 27'V because ()-, KM F’ = {0}. If 
we replace E by E’ = h-!(F’) and U by U' =UN E"’, we get 


Kah) CRA C2 ty, 
Hence, we may assume without loss of generality that K C 2~'V. Then we show that 
f = 9+A is actually a monomorphism. If 2 is an arbitrary open neighborhood of 
0 in E, we have to check that there exists a neighborhood W of 0 in F' such that 


f(z) © W = 2 ©. There is an integer N such that 2-. KM E CQ. We choose W 
convex and so small that 


(W4+2NRK)NECQ and AW4+Kc2'V. 
Let x € E be such that f(x) € W. Then x € 2"U for n large enough and we infer 
x= f(z) — A(x) €W+2"K C2"-!V_ provided that n > —N. 
Thus xz € 2”-!1V NE = 2”—-1U. By induction we finally get x € 2-NU, so 
re(Wt+2°K)NECA. 


b) By Lemma 1.7 b), we only have to show that there is a finite dimensional subspace 
S Cc F such that the induced map 


fob SP S85 


is surjective. If we take S equal to a supplementary subspace of g(£) and replace g, h 
by the induced maps g,h : E —+ F/S, we may assume that g itself is surjective. Then 
g is open, so V = g(U) is a convex open neighborhood of 0 in F. As K is compact, 
there exists a finite set of elements b1,...,b~ € K such that K Cc U(b; + 27'V). If we 
take now S = Vect(b;,..., by), we obtain K c2-1V where K is the closure of h(U) and 
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V =g(U), so we may assume in addition that K C 2~'V. Then we show that f = g+h 
is actually surjective. Let yo € V. There exists xp € U such that g(xo) = yo, thus 


y1 = Yo — f(o) = —A(ao) € K C27V. 
By induction, we construct rz, € 2~”U such that g(an) = yn and 
Vie fee yee RK C2 ty, 
Hence yn+1 = yo—f(to+-+:+2n) tends to 0 in F’, but we still have to make sure that the 
series }> x, converges in BE. Let U, be a fundamental system of convex neighborhoods 
of 0 in E such that U,41 C 27'U,. For each p, K is contained in the union of the open 
sets g(2”U, 12~'U) when n € N, equal to g(2~'U) = 2~'V. There exists an increasing 
sequence N(p) such that K Cc g(2N®U, 1 271U), thus 
EC g(a ee Um. OU), 


As Yn € 2!~"K, we see that we can choose x, € 2N)+1-” Ont 2-0 for Np) <7: < 
N(p+1); then 


LN(p)t1 + °°* + LN(p4t) E€(1+2-'+.-. VORGQU 


As E is complete, the series x = 4> x, converges towards an element x such that f(x) = 
yo, and f is surjective. 


The following important finiteness theorem due to L. Schwartz can be easily deduced 
from this. 


(1.9) Theorem. Let (E*,d) and (F°,6) be complexes of Fréchet spaces with continuous 
differentials, and p® : E® —> F® a continuous complex morphism. If p% 1s compact and 
H1%(p*) : H4(E*) —+ H4(F°) surjective, then H4(F*) is a Hausdorff finite dimensional 
space. 


Proof. Consider the operators 


gh: ZY(E*)@ FU! —> ZF), 
g(x @y) = p(x) +67 *(y), h(x @y) = —p2(z). 


As Z1(E*) C EY, Z4(F*) C F% are closed, all our spaces are Fréchet spaces. Moreover 
the hypotheses imply that h is compact and g is surjective since H%(p*) is surjective. 
Hence g is an epimorphism and f = g +h =0@ 6%"? is a quasi-epimorphism by 1.8 b). 
Therefore B4(F*) is closed and finite codimensional in Z4(F*), thus H4(F’*) is Hausdorff 
and finite dimensional. 


(1.10) Remark. If p* : E* —> F® is a continuous morphism of Fréchet complexes and 
if H%(p*) is surjective, then H4(p®) is in fact open, because the above map g is open. 
If H4(p*) is bijective, it follows that H%(p*) is necessarily a topological isomorphism 
(however H4(E*) and H%(F*) need not be Hausdorff). 
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§1.C. Abstract Mittag-Lefer Theorem 


We will also need the following abstract Mittag-Leffler theorem, which is a very 
efficient tool in order to deal with cohomology groups of inverse limits. 


(1.11) Proposition. Let (E%,5),en be a sequence of Fréchet complexes together with 
morphisms E¥., —> E}. We assume that the image of E¥,, in E% is dense and we let 
Ee = lim ES be the inverse limit complex. 


a) If all maps H%(E%,,) —> HES), v € N, are surjective, then the limit 
H4(E*) — H4(E§) is surjective. 


b) If all maps H4(E%,,) —> H(E%), v € N, have a dense range, then 
H4(E*) — H4(E§) has a dense range. 


c) If all maps H%~'(E%,,) —> H4'(E%) have a dense range and all maps 
H4( ES.) —> H4(E%) are injective, v € N, then H4(E*) —+ H1(E>) is injective. 


d) Let y® : F* —> E® be a morphism of Fréchet complexes that has a dense range. If 
every map H4(F*) —> H4(E%) has a dense range, then H4(F*) —> H4(E*) has a 
dense range. 


Proof. If x is an element of E® or of Et, 6 2 v, we denote by x” its canonical image 
in E%. Let d, be a translation invariant distance that defines the topology of E%. After 
replacement of d,(x,y) by 


a (ay) = max {d,(x", y")}, x,y € Ef, 
TESZ 
we may assume that all maps E?,, —> E? are Lipschitz continuous with coefficient 1. 


a) Let ro € Z4(E§) represent a given cohomology class %p € H4(E§). We construct by 
induction a convergent sequence xz, € Z?7(E%) such that Z, is mapped onto Zp. If x, 
is already chosen, we can find by assumption 2,41 € Z7(E%,,) such that 77,, = Z, 
Le. 24, = t, + dy, for some y, € Eo. If we replace t,41 by t,41 — 6y,+41 where 


(arog eee yields an approximation y?,, of y,, we may assume that 


max{d,(yv,.0);du(dy,,0)} < 2°”. 
Then (x,) converges to a limit € € Z4(E*) and we have £9 = 7%) + 6 >_ y?. 
b) The density assumption for cohomology groups implies that the map 
24 (Ep 41) x EP — Z(Ef),  (@v41, Ye) ea + by 


has a dense range. If we approximate y, by elements coming from Ee we see that 
the map Z4(E%$,,) —> Z4(E%) has also a dense range. If x9 € Z4(E§), we can find 
inductively a sequence x, € Z4(E$) such that d,(a¥,,,a,) <€27”~1 for all v, thus (x,) 
converges to an element € € Z%(E*) such that do(€°,xzo) < e and Z4(E*) —> Z14(E$) 
has a dense range. 


c) Let x € Z4(E*) be such that 7° € H4%(E$) is zero. By assumption, the image 
of % in H4(E$%) must be also zero, so we can write rz” = dy,, yy € EY'. We have 
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By = Yea — ww € ZTE). Let zy41 € Z4-1(E$,,) be such that z¥,, approximates 
zy. If we replace yy41 by yy41 — 2741, we still have x”t+ = dy,41, and we may assume 
in addition that d,(y?,1,y,) < 27”. Then (y,) converges towards an element y € E4~? 
such that « = dy, thus = 0 and H4(E*) —> H4(E$) is injective. 


d) For every class ¥ € H4(E*), the hypothesis implies the existence of a sequence x, € 
Z4(F*) such that y4(Z_)” converges to y”, that is, du(y”, p?(x_)” + 6z,) tends to 0 for 
some sequence z, € E%~-1. Approximate z, by y!~!(w,)” for some w, € F%~+ and 
replace x, by 2, = x, + dw,. Then y%(2!,) converges to y in Z4(E°®). 


§ 2. q-Convex Spaces 


§ 2.A. g-Convex Functions 


The concept of g-convexity, first introduced in [Rothstein 1955], and further devel- 
oped by [Andreotti-Grauert 1962], generalizes the concepts of pseudoconvexity already 
considered in chapters 1 and 8. Let M be a complex manifold, dimc M = n. A function 
v € C?(M,R) is said to be strongly (resp. weakly) q-convex at a point x € M if id'd'’v(z) 
has at least (n —q+1) strictly positive (resp. nonnegative) eigenvalues, or equivalently if 
there exists a (n — q+ 1)-dimensional subspace F’ C T;,M on which the complex Hessian 
H,,v is positive definite (resp. semi-positive). Weak 1-convexity is thus equivalent to 
plurisubharmonicity. Some authors use different conventions for the number of positive 
eigenvalues in g-convexity. The reason why we introduce the number n — q+ 1 instead 
of q is mainly due to the following result: 


(2.1) Proposition. If v € C?(M,R) is strongly (weakly) q-convex and if Y is a sub- 
manifold of M, then vyy is strongly (weakly) q-convec. 


Proof. Let d= dim Y. For every x € Y, there exists F C T,,M with dim F = n—q+1 such 
that Hv is (semi-) positive on F. Then G = FNT,Y has dimension > (n—q+1)—(n—d) = 
d—q+1, and H(v;y) is (semi-) positive on G C T,Y. Hence vry is strongly (weakly) 
q-convex at x. 


(2.2) Proposition. Let v; € C?(M,R) be a weakly (strongly) q;-convex function, 1 < 
j <8, and y € C?(R*,R) a convex function that is increasing (strictly increasing) in all 
variables. Then v = x(v1,...,Us) is weakly (strongly) q-conver with q—1= >3(q; — 1). 
In particular vy +-++++ us is weakly (strongly) q-conves. 


Proof. A simple computation gives 
(2.3) Hv= Bey Ud % 05+ aa BE; | 124 UE) UF OU UE, 


and the second sum defines a semi-positive hermitian form. In every tangent space T;, 
there exists a subspace F; of codimension g; — 1 on which Hv; is semi-positive (positive 
definite). Then F = ()F; has codimension < q— 1 and Hv is semi-positive (positive 
definite) on F’. 


The above result cannot be improved, as shown by the trivial example 


vy (z) = —2|21|? + |zo|? + |zal?, ve(z) = |za|? — 2|z2|? + |za|?_ on C°, 
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in which case qi = q2 = 2 but v1 + v2 is only 3-convex. However, formula (2.3) implies 
the following result. 


(2.4) Proposition. Let v; € C?(M,R), 1 <j < s, be such that every convex linear com- 
bination D> ajv;, a; > 0, Sa; = 1, is weakly (strongly) q-convez. If x € C?(R*,R) is a 
convex function that is increasing (strictly increasing) in all variables, then x(v1,..., Us) 
is weakly (strongly) q-convex. 


The invariance property of Prop. 2.1 immediately suggests the definition of g-conve- 
xity on complex spaces or analytic schemes: 


(2.5) Definition. Let (X,@x) be an analytic scheme. A function v on X is said to 
be strongly (resp. weakly) q-convex of class @* on X if X can be covered by patches 
G:U =+A,ACQCCN such that for each patch there exists a function on Q with 
V:4°G =v, which is strongly (resp. weakly) q-convex of class er, 


The notion of g-convexity on a patch U does not depend on the way U is embedded 
in C’, as shown by the following lemma. 


(2.6) Lemma. Let G: U — ACQCCN andG': U' — Aca CC be two 
patches of X. Let v be a strongly (weakly) q-convex function on Q and v =v;40G. For 


everyx €UNU' there exists a strongly (weakly) q-convex function v' on a neighborhood 
W' CQ! of G'(x) such that U sqy,° G’ coincides with v on G'~*(W’'). 


Proof. The isomorphisms 


GoG?t:ADdGUnNU) — GUND) cA’ 
GoG lt: ADGA (UNU') — GUNU') CA 


are restrictions of holomorphic maps H :W —> 0’, H'’: W’ —> CQ defined on neighbor- 
hoods W 3 G(x), W’ 3 G’(x); we can shrink W’ so that H'(W’) Cc W. If we compose 
the automorphism (z, z’) —> (z,z’ — H(z)) of W x C®” with the function v(z) + |z’|? 
we see that the function y(z, 2’) = 0(z) + |z’ — H(z)|? is strongly (weakly) q-convex on 
W x 0’. Now, W’ can be embedded in W x 1’ via the map 2’ +> (H'(z’), 2’), so that 
the composite function 


v(2') = p(A'(z’), 2’) =0(H"(2’)) + |2’ —- Ho H’(z’)/? 


is strongly (weakly) g-convex on W’ by Prop. 2.1. Since HoG = G’ and H’oG’ =G on 
G'—!(W’), we have 0’ 0 G’ =00G =v on G’"!(W’) and the lemma follows. 


A consequence of this lemma is that Prop. 2.2 is still valid for an analytic scheme X 
(all the extensions v; near a given point x € X can be obtained with respect to the same 
local embedding). 


(2.7) Definition. An analytic scheme (X,@x) is said to be strongly (resp. weakly) q- 
conver if X has a 6% exhaustion function w which is strongly (resp. weakly) q-conver 
outside an exceptional compact set K C X. We say that X is strongly q-complete if w 
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can be chosen so that K =). By convention, a compact scheme X is said to be strongly 
O0-complete, with exceptional compact set K = X. 


We consider the sublevel sets 
(2.8) X-={xEX; v(r)<c}, ceER. 


If kK C X., we may select a convex increasing function y such that = 0 on | — oo, c] and 
x’ > 0 on Jc, +00. Then y o 7 = 0 on X,, so that y oy is weakly g-convex everywhere 
in virtue of (2.3). In the weakly q-convex case, we may therefore always assume K = (). 
The following properties are almost immediate consequences of the definition: 


(2.9) Theorem. 


a) A scheme X is strongly (weakly) q-convex if and only if the reduced space Xyea 18 
strongly (weakly) q-convez. 


b) If X is strongly (weakly) q-convex, every closed analytic subset Y of Xyeq is strongly 
(weakly) q-convex. 


c) If X is strongly (weakly) q-convex, every sublevel set X. containing the exceptional 
compact set K is strongly (weakly) q-convez. 


d) If U; is a weakly qj-convex open subset of X, 1 < j < 8s, the intersection U = 
UiN...NUs is weakly q-convex with q—1 = >3(q; —1) ; U is strongly q-convex (resp. 
q-complete) as soon as one of the sets U; is strongly q;-convex (resp. q;-complete). 


Proof. a) is clear, since Def. 2.5 does not involve the structure sheaf ©x. In cases b) 
and c), let ~ be an exhaustion of the required type on X. Then ¢;y and 1/(c— w) are 
exhaustions on Y and X, respectively (this is so only if Y is closed). Moreover, these 
functions are strongly (weakly) g-convex on Y\ (ANY) and X.\ K, thanks to Prop. 2.1 
and 2.2. For property d), note that a sum ~ = ¥,+---4+ ds, of exhaustion functions 
on the sets U; is an exhaustion on U, choose the w;’s weakly q;-convex everywhere, and 
apply Prop. 2.2. 


(2.10) Corollary. Any finite intersection U = U,N...NUs of weakly 1-convex open 
subsets is weakly 1-conver. The set U is strongly 1-convex (resp. 1-complete) as soon as 
one of the sets U; is strongly 1-convex (resp. 1-complete). 


§ 2.B. Neighborhoods of g-complete subspaces 


We prove now a rather useful result asserting the existence of g-complete neighbor- 
hoods for g-complete subvarieties. The case g = 1 goes back to [Siu 1976], who used a 
much more complicated method. The first step is an approximation-extension theorem 
for strongly qg-convex functions. 


(2.11) Proposition. Let Y be an analytic set in a complex space X and w a strongly 
q-conver “6% function on Y. For every continuous function 6 > 0 on Y, there exists a 
strongly q-convez €°* function p on a neighborhood V of Y such thatw < yyy <w+o. 
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Proof. Let Z, be a stratication of Y as given by Prop. II.5.6, i.e. Z, is an increasing 
sequence of analytic subsets of Y such that Y = JZ, and Z, \ Zp_1 is a smooth k- 
dimensional manifold (possibly empty for some k’s). We shall prove by induction on k 
the following statement: 


There exists a €° function p, on X which is strongly q-convex along Y and on a 
closed neighborhood V, of Zp in X, such that w < Pry <Wwt+o. 

We first observe that any smooth extension y_, of w to X satisfies the requirements 
with Z_; = V_; = 0. Assume that V,_; and y,_1 have been constructed. Then 
Ze Ve-1 C Ze Zp-1 is contained in Zp reg. The closed set Z, \ V,_1 has a locally 
finite covering (A) in X by open coordinate patches A, C Q, C C% in which Z; is 
given by equations 2, = (Z),n41,---,2\,N,) = 0. Let 6) be “€° functions with compact 
support in A) such that 0 < @) < 1 nod 5° 0, = 1 0n Ze \ Ve_1. We set 


pr(X) = Pr-i( )+ 5 O(a) eS log(1 +ey“|24/? ) on X. 


For €, > 0 small enough, we will have w < Yr-ity < Yrry < YW +0. Now, we check 
that yz, is still strongly g-convex along Y and near any %p € Vz_1, and that y;, becomes 
strongly q-convex near any %9 € Z_ \ Vz_1. We may assume that x9 € Supp @,, for 
some pl, otherwise yx coincides with y,_1 in a neighborhood of xo. Select and a small 
neighborhood W cc Q2,, of xo such that 


a) if ro € Z, \ Vg_1, then 6,,(%o) > 0 and A, NW Cc {6, > 0}; 


b) if 9 € Ay for some A (there is only a finite set I of such ’s), then A,,W CC A) 
and 2);4,w has a holomorphic extension Zz toW; 


c) if 9 € Ve_1, then ~r—-1tA, nw has a strongly qg-convex extension ~z—1 to W ; 
d) ify © Y\ Vpg_1, then ~r—1tynw has a strongly g-convex extension ¢;,—1 to WwW. 


Otherwise take an arbitrary smooth extension @,._1 of Pk-11A,nw to W and let 0y be 
an extension of #)+4,.,w to W. Then 


Pr = Gr-1+ Y_ Oy eX log(1 + eX “/%5I) 


is an extension of Ygpa,nw to W, resp. of Prrynw to W in case d). As the function 
log(1 +e *|Z{|?) is plurisubharmonic and as its first derivative (Z{, d{) (e4 + |Z{|?)~! is 
bounded by O(e x”), we see that 


id'd" Gy > id’d" Ge—1 — O(S7e). 


Therefore, for ¢, small enough, ; remains qg-convex on W in cases c) and d). Since all 
functions Zy vanish along Z;, W, we have 


id'd" Gp > i'd" Gp_1 + 9 Oy 6x" id’ HP? B id'd" Ge_1 + 0,6," id’! |z/,? 
AEL 


at every point of Z,™W. Moreover id'd’@,_1 has at most (q — 1)-negative eigenvalues 
on TZ, since Z, C Y, whereas id'd’|z/,|? is positive definite in the normal directions 
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to Z, in Q,,. In case a), we thus find that @, is strongly g-convex on W for ¢, small 
enough; we also observe that only finitely many conditions are required on each €, if we 
choose a locally finite covering of () Supp @, by neighborhoods W as above. Therefore, 
for €, small enough, y, is strongly g-convex on a neighborhood V,;, of Z, \ Ve_1. The 
function y, and the set V; = Vi U Ve_1 satisfy the requirements at order k. It is clear 
that we can choose the sequence vy, stationary on every compact subset of X ; the limit 
y and the open set V = UV; fulfill the proposition. 


The second step is the existence of almost plurisubharmonic functions having poles 
along a prescribed analytic set. By an almost plurisubharmonic function on a manifold, 
we mean a function that is locally equal to the sum of a plurisubharmonic function and 
of a smooth function, or equivalently, a function whose complex Hessian has bounded 
negative part. On a complex space, we require that our function can be locally extended 
as an almost plurisubharmonic function in the ambient space of an embedding. 


(2.12) Lemma. Let Y be an analytic subvariety in a complex space X. There is an 
almost plurisubharmonic function v on X such that v = —oo on Y with logarithmic poles 
andv € 6° (X \Y). 


Proof. Since Fy C Gx is a coherent subsheaf, there is a locally finite covering of X by 
patches A) isomorphic to analytic sets in balls B(0,r,) c C% , Such that .Fy admits a 
system of generators g, = (g),;) on a neighborhood of each set Ay. We set 
1 
=4 a 
uy(z) = log |ga(z)| re —|z— zy? 
v(z) = Ma... (--- ,U(2), sss) for » such that A) 3 z, 


where M,, is the regularized max function defined in I-3.37. As the generators (g),;) can 
be expressed in terms of one another on a neighborhood of A, M An, we see that the 
quotient |g,|/|g,| remains bounded on this set. Therefore none of the values v)(z) for 
A, > z and z near 0A) contributes to the value of v, since 1/(r? —|z—z,|?) tends to +00 
on OA). It follows that v is smooth on X \ Y; as each v) is almost plurisubharmonic 
on A), we also see that v is almost plurisubharmonic on X. 


on A), 


(2.13) Theorem. Let X be a complex space and Y a strongly q-complete analytic subset. 
Then Y has a fundamental family of strongly q-complete neighborhoods V in X. 


Proof. By Prop. 2.11 applied to a strongly q-convex exhaustion of Y and 6 = 1, there 
exists a strongly q-convex function y on a neighborhood Wp of Y such that yry is an 
exhaustion. Let W; be a neighborhood of Y such that W 1 C Wo and such that YW, is 
an exhaustion. We are going to show that every neighborhood W Cc W, of Y contains a 
strongly g-complete neighborhood V. If v is the function given by Lemma, 2.12, we set 
T=v+xoyp on W 

where x : R — R is a smooth convex increasing function. If y grows fast enough, we 
get Uv > 0 on OW and the (q — 1)-codimensional subspace on which id’d'y is positive 
definite (in some ambient space) is also positive definite for id'd’’v provided that y’ be 
large enough to compensate the bounded negative part of id’d’v. Then 7% is strongly 
g-convex. Let @ be a smooth convex increasing function on | — 00, O[ such that 0(t) = 0 
for i < —3 and @(t) = —1/t on |—1,0[. The open set V = {z’€ W; o(z) < O} isa 
neighborhood of Y and w = y+ o0vU is a strongly g-convex exhaustion of V. 
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§ 2.C. Runge Open Subsets 


In order to extend the classical Runge theorem into an approximation result for sheaf 
cohomology groups, we need the concept of a g-Runge open subset. 


(2.14) Definition. An open subset U of a complex space X is said to be q-Runge 
(resp. q-Runge complete) in X if for every compact subset L C U there exists a smooth 
exhaustion function w on X and a sublevel set Xp of w such that L C Xp, CCU and w is 
strongly q-conver on X \ Xp (resp. on the whole space X). 


(2.15) Example. If X is strongly g-complete and if w is a strongly q-convex exhaustion 
function of X, then every sublevel set X, of w is g-Runge complete in X : every compact 
set L C X- satisfies LD C X, CC X- for some b < c. More generally, if X is strongly 
q-convex and if w is strongly g-convex on X \ K, every sublevel set X, containing K is 
q-Runge in X. 


Later on, we shall need the following technical result. 


(2.16) Proposition. Let Y be an analytic subset of a complex space X. If U is a 
q-Runge complete open subset of Y and L a compact subset, there exist a neighborhood 
V of Y in X and a strongly q-convex exhaustion yy on V such that U = Y NV and 
LCYNY CU for some sublevel set Vy of w. 


Proof. Let w be a strongly q-convex exhaustion on Y with Lc {w < b} CCU as in 
Def. 2.14. Then L Cc {Ww < b— 6} for some number 6 > 0 and Lemma 2.11 gives a 
strongly g-convex function y on a neighborhood Wo of Y so that w < pry < w+. The 
neighborhood V and the function ~ = ~ +40 v constructed in the proof of Th. 2.13 are 
the desired ones: we have W < Wry = Yry < w+ 0, thus 


BCYOVj=s Cw <b} cou. 


§ 3. q-Convexity Properties in Top Degrees 


It is obvious by definition that a n-dimensional complex manifold M is strongly q- 
complete for g >n-+ 1 (an arbitrary smooth function is then strongly q-convex !). If M 
is connected and non compact, [Greene and Wu 1975] have shown that M is strongly 
n-complete, i.e. there is a smooth exhaustion function y on M such that id’d’’7 has at 
least one positive eigenvalue everywhere. We need the following lemmas. 


(3.1) Lemma. Let be a strongly q-convex function on M and «e> 0 a given number. 
There exists a hermitian metric w on M such that the eigenvalues y1 <... < Yn of the 
Hessian form id’d’y with respect to w satisfy y, > —e€ and yq=..-= m= 1. 


Proof. Let wo be a fixed hermitian metric, Ag € “6° (End TM) the hermitian endomor- 
phism associated to the hermitian form id'd!’~y with respect to wo, and y? <... < 7% 
the eigenvalues of Ao (or id’d’’y). We can choose a function 7 € “6°(M,R) such that 
0 < n(x) < R(x) at each point x € M. Select a positive function 6 € €°°(R,R) such 
that 


Ot) > ltlive for + < 0). 6) St for t2 0, O)=t for tS 1. 
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We let w be the hermitian metric defined by the hermitian endomorphism 
A(x) = (2) O[(n(x))~"Ao(2)| 


where 6[n~'Ao] € “6° (EndTM) is defined as in Lemma VII-6.2. By construction, the 
eigenvalues of A(x) are a;(a) = n(x)9 (7? (2)/n(a)) > 0 and we have 


aj(z) > |yP(a)|/e for 79(a) <0, 
a; (x) > yf (2) for (a) > 0, 
a; (x) = 9} (2) for j >q (then 79(x) > n(2)). 


The eigenvalues of id’d’) with respect to w are 7;(%) = y}(x)/aj(x) and they have the 
required properties. 


On a hermitian manifold (IZ, w), we consider the Laplace operator A,, defined by 


Ov 
iy, Awu = Trace, (id'd"v) = IR (a) 
(3:2) v ace, (id'd'v) ) we (2) 52,07 
1l<j,kgn 


where («/*) is the conjugate of the inverse matrix of (w;,). Note that A,, may differ 
from the usual Laplace-Beltrami operator if w is not Kahler. We say that v is strongly 
w-subharmonic if A,,v > 0. This property implies clearly that v is strongly n-convex; 
however, as 


2 
peace viola Ua) WE Vash Dp) 
DE: , ’ Us ho ws 
j,k 


subharmonicity has the advantage of being preserved by all convex increasing transfor- 
mations. Conversely, if ~ is strongly n-convex and w chosen as in Lemma 3.1 with ¢ 
small enough, we get A,w > 1 — (n—1)e > 0, thus w is strongly subharmonic for a 
suitable metric w. 


(3.3) Lemma. Let U,W Cc M be open sets such that for every connected component 
Us, of U_there is a connected component W1,) of W such that Wys) Us # 0 and 
Wis) \Us #0. Then there exists a function v € €°(M,R), v > 0, with support 
contained in U UW, such that v ts strongly w-subharmonic and > 0 on U. 


Proof. We first prove that the result is true when U,W are small cylinders with the 
same radius and axis. Let ag € M be a given point and 2,..., 2, holomorphic co- 
ordinates centered at ap. We set Rez; = %2;-1, Imz; = %9;, x’ = (Xo,..., an) and 
W = > W5~(x)dx; ® dx,. Let U be the cylinder |x1| < r, |x’| <r, and W the cylinder 
r—é€<a,<r+e, |x'| <r. There are constants c,C > 0 such that 


So wR (a)ejex > clEl? and S-|G*(a)|<C on U. 
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Let x € €°°(R, R) be a nonnegative function equal to 0 on | — 00, —r] U [r+ €, +00[ and 
strictly convex on ] — r,1r]. We take explicitly x(a1) = (a1 +r) exp(—1/(x1 + r)?) on 
] —7,7] and 


v(x) = x(21) exp (1/(|2"/? —r?)) on UUW, v=0 on M\ (UUW). 


We have v € €°(M,R), v > 0 on U, and a simple computation gives 


ee = B(x) (4(e1 +r) * — Aart r)*) 
+ SOY (a) (1 + 2(@1 + 2)-) (204) (0? = a! PY? 
+ So D(a) (myre(4— 80°? — la?) — 206? — la P)P6jx) (©? — [oP 
j,k>1 


For r small, we get 


Awv(z) 


> 2e(a, +7) — Ci (ai +7)? |e |(r? = |2’ 7)? 
v(x) 


+ (2¢|2"]? — Cor) (r? — |’? 


with constants C1, Cz independent of r. The negative term is bounded by C3(a,1+r)7*++ 
cla’ |?(r? — |x'|?)—4, hence 


A,wfv(a) > car +r) + (ela |? — Cor*) (7? — |2'|?)~*. 


The last term is negative only when |z’| < Cyr’, in which case it is bounded by Csr7* < 
c(a, +r)~°. Hence v is strongly w-subharmonic on U. 


Next, assume that U and W are connected. Then U UW is connected. Fix a point 
aé€ WLU. If z € U is given, we choose a path T C UUW from z to a which is 
piecewise linear with respect to holomorphic coordinate patches. Then we can find a 
finite sequence of cylinders (U;, W;) of the type described above, 1 < 7 < N, whose axes 
are segments contained in I’, such that 


U; 0W; CUUW, W; CU;41 and 2 €Up, a€ Wn CWVNU. 


For each such pair, we have a function v; € @°(M) with support in U; UW,, v,; > 0, 
strongly w-subharmonic and > 0 on U;. By induction, we can find constants C; > 0 such 
that vp +C1v1 +---+C;v; is strongly w-subharmonic on Uj U...UU; and w-subharmonic 
on M\W,. Then 

Wz =votCiv+...+Cnvun 20 


is w-subharmonic on U and strongly w-subharmonic > 0 on a neighborhood Qo of the 
given point zp. Select a denumerable covering of U by such neighborhoods 2, and 
set u(z) = })epwz,(z) where €, is a sequence converging sufficiently fast to 0 so that 
v € €°(M,R). Then v has the required properties. 


__ In the general case, we find for each pair (Us,Ws)) a function vs with support in 
U,U Wy), strongly w-subharmonic and > 0 on U,. Any convergent series v = )/ésUs 
yields a function with the desired properties. 
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(3.4) Lemma. Let X be a connected, locally connected and locally compact topological 
space. If U is a relatively compact open subset of X, we let U be the union of U with all 
compact connected components of X .U. Then U is open and relatively compact in X, 
and X \U has only finitely many connected components, all non compact. 


Proof. A rather easy exercise of general topology. Intuitively, U is obtained by “filling 
the holes” of U in X. 


(3.5) Theorem ({Greene-Wu 1975]). Every n-dimensional connected non compact com- 
plex manifold M has a strongly subharmonic exhaustion function with respect to any 
hermitian metric w. In particular, M is strongly n-complete. 


Proof. Let p € “6° (M,R) be an arbitrary exhaustion function. There exists a sequence 
of connected smoothly Bounded open sets 2, CC M such that q, CO, and M =U. 
Let. 0) = =, be the relatively compact open set given by Levins 34. Then: 0p Cijaas 
M =UQ, and MQ, has no compact connected component. We set 


Ups... “y= eas Nees: Tor 22. 


Then OU, = 00,41 UOQ,_2; any connected component U,,, of U, has its boundary 
OU,,s F OQ ,—2, otherwise ‘Sane would be open and closed in M \ Q,~2, hence U,,s 
would be a compact component of M \ Q,-2. Therefore OU,,, intersects 00,41 C 
Uy41. If OUL+41,4(s) is a connected component of U,41 containing a point of OU_,., then 
Uy+1t(s) U,s # 0 and U,+1,4(s) \Uv,s # 0. Lemma 7 implies that there is a nonnegative 
function v, € 6°(M,R) with support in U, U U,41, which is strongly w-subharmonic 
on U,. An induction yields constants C, such that 


Wy =ptCy4+---+ Clu 


is strongly w-subharmonic on Q, C Up U...UU,, thus » = » + >> Cv, is a strongly 
w-subharmonic exhaustion function on M. 


By an induction on the dimension, the above result can be generalized to an arbitrary 
complex space (or analytic scheme), as was first shown by T. Ohsawa. 


(3.6) Theorem ({Ohsawa 1984]). Let X be a complex space of maximal dimension n. 
a) X is always strongly (n + 1)-complete. 


b) If X has no compact irreducible component of dimension n, then X is strongly n- 
complete. 


c) If X has only finitely many irreducible components of dimension n, then X is strongly 
N-CONVER. 


Proof. We prove a) and b) by induction on n = dim X. For n = 0, property b) is void 
and a) is obvious (any function can then be considered as strongly 1-convex). Assume 
that a) has been proved in dimension < n—1. Let X’ be the union of Xsing and of 
the irreducible components of X of dimension at most n — 1, and M = X ~ X’ the 
n-dimensional part of Xyeg. As dim X’ < n—1, the induction hypothesis shows that X’ 
is strongly n-complete. By Th. 2.13, there exists a strongly n-convex exhaustion function 
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y’ on a neighborhood V’ of X’. Take a closed neighborhood V C V’ and an arbitrary 
exhaustion y on X that extends PIT: Since every function on a n-dimensional manifold 
is strongly (n + 1)-convex, we conclude that X is at worst (n + 1)-complete, as stated in 


a). 


In case b), the hypothesis means that the connected components M; of M = X \ X' 
have non compact closure M; in X. On the other hand, Lemma 3.1 shows that there 
exists a hermitian metric w on M such that y;ynvy is strongly w-subharmonic. Consider 
the open sets U;,, C M; provided by Lemma 3.7 below. By the arguments already used 
in Th. 3.5, we can find a strongly w-subharmonic exhaustion wy = yp + Dea) Cy bp ON 
X, with vj, strongly w-subharmonic on U;,,, Supp vj;,, C Uj, UU; 41 and Cj, large. 
Then w is strongly n-convex on X. 


(3.7) Lemma. For each j, there exists a sequence of open sets U;,, CC M;,v € N, such 
that 


a) M;\V'CU,Ujv and (Uj) is locally finite in M; ; 


b) for every connected component U;y,5 of Uj, there is a connected component 
U5 .y-41,2(8) of Ujv41 such that O3,0-41,2(s) M Uj,8 # Q and U5,y-41,(8) N Uju,s a 0. 


Proof. By Lemma, 3.4 applied to the space M;, there exists a sequence of relatively 
compact connected open sets 2;,, in M; such that M; \ Q;,, has no compact connected 
component, Oy © O7,4;and M; =U0,,,. We define a compact set Kj, C M; and 
an open set Wj, C M; containing Kj, by 


— / — 
Ke = (Qa, N 5 a} N V 5 Wy = rae NS aa 


By induction on v, we construct an open set U;,, CC Wj, \ X’ C M; and a finite set 
Fy, C Oj, \Q;,. We let F;,-1 = 0. If these sets are already constructed for v —1, the 
compact set K,;, U Fj,,-1 is contained in the open set W;,,, thus contained in a finite 
union of connected components W;,,;. We can write Kj, U Fy ,-1 = UL;.,s where 
L;v,5 is contained in W;,,5 \ X' C M;. The open set W;.,,5 \ X’ is connected and non 
contained in 0Q;,, U Ljv,s, otherwise its closure W;,,,, would have no boundary point 
€ OQ; 741, thus would be open and compact in M; \ Q),,—2, contradiction. We select 
a point as € (Wj n,5 \ X’) \ (Dee ULj,s) and a smoothly bounded connected open set 
Uj,v,s CC Wjv,5 \ X’ containing L;,,5 with a, € OU;,,,5. Finally, we set Uj, = U, Uj,u,5 
and let F;,, be the set of all points as. By construction, we have U;,, D Ky, U Fy,v-1, 
thus UU; > UK; = M; \ V', and 0U;,,, > as with a, € F;, C U;,,41. Property b) 
follows. 


Proof of Theorem 8.6 c) (end). Let Y C X be the union of Xsing with all irreducible 
components of X that are non compact or of dimension < n. Then dimY < n—1, so Y 
is n-convex and Th. 2.13 implies that there is an exhaustion function ~ € @°°(X, R) such 
that w is strongly n-convex on a neighborhood V of Y. Then the complement K = X \V 
is compact and w is strongly n-convex on X \ K. 


(3.8) Proposition. Let M be a connected non compact n-dimensional complex manifold 
and U an open subset of M. Then U is n-Runge complete in M if and only if M\U 
has no compact connected component. 
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Proof. First observe that a strongly n-convex function cannot have any local maximum, so 
it satisfies the maximum principle. If J \U has a compact connected component T’, then 
T has a compact neighborhood L in M such that OL C U. We have max; w = maxgy W) 
for every strongly n-convex function, thus OL C M, implies L C Mz; thus we cannot 
find a sublevel set My such that OL C Mz, CC U, and U is not n-Runge in M. 


On the other hand, assume that IM \ U has no compact connected component and 
let L be a compact subset of U. Let w be any hermitian metric on M and vy a strongly 
w-subharmonic exhaustion function on M. Set b= 1+ sup; y and 


P={ve M~ Us Or) < oh. 


As M \U has no compact connected component, all its components Ty contain a point 
Ya in 


W={xEX; v(x) > b4+1}. 


For every point x € P with x € Ty, there exists a connected open set V, CC MN L 
containing x such that OV, 3 ya (M ~\ L is a neighborhood of M ~\ U and we can 
consider a tubular neighborhood of a path from x to yg in M \ L). The compact set P 
can be covered by a finite number of open sets V;,. Then Lemma 3.3 yields functions v; 
with support in V,, UW which are strongly w-subharmonic on V,,. Let y be a convex 
increasing function such that y(t) = 0 on | — co, bj and y’(t) > 0 on Jb, +00]. Consider 
the function 
p=pty Crjt+xoy. 


First, choose C; large enough so that ~ 2 b on P. Then choose x increasing fast enough 
so that w is strongly w-subharmonic on W. Then w is a strongly n-convex exhaustion 
function on M, and as ~ > yon M and w = yg on L, we see that 


Lc{*#eM; v(a2) <b} CU. 


This proves that U is n-Runge complete in M. 
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§ 4.A. Case of Vector Bundles over Manifolds 
The crucial point in the proof of the Andreotti-Grauert theorems is the following 


special case, which is easily obtained by the methods of chapter 8. 


(4.1) Proposition. Let M be a strongly q-complete manifold with q > 1, and E a 
holomorphic vector bundle over M. Then: 


a) H*(M,@(E)) =0 for k > 4 


b) Let U be a q-Runge complete open subset of M. Every d’-closed form h € 
Ch q— 1(U, E) can be approximated uniformly with all derivatives on every compact 
subset of U by a sequence of global d"-closed forms hy € “€x,-1(M, F). 


Proof. We replace E’ by E=A°TM@E ; then we can work with forms of bidegree 
(n,k) instead of (0,k). Let w be a strongly g-convex exhaustion function on M and w 
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the metric given by Lemma 3.1. Select a function p € “6° (M, R) which increases rapidly 
at infinity so that the hermitian metric w = e?w is complete on M. Denote by Ey the 
bundle E endowed with the hermitian metric obtained by multiplication of a fixed metric 
of E by the weight exp(—p ow) where y € °°(R,R) is a convex increasing function. 
We apply Th. VIII-4.5 for the bundle Ey over the complete hermitian manifold (/,w). 
Then 


ic(E,,) = ic(E) + id’d’(x 0) @Idg Snax ic(E) +x op id’d” yp @Idz. 


The eigenvalues of id'd'’~) with respect to w are e~’y;, so Lemma VII-7.2 and Prop. VI-8.3 
yield 

> [ic(E), A] + T= +’ op [id'dy, A] ® Idz 

> [ic(E), A) + Ts +x’ ope (yi +--+ +e) @ldz 


when this curvature tensor acts on (n,k)-forms. For k > q, we have 
Yt ty, Sl-(q-lDe>O if e<1/q. 


We choose xo increasing fast enough so that all the eigenvalues of the above curvature 
tensor are > 1 when x = Xo. Then for every g € “€7°,(M, £) with Dg = 0 the equation 
D" f = gq can be solved with an estimate 


| IfRe-XPaV < i Igl2e¥ aV, 
M M 


where x = Xo + X1 and where yj, is a convex increasing function chosen so that the 
integral of g converges. This gives a). In order to prove b), let h € “€7°,_,(U, E) be such 
that D’h = 0 and let L be an arbitrary compact subset of U. Thanks to pet 2.14, we 
can choose yw such that there is a sublevel set M, with L C Mz, Cc U. Select bo < b so 
that L C M,,, and let 0 € “€°°(R, R) be a convex increasing function such that 6 = 0 on 
] — 00, bo| and @ > 1 on |b, +oco|. Let 7 € &(U) be a cut-off function such that 7 = 1 on 
My. We solve the equation D” f = g for g = D" (nh) with the weight y = yo + vO ow 
and let v tend to infinity. As g has compact support in U \ M, and yow > yop 0v+v 
on this set, we find a solution f, such that 


| Pe eerray: < | |f,\?e ~°P dV < | |gl?e-*°¥ dV < Ce-”, 
b M UNM, 


Mog 


thus f, converges to 0 in L*(Mp,) and h, = nh — f, € €%,_1(M, E) is a D’’-closed 
form converging to h in L?(M,,). However, if we choose the minimal solution such that 
oy fv = 0 as in Rem. VIII-4.6, we get A" f, = 6¥g on M and in particular AY, f, = 0 
on M,,. Garding’s inequality VI-3.3 applied to the elliptic operator AY, shows that f, 
converges to 0 with all derivatives on L, hence h, converges to h on L. Now, replace L 


by an exhaustion L, of U by compact sets; some diagonal subsequence h, converges to 
hin 6°°,_1(U, E). 


n,q—1 
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§4.B. A Local Vanishing Result for Sheaves 


Let (X,@x) be an analytic scheme and & a coherent sheaf of ©x-modules. We wish 
to extend Prop. 4.1 to the cohomology groups H*(X,Yf). The first step is to show that 
the result holds on small open sets, and this is done by means of local resolutions of Y. 


For a given point x € X, we choose a patch (A, @9/¥) of X containing x, where A is 
an analytic subset of Q c C% and § a sheaf of ideals with zero set A. Let i4 : A —> 2 
be the inclusion. Then (74), is a coherent ©g-module supported on A. In particular 
there is a neighborhood Wp C 2 of x and a surjective sheaf morphism 


GP —> (ig), on Wo, (tay---y Upp) > SY) uyGy 
1<j<po 


where G,...,Gp, € S(AN Wo) are generators of (14), on Wo. If we repeat the pro- 
cedure inductively for the kernel of the above surjective morphism, we get a homological 
free resolution of (14)4S: 


(4.3) GPt —, ... —+ GP? — ©P° —, (i4), Sf —0 on W;, 


of arbitrary large length /, on neighborhoods W; C W;_1 Cc... C Wo. In particular, after 
replacing Q by W2y and A by AN Won, we may assume that (74),S has a resolution of 
length 2N on 2. In this case, we shall say that A C 2 is a S-distinguished patch of X. 


(4.4) Lemma. Let A CQ be a F-distinguished patch of X and U a strongly q-conver 
open subset of A. Then 
H*(U,f)=0 for k>q. 


Proof. Theorem 2.13 shows that there exists a strongly g-convex open set V C 2) such 
that U = ANV. Let us denote by &! the kernel of ©?! —> @P'-1 for 1 > 1 and 
£° = ker (@?° —> (i4),.S). There are exact sequences 


0 — £° —; 6° —; (i4),F — 0, 


Os FSS a SS 0, 1<l<2Nn. 
For k > q, Prop. 4.1 a) gives H*(V, G?) = 0, therefore we get 


HOU, DS) Sa Vad eo” Ce Vg Be es ee See) 


and the last group vanishes because topdim V < dimp V = 2N. 


§ 4.C. Topological Structure on Spaces of Sections and on Cohomology Groups 


Let V C 2 be a strongly 1-complete open set relatively to a f-distinguished patch 
ACQ and let U = ANV. By the proof of Lemma 4.4, we have 


HV, %°) ~ BONY ge") = 0, 
hence we get an exact sequence 


(4.5) 0 — £°(V) — @P°(V) — FU) — 0. 
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We are going to show that the Fréchet space structure on ©?°(V) induces a natural 
Fréchet space structure on the groups of sections of over any open subset. We first 
note that £%°(V) is closed in @?°(V). Indeed, let f, € £°(V) be a sequence converging 
to a limit f € ©?°(V) uniformly on compact subsets of V. For every x € V, the germs 
(f,)2 converge to f, with respect to the topology defined by (1.4) on G?°. As F° is 
closed in ©?° in view of Th. 1.5 b), we get f, € £9 for all z EV, thus f € £°(V). 


(4.6) Proposition. The quotient topology on S(U) is independent of the choices made 
above. 


Proof. For a smaller set U' = AMV’ where V’ is a strongly 1-convex open subset 
of V, the restriction map G?°(V) —+ ©P0(V") is continuous, thus S(U) —> F(U") is 
continuous. If (V,,) is a countable covering of V by such sets and Uy = AN Va, we get an 
injection of S(U) onto the closed subspace of the product [[S(U..) consisting of families 
which are compatible in the intersections. Therefore, the Fréchet topology induced by 
the product coincides with the original topology of S(U). If we choose other generators 
Hy,..., Hq, for (ia).S, the germs H;, can be expressed in terms of the G;,,’s, thus we 
get a commutative diagram 
@>(V) 2.90) — 0 


‘ | 


6» (V) 2.9(U)— 0 


provided that U and V are small enough. If we express the generators G; in terms 
of the H,’s, we find a similar diagram with opposite vertical arrows and we conclude 
easily that the topology obtained in both cases is the same. Finally, it remains to show 
that the topology of S(U) is independent of the embedding A C ( near a given point 
x € X. We compare the given embedding with the Zariski embedding (A,x) Cc 1’ 
of minimal dimension d. After shrinking A and changing coordinates, we may assume 
Q =! x C’~4 and that the embedding i4 : A — 0 is the composite of i’, : A — 
and of the inclusion j : 2’ —> 1’ x {0} CQ. For V’ C 1” sufficient small and U’ = ANV’, 
we have a surjective map G’ : 6?°(V") —> $(U") obtained by choosing generators Gi, of 
(i’,)*F on a neighborhood of x in 2’. Then we consider the open set V = V’x CN-4 CQ 
and the surjective map onto S(U’) equal to the composite 


@Po(v) +, ov’) ©. KU). 


This map corresponds to a choice of generators G; € (i4)*S(V) equal to the functions 


G’,;, considered as functions independent of the last variables zg41,..., 2. Since j* is 
open, it is obvious that the quotient topology on S(U’) is the same for both embeddings. 


Now, there is a natural topology on the cohomology groups H*(X,Y/). In fact, let 
(U.) be a countable covering of X by strongly 1-complete open sets, such that each U,, is 
contained in a -f-distinguished patch. Since the intersections Uy,..., are again strongly 
1-complete, the covering WU is acyclic by Lemma 4.4 and Leray’s theorem shows that 
H*(X, Y) is isomorphic to H4(U, SL). We consider the product topology on the spaces of 
Cech cochains C*(U,S) = T] S(Uay...a,) and the quotient topology on H*(U,Y). It is 
clear that H°(U, Y) is a Fréchet space; however the higher cohomology groups H* (U, P) 
need not be Hausdorff because the coboundary groups may be non closed in the cocycle 
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groups. The resulting topology on H*(X, Y/) is independent of the choice of the covering: 
in fact we only have to check that the bijective continuous map H*(U, Sf) — H*(UW, Y) 
is a topological isomorphism if U! is a refinement of UW, and this follows from Rem. 1.10 
applied to the morphism of Cech complexes C*(U, Sf) — C* (UW, Y). 

Finally, observe that when & is the locally free sheaf associated to a holomorphic 
vector bundle E on a smooth manifold X, the topology on H* (X, ©(E)) is the same 
as the topology associated to the Fréchet space structure on the Dolbeault complex 
(CR. (X, FE), d” ) : by the analogue of formula (IV-6.11) we have a bijective continuous 
map 


H* (U, O(E)) — H*(€%,(X, E)) 
{ (Ca...) t a f(z) = ye Cao...dq (z) 9a, a Ox: Meal id” Oige.4 


where (6,,) is a partition of unity subordinate to UW. As in Rem. 1.10, the continuity of 
the inverse follows by the open mapping theorem applied to the surjective map 


Z*(C*(U, G(E))) ® CS%,_1(X, E) — Z*(€R2,(X, E)). 
We shall need a few simple additional results. 


(4.7) Proposition. The following properties hold: 


a) For every x € X, the map S(X) — FX, is continuous with respect to the topology of 
SF, defined by (1.4). 


b) If’ is a coherent analytic subsheaf of S, the space of global sections F(X) is closed 


c) IfU' CU are open in X, the restriction maps H*(U,S) —+ H*(U',Y) are continu- 
ous. 


d) If U' is relatively compact in U, the restriction operator S(U) —> F(U") is compact. 


e) Let S — YF be a morphism of coherent sheaves over X. Then the induced maps 
H*(X,S) — H*(X,F’) are continuous. 


Proof. a) Let V C Q be a strongly 1-convex open neighborhood of x relatively to a 
‘f-distinguished patch A CQ. The map ©?°(V) —> @P?° is continuous, and the same is 
true for ©?9 — FY, by §1. Therefore the composite ©?°(V) — YF, and its factorization 
S(U) — Ff, are continuous. 


b) is a consequence of the above property a) and of the fact that each stalk 9, is closed 
in SF, (cf. 1.5 b)). 


c) The restriction map S(U) —> F(U") is continuous, and the case of higher cohomology 
groups follows immediately. 


d) Assume first that U = ANV and U' = ANV’, where A C Q is a F-distinguished patch 
and V’ cc V are strongly 1-convex open subsets of 2. The operator @?0(V) —>+ @?9(V’) 
is compact by Montel’s theorem, thus S(U) —+ S(U’) is also compact. In the general 
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case, select a finite family of strongly 1-convex sets UL, CC U, C U such that (U2) covers 
U’ and U, is contained in some distinguished patch. There is a commutative diagram 
S(U) SU") 


{ { 


T9U.) — TAU.) — TAU" Ua) 


where the right vertical arrow is a monomorphism and where the first arrow in the bottom 
line is compact. Thus S(U) —> F(U’) is compact. 


e) It is enough to check that S(U) —> F’(U) is continuous, and for this we may assume 
that U = AMV where V is a small neighborhood of a given point x. Let G1,..., Gp, 
be generators of S,, Gi,...,G,, their images in /,. Complete these elements in order 
to obtain a system of generators (Gj,...,Gj,,) of %,. For V small enough, the map 
S(U) — F'(U) is induced by the inclusion 6?°(V) —> ©?9(V) x {0} Cc @(V), hence 


continuous. 


§4.D. Cartan-Serre Finiteness Theorem 


The above results enable us to prove a finiteness theorem for cohomology groups over 
compact analytic schemes. 


(4.8) Theorem (Cartan-Serre). Let S be a coherent analytic sheaf over an analytic 
scheme (X,@x). If X is compact, all cohomology groups H*(X,) are finite dimensional 
(and Hausdorff ). 


Proof. There exist finitely many strongly 1-complete open sets Ui, CC U, such that each 
U, is contained in some F-distinguished patch and such that JU{, = X. By Prop. 4.7 d), 
the restriction map on Cech cochains 


C*(U, P) — C°(U!, S) 


defines a compact morphism of complexes of Fréchet spaces. As the coverings U = (Ua) 
and ‘U' = (U/) are acyclic by 4.4, the induced map 


HF(U, SP) — HRW, S) 


is an isomorphism, both spaces being isomorphic to H*(X,f). We conclude by Schwartz’ 
theorem 1.9. 


§ 4.E. Local Approximation Theorem 


We show that a local analogue of the approximation result 4.1 b) holds for a sheaf F 
over an analytic scheme (X, @x). 


(4.9) Lemma. Let A C Q be a F-distinguished patch of X, and U' C U C A open 
subsets such that U’ is qg-Runge complete in U. Then the restriction map 


Ho (0h) == 


has a dense range. 
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Proof. Let L be an arbitrary compact subset of U’. Proposition 2.16 applied with Y = U 
embedded in some neighborhood in 2 shows that there is a neighborhood V of U in Q 
such that AN V =U and a strongly g-convex function y on V such that L Cc U;, cc U’ 
for some U, = AN V,. The proof of Lemma 4.4 gives H4(V, £°) = H4(V4, £°) = 0 and 
the cohomology exact sequences of 0 = £° — @Po — iF — 0 over V and V; yield a 
commutative diagram of continuous maps 


HI1(V, G0) —+ HI1(V,i4S) = Ht (0,2) 


{ { { 


HI-1(V,, GP) —s HIN, 4 S)= HIND) 


where the horizontal arrows are surjective. Since V, is g-Runge complete in V, the left 
vertical arrow has a dense range by Prop. 4.1 b). As U’ is the union of an increasing 
sequence of sets Up,, we only have to show that the range remains dense in the inverse 
limit H9-1(U',Y). For that, we apply Property 1.11 d) on a suitable covering of U. 
Let “i be a countable basis of the topology of U, consisting of strongly 1-convex open 
subsets contained in Y-distinguished patches. We let “iW” (resp. “W,,) be the subfamily of 
W €°W such that W cc U’ (resp. W CC Up, ). Then W’, W", “WW, are acyclic coverings 
of U, U’, Uy, and each restriction map C*(W, S) —> C*(W_, F) is surjective. Property 
1.11 d) can thus be applied and the lemma follows. 


§4.F. Statement and Proof of the Andreotti-Grauert Theorem 


(4.10) Theorem ([Andreotti-Grauert 1962]). Let S be a coherent analytic sheaf over a 
strongly q-convex analytic scheme (X,@x). Then 


a) H*(X,Y) is Hausdorff and finite dimensional for k > q. 
Moreover, let U be a q-Runge open subset of X,q >1. Then 
b) the restriction map H*(X,S) — H*(U,Y) is an isomorphism for k > q; 
c) the restriction map H4~1(X, PL) — HI 1(U,Y) has a dense range. 
The compact case q = 0 of 4.10 a) is precisely the Cartan-Serre finiteness theorem. 


For q > 1, the special case when X is strongly g-complete and U = 9 yields the following 
very important consequence. 


(4.11) Corollary. If X is strongly q-complete, then 


AP(X,S) =0 for k>¢. 


Assume that q > 1 and let ~ be a smooth exhaustion on X that is strongly q-convex 
on X \ K. We first consider sublevel sets Xg > X,. D K, d > c, and verify assertions 
4.10 b), c) for all restriction maps 


H* (Xa, S) — H*(X.,9), k2>q-1. 
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The basic idea, already contained in [Andreotti-Grauert 1962], is to deform X, into Xq 
through a sequence of strongly g-convex open sets (G,;) such that Gj+41 is obtained from 
G,; by making a small bump. 


(4.12) Lemma. There exist a sequence of strongly q-conver open sets Go CC... C Gs 
and a sequence of strongly q-complete open sets Uo,...,Us—1 in X such that 


a) Gag=X-, Gs=Xa, Gji1 =G;UU; for O0<j<es—1; 


b) Gj = {x € X; yj(x) < cj} where w; is an exhaustion function on X that is strongly 
q-conver on XK; 


c) U; is contained in a S-distinguished patch Aj CQ; of X ; 
d) G,;NU;, is strongly q-complete and q-Runge complete in U;. 


Proof. There exists a finite covering of the compact set Xq\ X, by F-distinguished 
patches A; C 0;, 0 <j < s, where 2; C C% is a euclidean ball and KN A; = 0. 
Let 0; € G(X) be a family of functions such that Supp6; C A;, 0; > 0, 556; < 1 and 
> 9; = 1 on a neighborhood of Xq\ X,. We can find ¢9 > 0 so small that 


Vj=V-_e Ox 


O<k<j 


is still strongly g-convex on X \ Kk for 0 < j < s andeé < &o. We have Wo = wy and 
w,=w—eon Xq\ Xe, thus 


G;={xeEX;y;(z)<c}, O<jK<s 


is an increasing sequence of strongly q-convex open sets such that Go = X-, Gs = Xete. 
Moreover, as 41 — Wj = —€0; has support in A;, we have 


Gai = G; U BF where U; = Gaui a) Aj. 


It follows that conditions a), b), c) are satisfied with c+ € instead of d. Finally, the 
functions 


05 = UW (e- by) + UW (r§ — [ez -— 2917), Gy = A (C— Hs) + WV (9 — [2 - 2517) 


are strongly g-convex exhaustions on U; and G; 1U; = G;M Aj. Let L be an arbitrary 
compact subset of G; 1U; and a = sup; #; <c. Select b €Ja,c| and set 


Vin =¥ji tne; on Uj, n> 0. 
Then ~;,, is an exhaustion of U;. As y,; is bounded below, we have 
Ee CAV XO} CC [Ue €} NU; = GGG 
for 7 small enough. Moreover 


(1—a)yb; + avj41 =a =e > 0, — ae 0; 


O<k<j 
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is strongly q-convex for all a € [0,1] and € < €9 small enough, so Prop. 2.4 implies 
that Wj, is strongly q-convex. By definition, G; MU; is thus q-Runge complete in U;, 
and Lemma 4.12 is proved with X.,- instead of Xq. In order to achieve the proof, we 
consider an increasing sequence c = cg < cy <... < cn =d with ce41 — Ce < €o and 
perform the same construction for each pair X,., C X with c replaced by cy and 
E = Ck+1 — Ck- 


Ck41? 


(4.13) Proposition. For every sublevel set X. D> K, the group H*(X., PL) is Hausdorff 
and finite dimensional when k > q. Moreover, for d > c, the restriction map 


H* (X49) — A" (XeDP) 


is an isomorphism when k > q and has a dense range when k = q —1. 


Proof. Thanks to Lemma 4.12, we are led to consider the restriction maps 
(4.14) H*(Gy41,P) = H*(G;,P). 


Let us apDy the Mayer-Vietoris exact sequence IV-3.11 to Gj_, = G;UU,. For k > q we 
have H*(U;,S) = H*(G;NU;,S) = 0 by Lemma 4.4. Hence we pet. an exact sequence 


HH?" (Gya4i, S)— Aa 1(G;, S) @ HY1(U;, S)— H47'(G;NU;,S) — 
BG) H*(G;,S) se, LO sea tang. de adh 


In this sequence, all the arrows are induced by restriction maps, so they define continuous 
linear operators. We already infer that the map (4.14) is bijective for k > q and surjective 
for k = q. There exist a F-acyclic covering “Vv = (V,) of Xq and a finite family /” = 

(Voi2+++2VQ,) Of open sets such that Vj, CC Va, and UV), X,. Let W be a locally 


finite S-acyclic covering of X. which refines °W' X. = (Va, X-). The refinement map 
C°(V,S) — CCW" Xe, S) — CW, F) 
is compact because the first arrow is, and it induces a surjective map 
LS) SHS). tor Sag 
By Schwartz’ theorem 1.9, we conclude that H*(X,,f) is Hausdorff and finite dimen- 
sional for k > q. This is equally true for H4(G,;, SF) because G; is also a global sublevel 


set {x EX; eG ) < cj} containing kK. Now, the Mayer-Vietoris exact sequence implies 
that the composite 


H*-1(Uj,S) — HT M(GyNU;,S) 2+ HUG i419) 
is equal to zero. However, the first arrow has a dense range by Lemma 4.9. As the target 
space is Hausdorff, the second arrow must be zero; we obtain therefore the injectivity of 


H"(Gj41,S) —+ H%(G;, PF) and an exact sequence 


HI? (G541,S) — H9-"(G;, S)\@HI "Uj, S)— HI" (Gj NU;,F) — 0 
gou > UIG;ANU; — ItG;NU;- 
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The argument used in Rem. 1.10 shows that the surjective arrow is open. Let g € 
A I-1(G5,P) be given. By Lemma 4.9, we can approximate giq;qu,; by a sequence 
UvtG;nU;, Uv E H4"'(U;,P). Then wy, = Uvtajnu; — 9ra;nu, tends to zero. As the 
second map in the exact sequence is open, we can find a sequence 


g, Buy, € HT "(G;,S)@ HT U;,S) 


converging to zero which is mapped on w,. Then (g—gj,) @ (uy — ul,) is mapped on zero, 
and there exists a sequence f, € H2~!(Gj41,S) which coincides with g — g!, on G; and 
with u, — ui, on U;. In particular f,;G, converges to g and we have shown that 


HI(Gi41,P) 3 HONG; S) 


has a dense range. 


Proof of Andreotti-Grauert’s Theorem 4.10.. Let “W be a countable basis of the topology 
of X consisting of strongly 1-convex open sets W,, contained in -distinguished patches 
of X. Let L Cc U be an arbitrary compact subset. Select a smooth exhaustion function 
w on X such that w is strongly g-convex on X \ X, and L C Xp CC U for some sublevel 
set X, of w; choose c > b such that X. CC U. For every d € R, we denote by Wa Cc W 
the collection of sets W, € “W such that Wy C Xq. Then Wg is a F-acyclic covering of 
X,q. We consider the sequence of Cech complexes 


EX =C'\(WesS), ven 


together with the surjective projection maps E%,, —+ E}, and their inverse limit 
k* = C*(W, 9). Then we have H*(E*) = H*(X,9) and A*(E*) = A* (Xe, 9). 
Propositions 1.11 (a,b,c) and 4.13 imply that H*(X,S) — H*(X.,Y) is bijective 
for k > q and has a dense range for k = q—1. It already follows that H*(X,Y) 
is Hausdorff for k > gq. Now, take an increasing sequence of open sets X,,, equal to 
sublevel sets of a sequence of exhaustions ~,, such that U = ) X-,. Then all groups 
H*(X.,, YF) are in bijection with H*(X,Y) for k > q, and the image of H4~'(X.,,,, I) 
in H~1(X,,,P) is dense because it contains the image of H7~'(X, YL). Proposition 1.11 
(a,b,c) again shows that H*(U,S) —> H*(X,,, YX) is bijective for k > gq, and d) shows 
that H9-1(X,S) —+ H1(U,Y) has a dense range. The theorem follows. 


A combination of Andreotti-Grauert’s theorem with Th. 3.6 yields the following im- 
portant consequence. 


(4.15) Corollary. Let FS be a coherent sheaf over an analytic scheme (X,@x) with 
dim X < n. 


a) We have H*(X,YF)=0 forallk>n+1; 


b) If X has no n-dimensional compact irreducible component, then we have 
HX Sy 0i 


c) If X has only finitely many n-dimensional compact irreducible components, then 
H"(X,P) is finite dimensional. 


The special case of 4.15 b) when X is smooth and & locally free has been first proved 
by [Malgrange 1955], and the general case is due to [Siu 1969]. Another consequence is 
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the following approximation theorem for coherent sheaves over manifolds, which results 
from Prop. 3.8. 


(4.16) Proposition. Let & be a coherent sheaf over a non compact connected complex 
manifold M with dimM =n. Let U C M be an open subset such that the complement 
M \U has no compact connected component. Then the restriction map H"—'(M, Pf) 
H”—!(U,P) has a dense range. 


§5. Grauert’s Direct Image Theorem 


The goal of this section is to prove the following fundamental result on direct images 
of coherent analytic sheaves, due to [Grauert 1960]. 


(5.1) Direct image theorem. Let X, Y be complex analytic schemes and let F : 
X — Y be a proper analytic morphism. If F is a coherent ©x-module, the direct images 
RIFF are coherent Gy -modules. 


We give below a beautiful proof due to [Kiehl-Verdier 1971], which is much sim- 
pler than Grauert’s original proof; this proof rests on rather deep properties of nuclear 
modules over nuclear Fréchet algebras. We first introduce the basic concept of topolog- 
ical tensor product. Our presentation owes much to the seminar lectures by [Douady- 
Verdier 1973]. 


§5.A. Topological Tensor Products and Nuclear Spaces 


The algebra of holomorphic functions on a product space X x Y is a completion 
6(X) © GY) of the algebraic tensor product ©(X) ® G(Y). We are going to describe 
the construction and the basic properties of the required topological tensor products ®&. 


Let E, F' be (real or complex) vector spaces equipped with semi-norms p and gq, 
respectively. Then EF ® F can be equipped with any one of the two natural semi-norms 
PSr qd, p Se q defined by 


p@x q(t) = int { S| wleaQsi t= >) a Oyj, 2 EB, ye F }, 


1<j<N 1<j<N 


P@e g(t) = sup JE@nd|, CEE, nek; 
llEllp<1, IInlla<2 


the inequalities in the last line mean that €, 7 satisfy |€(x)| < p(x) and |n(y)| < ¢(y) for 
alla € E,y € F. Then clearly p®-q <p ®x4q, for 


P®e a( Soa; ® y;) < DP Be aaj @ yy) < D7 plas) a(y;)- 
Given x € E, y € F,, the Hahn-Banach theorem implies that there exist €, 7 such that 
Ellp = Ilnllq = 1 with €(x) = p(x) and n(y) = g(y), hence p @- q(x ® y) > p(x) q(y). On 
the other hand p ®; q(x ® y) < p(x) q(y), thus 


PB q(x# @y) = p@xr g(x ® y) = p(x) q(y). 
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(5.2) Definition. Let E, F' be locally convex topological vector spaces. The topological 
tensor product E ®, F (resp. E ®- F) is the Hausdorff completion of E ® F, equipped 
with the family of semi-norms p@, q (resp. p@z-q) associated to fundamental families of 
semi-norms on E and F. 


Since we may also write 


p @y a(t) = inf { Syl; t=) Ap 278 Uje BEE) S15 ays) <1} 


where the ;’s are scalars, we see that the closed unit ball B(p 8, q) in E @, F is 
the closed convex hull of B(p) @ B(q). From this, we easily infer that the topological 
dual space (E &, F)' is isomorphic to the space of continuous bilinear forms on E x F. 
Another simple consequence of this interpretation of B(p ®, q) is example a) below. 


(5.3) Examples. 


a) For all discrete spaces I, J, there is an isometry 
OT) @, OJ) ~ OE x J). 


b) For Banach spaces (E,p), (F,q), the closed unit ball in E ®, F is dual to the unit 
ball B(p' @x q') of E! ®, F’ through the natural pairing extending the algebraic pairing 
of E ®@ F and E’ ® F’. If co(L) denotes the space of bounded sequences on J converging 
to zero at infinity, we have co(I)! = (I), hence by duality co(I) &- co(J) is isometric 
to co(I x J). 


c) If X, Y are compact topological spaces and if C(X), C(Y) are their algebras of 
continuous functions with the sup norm, then 


C(X) @. C(Y) ~ C(X x Y). 


Indeed, C(X)’ is the space of finite Borel measures equipped with the mass norm. Thus 
for f € C(X) ®C(Y), the @--seminorm is given by 


llflle = sup p@v(f)= sup |fl; 
Ill <1, [|u|] <1 XxY 


the last equality is obtained by taking Dirac measures 6,, 4, for 4, v (the inequality < 
is obvious). Now C(X)@ C(Y) is dense in C(X x Y) by the Stone- Weierstrass theorem, 
hence its completion is C(X x Y), as desired. 


Let f : Ey — Ey and g: F, — F> be continuous morphisms. For all semi-norms po, 
q2 on Ey, F, there exist semi-norms p;, q; on E£, F; and constants ||f\| = ||fllp, 
I9I| = Il9lla.q2 such that poo f < ||f|| pi and q2 0g < ||g||q1. Then we find 


»P2? 


(p2 @x q2)°(f @g) <||fI| ||g||p1 Sx 1 


and a similar formula with p; ®- q;. It follows that there are well defined continuous 
maps 
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(5.4) f @ng: Ey Fy — By @n FP, 
(5.4")  f@.g: BE @. Fy — Ey ®- Fy. 


Another simple fact is that ®, preserves open morphisms: 


(5.5) Proposition. If f : E, > Ey and g: F, > F> are epimorphisms, then f @q g: 
Ey @_, Fy — Eo ®, Fo is an epimorphism. 


Proof. Recall that when F is locally convex complete and F’ Hausdorff, a morphism 
u: E — F is open if and only if u(V) is a neighborhood of 0 for every neighborhood 
of 0 (this can be checked essentially by the same proof as 1.8 b)). Here, for any semi- 
norms p, q on E}, F the closure of f ®, g(B(p Qe q)) contains the closed convex hull 
of f(B(r)) @ g(B(q)) in which f(B(p)) and g(B(q)) are neighborhoods of 0, so it is a 
neighborhood of 0 in E @, F. 


If FE, C Eg is aclosed subspace, every continuous semi-norm p, on EF is the restriction 
of a continuous semi-norm on 2, and every linear form €; € FE} such that ||€&4||p, < 1 can 
be extended to a linear form €2 € F2 such that ||€2||p. = ||€1||p, (Hahn-Banach theorem); 
similar properties hold for a closed subspace F C F2. We infer that 


(p2 @e G2) Mer: =P1 ®@e NH, 
thus FE, ®- F, is a closed subspace of F ©. Fy. In other words: 


(5.6) Proposition. Jf f : Ey — Eg andg : Fy, — F 2 are monomorphisms, then 
f @®- 9: FE, ®- Fi — E>. ®- Fo is a monomorphism. 


Unfortunately, 5.5 fails for @- and 5.6 fails for ®,, even with Fréchet or Banach spaces. 
It follows that neither ©, nor ®- are exact functors in the category of Fréchet spaces. 
In order to circumvent this difficulty, it is necessary to work in a suitable subcategory. 


(5.7) Definition. A morphism f : E — F of complete locally convex spaces is said to 
be nuclear if f can be written as 


fa) Gey 


where (A;) is a sequence of scalars with )* |A;| < +00, €; € E" an equicontinuous sequence 
of linear forms and y; € F a bounded sequence. 


When EF and F are Banach spaces, the space of nuclear morphisms is isomorphic to 
E" ®, F and the nuclear norm || f||, is defined to be the norm in this space, namely 


(5.8) fll. = int { 7 Ass f= G Oy, EI <1, lyll <1 \. 


For general spaces E, F’, the equicontinuity of (€;) means that there is a semi-norm p on 
E and a constant C' such that |€;(”)| < C p(«) for all 7. Then the definition shows that 
f : E - F is nuclear if and only if f can be factorized as E — E, — F, — F where 
FE, — Fis a nuclear morphism of Banach spaces: indeed we need only take FE, be equal 
to the Hausdorff completion E,, of (Ep) and let F; be the subspace of F’ generated by 
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the closed balanced convex hull of {y;} (= unit ball in F,); moreover, if u:S — EF and 
vu: F — T are continuous, the nuclearity of f implies the nuclearity of vo f ou; its 
nuclear decomposition is then vo fou = >> A; (€; ou) @ v(y;). 


(5.9) Remark. Every nuclear morphism is compact: indeed, we may assume in Def. 5.7 
that (y;) converges to 0 and )°|A;| < 1, otherwise we replace y; by €j;y; with ¢; con- 
verging to zero such that }>|A;/e;| < 1; then, if U C F is a neighborhood of 0 such 
that |€;(U)| < 1 for all 7, the image f(U) is contained in the closed convex hull of the 
compact set {y;}U {0}, which is compact. 


(5.10) Proposition. If FE, F,G are Banach spaces and if f : E — F is nuclear, there 
is a continuous morphism 


f@ldg:£E®.G—F®8,G 
extending f ®Idg, such that ||f @ Ide || < || f\IL- 
Proof. If f = >> A; & ® y,; as in (5.8), then for any t € EF ® G we have 


(f @ Ide) (t) = Aj (E& @Ide(t)) @ y; 
where (€; ® Idg)(t) € G has norm 


(6; @Ide@)(é)||= sup —_|n(E; @ Idg(t)) | = sup |€; @ n(€)| < |IElle- 
neG’,||n||<1 n 


Therefore || f @ Idg(t)||; < >> |A;|||t||-, and the infimum over all decompositions of f 
yields 
I|f @Ide(t) |x < IF II lAlle- 


Proposition 5.10 follows. 


If EF is a Fréchet space and (p;) an increasing sequence of semi-norms on £ defining 
the topology of E', we have 
pS lim EB 


Pj? 


where Ey. is the Hausdorff completion of (£,p,;) and E = By. the canonical mor- 


Pj+1 
phism. Here ine is a Banach space for the induced norm pj. 


(5.11) Definition. A Fréchet space E is said to be nuclear if the topology of E can be 
defined by an increasing sequence of semi-norms p; such that each canonical morphism 


~ ~ 


Foi Ep, 


of Banach spaces is nuclear. 


If E, F are arbitrary locally convex spaces, we always have a continuous morphism 
E 8, F > E ®, F, because p @eqd < PSrgq If E, say, is nuclear, this morphism 
yields in fact an isomorphism E®. FYE ®, F: indeed, by Prop. 5.10, we have 
Dj Qn qk Cj Pj+1 ®- q where C; is the nuclear norm of Be — Es p;- Hence, when FE 
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or F is nuclear, we will identify E @, F and E ®- F and omit ¢ or 7 in the notation 
E@F. 


(5.12) Example. Let D = [[ D(0,R;) be a polydisk in C”. For any t € ]0, 1[, we equip 
©(D) with the semi-norm 
pi(f) = sup |f].- 
tD 


The completion of (O(D), Pt) is the Banach space E; of holomorphic functions on tD 
which are continuous up to the boundary. We claim that for t’ < t < 1 the restriction 
map 

Pit: Ey — FE, 


is nuclear. In fact, for f € ©(D), we have f(z) = }>aqz* where dq = aa(f) satisfies the 
Cauchy inequalities |aa(f)| < py (f)/('R)® for alla € N”. The formula f = > aa(f) €a 
with e,(z) = z® shows that 


Ieee lle < D7 |aallyy Ileal. < SUR) A(ER)® = (1 — t/t) < +00. 


We infer that ©(D) is a nuclear Fréchet space. It is also in a natural way a fully nuclear 
Fréchet algebra (see Def. 5.39 below). 


(5.13) Proposition. Let E be a nuclear space. A morphism f : E — F is nuclear if 
and only if f admits a factorization E —- M — F through a Banach space M. 


Proof. By definition, a nuclear map f : EF — F always has a factorization through a 
Banach space (even if £ is not nuclear). Conversely, if F is nuclear, any continuous linear 
map £ — M into a Banach space M is continuous for some semi-norm p; on EL, so this 
map has a factorization 

Bk 


Pj+1 


— E,, + M 


in which the second arrow is nuclear. Hence any map £ — M — F is nuclear. 


(5.14) Proposition. 

a) If E, F are nuclear spaces, then E & F is nuclear. 

b) Any closed subspace or quotient space of a nuclear space is nuclear. 
c) Any countable product of nuclear spaces is nuclear. 

d) Any countable inverse limit of nuclear spaces is nuclear. 


Proof. a) If f : Ey — Fy and g: Ey — F» are nuclear morphisms of Banach spaces, it is 
easy to check that f ®, g and f ®- g are nuclear with ||f @? g||L < ||f||L||g||, in both 
cases. Property a) follows by applying this to the canonical morphisms E,,,, — E,, and 
2 x 


aj41 — LQ,- 


c) Let Ex, k € N, be nuclear spaces and F = |] Ex. If (p#) is an increasing family of 
semi-norms on EF, as in Def. 5.11, then the topology of F' is defined by the family of 
semi-norms 


qj(x) = max. p;(@E), © = (ax) € F. 
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Then Fy; = Dock; Ex pk and 


(Fos. > Fa;) = ap) (Expr, * Ex, pt) © (Feaa pith =p A0}) 


is easily seen to be nuclear. 


b) If F C E is closed, then ine can be identified to a closed subspace of Py: the map 


Ep a F, is the restriction of E,,,, > E,, and we have B/F E,./F,,. It is not 
j+1 Pj Pj+1 Pj P3 Pj Pj 
true in general that the restriction or quotient of a nuclear morphism is nuclear, but this is 


true for a binuclear = (nuclear o nuclear) morphism, as shown by Lemma 5.15 b) below. 
Hence F = Bis, and Ld ee 


P2j+2 j4+2 
family of semi-norms on F’ or E'/F’, as required in Def. 5.11. 


= E/F po, are nuclear, so (p2;) is a fundamental 


d) follows immediately from b) and c), since lim E,, is a closed subspace of [| Ex. 


(5.15) Lemma. Let E, F', G be Banach spaces. 


a) If f : E > F is nuclear, then f can be factorized through a Hilbert space H as a 
morphism E — H — F. 


b) Let g: F —G be another nuclear morphism. If Im(g o f) is contained in a closed 
subspace T of G, thengof : E — T is nuclear. Ifker(gof) contains a closed subspace 
S of E, the induced map (go f)~ : E/S — G is nuclear. 


Proof. a) Write f = >i je, @yj € E' ©, F with > ||g)|| |[yj|| < +oo. Without loss of 
generality, we may suppose ||€;|| = |/y,||. Then f is the composition 


EPI) F, tr (&(2)), (Aj) So Ajay. 
b) Decompose g into g = vowas in a) and write go f as the composition 
P25 Ss 256 


where H is a Hilbert space. If Im(go f) C T and if T C G is closed, then H, = v~1(T) is 
a closed subspace of H containing Im(uo f). Therefore go f : E — T is the composition 


oe v 
Gite ep a ee 


where f is nuclear and go f : EF —> T is nuclear. Similar proof for (go f)~ : E/S ~G 
by using decompositions f = vou: FE > H — F and 


My u ME g 
(gof)*:E/S —H/H,~H, —F —>G 


where H, = u(S) satisfies Hy C ker(gov) C H. 


(5.16) Corollary. Let E be a nuclear space and let E — F be a nuclear morphism. 
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a) If f(E) is contained in a closed subspace T of F, then the morphism f, : E —T 
induced by f is nuclear. 


b) Jf ker f contains a closed subspace S of E, then f: E/S — F is nuclear. 


Proof. Let E —+> M —> F bea factorization of f through a Banach space M. In case 
a), resp. b), M, = v~!(T) is a closed subspace of M, resp. M/u(S) is a Banach space, 
and we have factorizations 


fa SM St. FBS Mas) Sk 


where w1, u are induced by u and vy, v by v. Hence f; and f are nuclear. 


(5.17) Proposition. Let 0 > E, — E, — E3 — 0 be an exact sequence of Fréchet 
spaces and let F be a Fréchet space. If Ez or F is nuclear, there is an exact sequence 


j= Fear = BaF | Foe PF 0: 


Proof. If F2 is nuclear, then so are FE; and E3 by Prop. 5.14 b). Hence EF QF +kK,2F 
is a monomorphism and Ey ® F — E3 & F an epimorphism by Prop. 5.6 and 5.5. It 
only remains to show that 


Im (£) © F — Ey © F) =ker (Ey © F — E; 8 F) 


and for this, we need only show that the left hand side is dense in the right hand side (we 
already know it is closed). Let yp € (E2 @ F)’ be a linear form, viewed as a continuous 
bilinear form on E2 x F. If » vanishes on the image of Fy @ F, then y induces a 
continuous bilinear form on F3 x F' by passing to the quotient. Hence y must vanish on 
the kernel of Ey ® F — E3 ® F, and our density statement follows by the Hahn-Banach 
theorem. 


§5.B. Kiinneth Formula for Coherent Sheaves 


As an application of the above general concepts, we now show how topological tensor 
products can be used to compute holomorphic functions and cohomology of coherent 
sheaves on product spaces. 


(5.18) Proposition. Let F be a coherent analytic sheaf on a complex analytic scheme 
(X,@©x). Then F(X) is a nuclear space. 


Proof. Let Ac Qc CN be an open patch of X such that the image sheaf (¢4),F pa on 
Q) has a resolution 
OF — 6FP — (ia)sFta — 0 


and let DCC 2 be a polydisk. As D is Stein, we get an exact sequence 
(5.19) ©?1(D) — ©°(D) —> F¥(AN D) — 0. 


Hence ¥(ANMD) is a quotient of the nuclear space ©?°(D) and so ¥(AND) is nuclear by 
(5.14 b). Let (U,,) be a countable covering of X by open sets of the form AN D. Then 
F(X) is a closed subspace of [] ¥(U.), thus F(X) is nuclear by (5.14 b,c). 
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(5.20) Proposition. Let F, G be coherent sheaves on complex analytic schemes X, Y 
respectively. Then there is a canonical isomorphism 


FaGXxVY)~ F(X) @ GY). 


Proof. We show the proposition in several steps of increasing generality. 
a) X=DcCC",Y=D' CC? are polydisks, F = Gx, G= Gy. 


Let pi(f) = suprp |fl, pe(f) = suprp: |f| and a(f) = supypx py) |f| be the semi- 
norms defining the topology of ©(D), G(D’) and G(D x D’), respectively. Then Ee is 
a closed subspace of the space C(tD) of continuous functions on tD with the sup norm, 
and we have p; @- p; = q@ by example (5.3 c). Now, ©(D) @ @(D’) is dense in ©(D x D’), 
hence its completion with respect to the family (q:) is @(D) ®- @(D’) = @(D x D’). 


b) X is embedded in a polydisk DCC", X =AND +. D, 
i,F is the cokernel of a morphism 67; — ©1), 
Y=D' CC? is a polydisk and G = Gy. 


By taking the external tensor product with @©y, we get an exact sequence 
(5.21) Opyy — OByy uu FuOy — 0. 
Then we find a commutative diagram 


6P1(D)@ @(Y) —+ G0(D)\® @(Y) — F(X)® GY) — 0 

6P1(DxY) — GP(DxY) — FROy(X x Y) — 0 
in which the first line is exact as the image of (5.19) by the exact functor e @ G(Y), 
and the second line is exact because the exact sequence of sheaves (5.21) gives an exact 
sequence of spaces of sections on the Stein space D x Y ; note that i,F WGy(D x Y) = 


FwWOy(X x Y). As the first two vertical arrows are isomorphisms by a), the third one 
is also an isomorphism. 


c) X, F are as inb), F 
Y is embedded in a polydisk D' cC C?, Y = A'N D’! —> D' 
and j,G is the cokernel of 64, — 6%,. 


Taking the external tensor product with F, we get an exact sequence 
and with the same arguments as above we obtain a commutative diagram 


F(X)@ O4(D’) — = F(X)B OP(D') — F(X)® BY) — 0 


le ie | 


F ACL, (X x D') — FRO’ (Xx D'!) — FAGXxY) — 0. 
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d) X, F are as inb),c) and Y, G are arbitrary. 


Then Y can be covered by open sets U, = Ag M Dg embedded in polydisks D,, on 
which the image of G admits a two-step resolution. We have ¥ WG(X x U,) ~ F(X) @ 
‘G(U.,) by c), and the same is true over the intersections X x Ugg because Ugg = UyNUg 
can be embedded by the cross product embedding ja x jg : Uag — Da x Dg. We have 
an exact sequence 


0 GY) — [] 8U.) [I 620) 
a a, 
where the last arrow is (cq) + (cg — Ca), and a commutative diagram with exact lines 
0— F(X)® GBY)— J] F(X) GU.)J— T] F(X) 
0— FRGX x Y)— [[ FaUGX x U.)— [[ FaGl 
Therefore the first vertical arrow is an isomorphism. 


e) X, F, Y, G are arbitrary. 


This case is treated exactly in the same way as d) by reversing the roles of F¥, “6 and 
by using d) to get the isomorphism in the last two vertical arrows. 


(5.22) Corollary. Let F, 6 be coherent sheaves over complex analytic schemes X, Y 
and lett: X x Y > X be the projection. Suppose that H*(Y,‘G) is Hausdorff. 


a) If X is Stein, then H4(X x Y, FBG) ~ F(X) @ HUY, SG). 


b) In general, for every open set U C X, 


(R'n,(FBG))(U) = FU) ® HY, G). 


c) If H4(Y,%) is finite dimensional, then 
R'r,(F BG) =F ®@ HV(Y,S). 
Proof. a) Let ‘VY = (V,) be a countable Stein covering of Y. By the Leray theorem, 


H*(Y, G) is equal to the cohomology of the Cech complex C*(°V’, ‘G). Similarly X x = 
(X x V,) is a Stein covering of X x Y and we have 


HX x Y,F BG) = H4(C°(X x V,FASG)). 
However, Prop. 5.20 shows that C*(X x °V",F@G) = F(X) @ C*(V,G). Our assumption 
that C’*(V, G) has Hausdorff cohomology implies that the cocycle and coboundary groups 


are (nuclear) Fréchet spaces, and that each cohomology group can be computed by means 
of short exact sequences in this category. By Prop. 5.17, we thus get the desired equality 


H1(C*(X x V,FQS)) = F(X) @ H1(C*°(V, G)). 
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b) The presheaf U + F(U) ® H4(Y,%) is in fact a sheaf, because the tensor product 
with the nuclear space H4(Y,‘G) preserves the exactness of all sequences 


0— FU) — J] Fa) — [] Fag) 


associated to arbitrary coverings (U,,) of U. Property b) thus follows from a) and from 
the fact that R’7,(F BG) is the sheaf associated to the presheaf U + H1(U x Y,F BS). 


c) is an immediate consequence of b), since the finite dimensionality of H4(Y,‘G) implies 
that this space is Hausdorff. 


(5.23) Kiinneth formula. Let F, G be coherent sheaves over complez analytic schemes 
X, Y and suppose that the cohomology spaces H*(X,F) and H*(Y,%) are Hausdorff. 
Then there is an isomorphism 


QB A’(X,F) ® HUY,G) = H*(X x Y, Fa) 
pt+q=k 
BD a» ® By rs Slay ~ Bq. 


Proof. Consider the Leray spectral sequence associated to the coherent sheaf S = F AG 
and to the projection 7: X x Y > X. By Cor. 5.22 b) and a use of Cech cohomology, 
we find 

E54 = H?(X, R'n,F WG) = H?(X,F) @ HY, G). 


It remains to show that the Leray spectral sequence degenerates in E2. For this, we 
argue as in the proof of Th. IV-15.9. In that proof, we defined a morphism of the 
double complex C?:4 = Fl?](X) @ Gl (Y) into the double complex that defines the Leray 
spectral sequence (in IV-15.9, we only considered the sheaf theoretic external tensor 
product ¥ &%G, but there is an obvious morphism of that one into the analytic tensor 
product). We get a morphism of spectral sequences which induces at the F2-level the 
obvious morphism 


H?(X,F) ® HY, 6) — H?(X, F) ® HUY, 8). 


It follows that the Leray spectral sequence E?*? is obtained for r > 2 by taking the 
completion of the spectral sequence of C%’*. Since this spectral sequence degenerates in 
Es by the algebraic Ktinneth theorem, the Leray spectral sequence also satisfies d, = 0 
for r > 2. 


(5.24) Remark. If X or Y is compact, the Kiinneth formula holds with ® instead of 
®, and the assumption that both cohomology spaces are Hausdorff is unnecessary. The 
proof is exactly the same, except that we use (5.22 c) instead of (5.22 b). 


§5.C. Modules over Nuclear Fréchet Algebras 


Throughout this subsection, we work in the category of nuclear Fréchet spaces. Recall 
that a topological algebra (commutative, with unit element 1) is an algebra A together 
with a topological vector space structure such that the multiplication A x A — A is 
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continuous. A is said to be a Fréchet (resp. nuclear) algebra if it is Fréchet (resp. nuclear) 
as a topological vector space. 


(5.25) Definition. A (Fréchet, resp. nuclear) A-module E is a (Fréchet, resp. nuclear) 
space E’ with a A-module structure such that the multiplication Ax E — E is continuous. 
The module E is said to be nuclearly free if E is of the form A ® V where V is a nuclear 
Fréchet space. 


Assume that A is nuclear and let E be a nuclear A-module. A nuclearly free resolution 
L, of E is an exact sequence of A-modules and continuous A-linear morphisms 


(5.26) ce en eee eee ny eee 


in which each Ly is a nuclearly free A-module. Such a resolution is said to be direct if 
each map d, is direct, i.e. if Imd, has a topological supplementary space in Lg_; (as a 
vector space over R or C, not necessarily as a A-module). 


(5.27) Proposition. Every nuclear A-module E admits a direct nuclearly free resolu- 
tion. 


Proof. We define the “standard resolution” of E to be 
lg=A®...@ ABE 


where A is repeated (q+ 1) times; the A-module structure of Lg is chosen to be the one 
given by the first factor and we set do(ao ® x) = aoa, 


dg(ao ®...@ aq @x) = > (—1)'ap @... @ ajGi41 @...@ ag Qu 
O<i<gq 


+ (—1)%a9 ® ... © dg_1 @ ag. 


Then there is a homotopy operator hg : Lg > Lq41 given by h,(t) = 1 @t for all g (hg, 
however, is not A-linear). This implies easily that L, is a direct nuclearly free resolution. 


If E and F are two nuclear A-modules, we define E 4 F to be 


(5.28) E @,4 F =coker(E ®A®F *,E&F) where 
d(x @a®y) =axQ@y—x@ay. 


Then E & A F is a A-module which it is not necessarily Hausdorff. If E @ AF is 
Hausdorff, it is in fact a nuclear A-module by Prop. 5.14. If E is nuclearly free, say 
E=A®&V2+V®8A, we have FE ®4 F = V ® F (which is thus Hausdorff): indeed, 
there is an exact sequence 


V®AGZASBF—-VOASBF—>VOEF— 0), 


Vag Ga, OL+ > vGanay @LX-—vOanGayx, vORa@xX+— var, 
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obtained by tensoring the standard resolution of F with V @; observe that the tensor 
product ® with a nuclear space preserves exact sequences thanks to Prop. 5.17. We 
further define Tér/!(E, F) to be 


(5.29) Tors (E, F) = H,(E 8a L.), 
where L, is the standard resolution of F’. There is in fact an isomorphism 


E@,LlL, > ES®A®Q:--OAGF 
E@as (Ap @ a1 @...@ag By) + aL a, ®...Ba_g@y 
where A is repeated g times in the target space. In this isomorphism, the differential 
becomes 
dg(&@ Ba, Q...@ ag @y) = aL Ga_g®...@ag@y 
+ So (-1)'2@ a1 @...@ a;0541@...@ aq @y 
1l<i<q 
+ (-1)%z @ a1 @... @ ag_-1 ® agy. 
In particular, we get Tord (E,F) = E 8,4 F. Moreover, if we exchange the roles of 
E and F, we obtain a complex which is isomorphic to the above one up to the sign 
of dg, hence Tér4 (E, PF) Tor? (F, E). If E = A ® V is nuclearly free, the complex 
E@,L.=V®8L,is exact, thus 


E or F nuclearly free = Tor, (EB, Fy = 0: torg > 1. 


(5.30) Proposition. For any exact sequence 0 > Ey, — Ey — E3 — 0 of nuclear 
A-modules and any nuclear A-module F’, there is an (algebraic) exact sequence 

3 Torg (A, F)\— Tory (Ea, F)— Tory (Es, F)— Tore (£1, F)--- 

— £8, F — ££, ®,4F — E38, Ff — 0. 


Proof. As the standard resolution L. — F is nuclearly free, L, = A @ V, say, then 
E; @aLl.=£; ®V, for 7 = 1,2,3, so we have a short exact sequence of complexes 


O— Ei Ga Le — Ex 4 L, — E3 84 L, — 0. 


(5.31) Corollary. For any nuclearly free (possibly non direct) resolution L. of F’, there 
is a canonical isomorphism 


Tor, (£, F) ~ H,(E ®a L,). 


Proof. Set By = Im(Lq41 — L,) for all g > 0 and B_; = F. Then apply (5.30) to the 
short exact sequences 0 — By — Ly — By-1 — 0 and the fact that L, is nuclearly free 
to get 

Tor?_,(E, By) for k > 1, 


Térg (E, Bg-1) & A ss 
org (B, Bat) oe eas fork = 1. 
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Hence we obtain inductively 


Tord (E, F) = Tord (E, B-1) ~ ... ~ Térf' (EB, Bg_2) 
~ ker(E ®a Bg-1 > E @a Lq-1) 


and a commutative diagram 


E®, Lott — E a Ly — Ea By-1 — 0 
Wy vie 
E 8a By 


in which the horizontal line is exact (thanks to the surjectivity of the left oblique arrow 
and the exactness of the sequence with EF ®, B, as first term). Therefore ker(E @, 
Ba gicare Q4 Lq-1) can be interpreted as the kernel of E QA Ly = Q4 Lgjai 
modulo the image of E @4 Lqg4i 7 E Qa L,, and this is is precisely the definition of 
H,(E @a L,). 


Now, we are ready to introduce the crucial concept of transversality. 


(5.32) Definition. We say that two nuclear A-modules E, F are transverse if E @,4 F 
is Hausdorff and if Tors (Z, Bye Or jorg 2. 


For example, a nuclearly free A-module E = A ® V is transverse to any nuclear 
A-module F’. Before proving further general properties, we give a fundamental example. 


(5.33) Proposition. Let X, Y be Stein spaces and let U'’ CU CC X, V CC Y be 
Stein open subsets. If F¥ is a coherent sheaf over X x Y, then @(U') and F(U x V) are 
transverse over G(U). Moreover 


GU") Beau, FU x V) = FU" « V). 
Proof. Let £. — F be a free resolution of ¥ over U x V; such a resolution exists by 
Cartan’s theorem A. Then ¥,(U x V) is a resolution of ¥(U x V) which is nuclearly 


free over G(U), for G(U x V) = G(U) © @(V); in particular, we get 


GU") Bey OU x V) = GU") 8 @(V) = G(U' x V), 
GU") Gov) L(U x V) = £.(U' x V). 


But &.(U’ x V) is a resolution of F¥(U’ x V), so 


F(U'x V) for q=0, 
0 for'g 2.1, 


Toro) (@(U’), FU x V)) = { 


(5.34) Properties. 


a) If0 — BE, > Ey > E3 — 0 is an exact sequence of nuclear A-modules and if Ez, E3 
are transverse to F, then E, is transverse to F. 
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b) Let A — A, — Ag be homomorphisms of nuclear algebras and let E be a nuclear A- 
module. if A; and A» are transverse to E over A, then Ag is tranverse to Ay ®4 E 
over A. 


c) Let E® be a complex of nuclear A-modules, bounded on the right side, and let M be a 
nuclear A-module which is transverse to all E”. If E® is acyclic in degrees > k, then 
M ®, E® is also acyclic in degrees > k. 


d) Let E*, F* be complexes of nuclear A-modules, bounded on the right side. Let f* : 
E® > F® bea A-linear morphism and let M be a nuclear A-module which is transverse 
to all EY and F%. If f* induces an isomorphism H4(f*) : H9(E*) — H4(F®*) in 
degrees gq >k and an epimorphism in degree q =k — 1, then 


Id @a4 f°: M @,4 E® > M @y F* 
has the same property. 
Proof. a) is an immediate consequence of the Tér exact sequence. 
To prove b), we need only check that if A; is transverse to FE over A, then 
Térs1(Ao, Ai @a E) = Tore (Ao, E), Wn >0. 


Indeed, if L, = A @Veisa nuclearly free resolution of E over A, then A, Qa a 
A, ® V, is a nuclearly free resolution of Ay ®4 E over Aj, since Hy(Ai ®a4 Le) = 
Tors (Au, E) =0 for q > 1. Hence 
Tor" (Ao, A1 @4 E) = Hy(Az 8a, (Ai Ga Le)) = Hy(Az Ga, (Ar @ Ve) 
= H,(A2 ® Ve) = Hy(Az Ga Le) = Tors (Ap, E). 
c) The short exact sequences 0 — Z7(E*) —> E4 za Z%*1(E*) — 0 show by backward 
induction on q that M is transverse to Z7(E*) for gq >k—1. Hence for gq > k—1 we 
obtain an exact sequence 
0 — M &, Z1(E*) > M &, EY © M By, Z1(B*) 0, 

which gives in particular Z1(M @, E*) = BY(M ®,4 E*)=M 8, Z4(E®) for q>k, as 


desired. 


d) is obtained by applying c) to the mapping cylinder C(f*), as defined in the following 
lemma (the proof is straightforward and left to the reader). 


(5.35) Lemma. If f* : E* — F® is a morphism of complexes, the mapping cylinder 
C* =C(f*) is the complex defined by C1 = E17 F4! with differential 


d! 0 
( j2 = BY @ Ft) 3 BT PY, 
ae F 


Then there is a short exact sequence 0 > F*-! — C* — E* — 0 and the associated 
connecting homomorphism 0% : H4(E*) — H4(F°®) is equal to H4(f*) ; in particular, C® 
is acyclic in degree q if and only if H4(f*) is injective and H4~'(f*) is surjective. 
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§5.D. A-Subnuclear Morphisms and Perturbations 


We now introduce a notion of nuclearity relatively to an algebra A. This notion is 
needed for example to describe the properties of the ©(S)-linear restriction map @(S x 
U) > @(S x U") when U’ cc U. 


(5.36) Definition. Let E and F be Fréchet A-modules over a Fréchet algebra A and let 
f:E-F bea A-linear map. We say that 


a) f is A-nuclear if there exist a scalar sequence (A;) with S> |A;| < +00, an equicontin- 
uous family of A-linears maps €; : E — A and a bounded sequence y; in F such that 
forallx ek 


f(x) = DA Ei(2)y5- 


b) f is A-subnuclear if there exists a Fréchet A-module M and an epimorphism p: M —> 
E such that f op is A-nuclear; if E is nuclear, we also require M to be nuclear. 


If f : E — F is A-nuclear and if u: S — E and v: F — T are continuous A-linear 
maps then vo f ou is A-nuclear; the same is true for A-subnuclear maps. If V and W 
are nuclear spaces and if u: V > W is C-nuclear, then Id4 ®u: A®@V—-A®W is 
A-nuclear. From this we infer: 


(5.37) Proposition. Let S, Z be Stein spaces and let U' CC U CC Z be Stein open 
subsets. Then the restriction p: ©(SxU) > @(SxU’) is ©@(S)-nuclear. If ¥ is a coherent 
sheaf over Y x Z with Y Stein and S CC Y, then the restriction map p: F¥(S x U) - 
F(S x U’) is @(S)-subnuclear. 


Proof. As 6(S x U) = @(S) ® GU) and G(U) — G(U’) is C-nuclear, only the second 
statement needs a proof. By Cartan’s theorem A, there exists a free resolution 4, — F 
over S x U. Then there is a commutative diagram 


in which the top horizontal arrow is an ©(S')-epimorphism and the left vertical arrow 
is an ©(S)-nuclear map; its composition with the bottom horizontal arrow is thus also 
©(S)-nuclear. 


Let f : E > F bea A-linear morphism of Fréchet A-modules. Suppose that f(E) C 
F where F{ is a closed A-submodule of F' and let f; : E — F, be the map induced by 
f. If f is A-nuclear, it is not true in general that f; is A-nuclear or A-subnuclear, even 
if A, E, F are nuclear. However: 


(5.38) Proposition. With the above notations, suppose A, E, F nuclear. Let B be 
a nuclear Fréchet algebra and let p: A — B be a C-nuclear homomorphism. Suppose 
that B is transverse to E, F and F/F, over A. If f : E — F is A-subnuclear, then 
Idp Ga Fi2B @, E> B®, F, is B-subnuclear. 
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Proof. We first show that p Qa fi: E=A @, E > B &, F; is C-nuclear. Since a 
quotient of a C-nuclear map is C-nuclear by Cor. 5.16 b), we may suppose for this that 
f is A-nuclear. Write 


AOS DG@s fb A, S$" |Aj| < +00, rece 3 
p(t)= So unne(t)be, tm: A—>C, So |p| <+oo, bk EB 


as in the definition of (A-)nuclearity. Then p ®4 f : E — B @, F is C-nuclear: for 
any « € EF, we have p(&;(a)) = €;(x)p(1) in the A-module structure of B, hence 


p®a fla) =p ® f(1@2) = S>Aj (El) Ba yy 
= eee (ne 0 €})(x) be Ba yy. 
By our transversality assumptions, B @,4 F, is a closed subspace of B 4 F. As 


Im(p Qa eos Q4 F, the induced map p Qa fi: E-B ®4 F, is C-nuclear by 
Cor. 5.16 a). Finally, there is a commutative diagram 


Ba E Idp@(p@a fi) B 8 (B Ba Fi) 
BQ, E ee BO, Fy 


in which the vertical arrows are B-linear epimorphisms. The top horizontal arrow is 
B-nuclear by the C-nuclearity of p ®,4 f1, hence Idg ®, fi is B-subnuclear. 


Example 5.12 suggests the following definition (which is somewhat less general than 
some other in current use, but sufficient for our purposes). 


(5.39) Definition. We say that a Fréchet algebra A is fully nuclear if the topology of A is 
defined by an increasing family (pz)te]o,1, of multiplicative semi-norms (that is, Di(zy) < 
pe(x) pe(y) e such that the Banach algebra homomorphism Ay,, > Ap, 1s nuclear for all 
bey ele 


If A is fully nuclear and t € |0,1], we define A; to be the completion of A equipped 
with the family of semi-norms pz, A € ]0,1[. Then A; is again a fully nuclear algebra, 
and for all t < t’ < 1 the canonical map A; — A; is nuclear: indeed, fort <u<u' <V, 
there is a factorization 


~ 


Ay — Ay, 


= Ay. = Ay 


If E is a nuclear A-module, we say that FE is fully A-transverse if F’ is transverse to all 
A; over A. Then by 5.34 b), each nuclear space 


(5.40) E, =A: @a E 


is a fully A;-transverse A;-module. If f : EF — F is a morphism of fully A-transverse 
nuclear modules, there is an induced map 


(5.40’) fe=\da, Qa f:E,;-— FF, Vt €]0,11. 
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(5.41) Example. Let X be a closed analytic subscheme of an open set Q Cc CN, 
D = D(a, R) CC Qa polydisk and U = DN X. We have an epimorphism ©(D) — @(U). 
Denote by p; the quotient semi-norm of p:(f) = suppiary |f| on ©(U). Then ©(U) 
equipped with (p;)+ejo,1; is a fully nuclear algebra, and @(U), = @(D(a,tR) NX). 

Now, let Y be a Stein space, V CC Y a Stein open subset and ¥ a coherent sheaf over 
X x Y. Then Prop. 5.33 shows that ¥(U x V) is a fully transverse nuclear G(U )-module. 


(5.42) Subnuclear perturbation theorem. Let A be a fully nuclear algebra, let E 
and F be two fully A-transverse nuclear A-modules and let f,u: E — F be A-linear 
maps. Suppose that u is A-subnuclear and that f is an epimorphism. Then for every 
t < 1, the cokernel of 

fi-u: ky, 


is a finitely generated A,-module (as an algebraic module; we do not assert that the 
cokernel is Hausdorff). 


Proof. We argue in several steps. The first step is the following special case. 


(5.43) Lemma. Let B be a Banach algebra, S a Fréchet B-module andv: S > S a 
B-nuclear morphism. Then Coker(Idg —v) is a finitely generated B-module. 


Proof. Let v(x) = > A; €;(x)y; be a B-nuclear decomposition of v. We have a factoriza- 
tion 

v=Boa:S %(B) 2.8 
where a(x) = (Aj;(x)) and B(t;) = Jtjyj. Set w= ao: £1(B) > £1(B). As ais 
B-nuclear, so is w, and a, 2 induce isomorphisms 


Coker(Idg —v) 27 Coker(Idgi;g) —w). 
B 


We are thus reduced to the case when S is a Banach module. Then we write v = v’ +” 
with 
ros SS MGs aa) > Gey 
1<j<N j>N 


For N large enough, we have ||v”|| < 1, hence Idg—v” is an automorphism and 
Coker(Idgs —v’ — v’’) is generated by the classes of y1,...,yn- 


Proof of Theorem 5.42. a) We may suppose that EF is nuclearly free and that wu is 
A-nuclear, otherwise we replace f, u by their composition with A @ M—>M —> E, 
where M is nuclear and p: M — E is an epimorphism such that uo p is A-nuclear. 


b) As in (5.9), there is a A-nuclear decomposition u(a) = 5) A; &;(x)y; where (y;) con- 
verges to 0 in F. Since f is an epimorphism, we can find a sequence (a#,;) converging 
to 0 in & such that f(x;) = y;. Hence we have u = f ov where v(x) = 3A; &;(x) a; 
is a A-nuclear endomorphism of E, and the cokernel of f — u is the image by f of the 
cokernel of Idg —v. 


c) By a), b) we may suppose that F = E = A ® M, f = Idg and that u is A-nuclear. Let 
B be the Banach algebra B = A,,. Then B ®4 E = B & M isa Fréchet B-module and 
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Idp 4 wis B-nuclear. By Lemma 5.42, Idg @4 Ide —Idp @,4 u hasa finitely generated 
cokernel over B. Now, there is an obvious morphism B — A;, hence by taking the tensor 
product with A; ®p e we get 


A, @p (B®, E)= A, 8p(BSM)=A,@8M=A, 8,4 E=E, 


and we see that 
Idg, —uz = Ida, @4 Idg —Ida, G4 


has a finitely generated cokernel over A;. 


§ 5.E. Proof of the Direct Image Theorem 


We first prove a functional analytic version of the result, which appears as a relative 
version of Schwartz’ theorem 1.9. 


(5.44) Theorem. Let A be a fully nuclear algebra, E® and F*® complexes of fully A- 
transverse nuclear A-modules. Let f® : E®* — F® be a morphism of complexes such that 
each f? is A-subnuclear. Suppose that E*® and F® are bounded on the right and that 
H1%(f*) is an isomorphism for each q. Then for every t < 1, there is a complex L® of 
finitely generated free Ay-modules and a complex morphism h® : L° — E? which induces 
an isomorphism on cohomology. 


Proof. a) We first show the following statement: 


Suppose that E? and FY’ are acyclic in degrees > q. Then for every t' < t, the 
cohomology space H4(E?,) ~ H4(F'%) is a finitely generated Ay -module. 


Indeed, the exact sequences 0 — Z*(E?) — EP > Z**!(E?) — 0 show by backward 
induction on k that Z*(E?) is fully A;-transverse for k > q. The same is true for Z*(F?). 
Then f/ is a A;-subnuclear map from Z4(E?) into F’, and its image is contained in the 
closed subspace Z4(F?). By Prop. 5.38, for all t” < t, the map f#, = Id4,,, @a, fiisa 
A, -subnuclear map Z4(E7,,) — Z9(F,). By Prop. 5.34 d), H°(f?,) is an isomorphism 
in all degrees, hence 


dey © ty ‘ 1 ie © 24 (Ep) =? LACE) 
is surjective. By the subnuclear perturbation theorem, the map 
di, © 0 — Id, Ban (an SP) ive, = (0 SP) fii) 
has a finitely generated A;,-cokernel for t’ < t” < t, as desired. 


b) Let N be an index such that E* = F* = 0 fork > N. Fix a sequence t <... < tg < 
tgui <...<ty <1. To prove the theorem, we construct by backward induction on q a 
finitely generated free module L? over A;, and morphisms d‘ : L4 — Le eee ae gor) 
such that 


1 
1 be gop, EOL? oy Lf ee Ly — 0 is a complex and 
e @ e e 4 + 
Sa,t, ) USq.t, 7 Ei, 8 @ complex morphism. 


ii) The mapping cylinder Mf = Cae.) defined by 
Mg = Prez (tops ® Ef) is acyclic in degrees k > q. 
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Suppose that L’ has been constructed for k > q. Consider the mapping cylinder N. I= 
C(f?, oh&4,,) and the complex morphism 


>q,tq 


Mj— Ni, Ls 


k-1 k 
q? 2q,tq ® Ey, L 


24; 


k-1 
ig LS, 


given by Id@ ae This morphism is A;,-subnuclear in each degree and induces an 
isomorphism in cohomology (compare the cohomology of the short exact sequences asso- 
ciated to each mapping cylinder, with the obvious morphism between them). Moreover, 
M3 and N@ are acyclic in degrees k > q. By step a), the cohomology space H4(M? Hee 
is a finitely generated A;,_,-module. Therefore, we can find a finitely generated free 
A;,,-module L4~' and a morphism 


dv + @ At lteES tao 


Q,tq-1 


= Lf, OEE 
such that the image is contained in Z4(M?,_, 
H4(M}4,_,). As ME, = Ei, this means that M?_, is also acyclic in degree q. 
Thus L7~', together with the maps (d?~', h?~+) satisfies the induction hypotheses for 
q—1, and L? together with the induced map h? : L? — E? is the required morphism of 
complexes. 


) and generates the cohomology space 


Proof of Theorem 5.1. Let X, Y be complex analytic schemes, let F': X — Y bea 
proper analytic morphism and let ¥ be a coherent sheaf over X. Fix a point yo € Y, a 
neighborhood of yo which is isomorphic to a closed analytic subscheme of a Stein open set 
W c C” and a polydisk D° = D(yo, Ro) CC W. The compact set K = F-\(D NY) can 
be covered by finitely many open subsets U2 cc X which possess embeddings as closed 
analytic subschemes of Stein open sets 22 c CNe. Let O1, CC Ng CC 2 be Stein open 
subsets such that Uz = U2NQ, and UL = U2 NM! still cover K. Let ig : U8 — 22% and 
7: YMD° — D° be the embeddings and FY, = is 5 ala Bs F)) the image sheaf of Y on 
0° x D®°. Let D CC D® be a concentric polydisk. Then S(UnN F~1(D)) = La (Qa x D) 
is a fully transverse @(D)-module by Ex. 5.41, and so is (U.N F7!(D)) = F.(Q, x D). 
Moreover, the restriction map 


F(UaN F7'(D)) — FUL, F(D)) 


is G(D)-subnuclear by Prop. 5.37 applied to ¥ = Y,. For every Stein open set V C D, 
Prop. 5.33 shows that 


GV) Ben) fUan FD) = FUN FMV). 


Denote by UN F~'(D) the collection (U.N F~*(D)) and use a similar notation with 
UW = (UL). As UN F-HD), UA FO 1D) are Stein coverings of F~1(D), the Leray 
theorem applied to the alternate Cech complex of ¥ over UN F~!(D) and Un F~1(D) 
gives an isomorphism 


HAC UNF (D),D)) =o (ACW PD), Df) = (FF *(D), FS); 


By the above discussion, AC*(UM F~1(D),S) and AC*(U' N F7\(D),) are finite 
complexes of fully transverse nuclear @(D)-modules, the restriction map 


AC*(UN F7M(D), SP) — AC*(UW N F-1(D), ) 
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is G(D)-subnuclear and induces an isomorphism on cohomology groups. Set D = D(yo, R) 
and D, = D(yo,tR). Theorem 5.44 shows that for every t < 1 there is a complex of 
finitely generated free G-modules ¥%* and a ©(D;)-linear morphism of complexes 


£°(Dz) > AC*(UN F71(D;), P) 


which induces an isomorphism on cohomology. Let V C D; be an arbitrary Stein open 
set. By Prop. 5.34 d) applied with M = @(V), we conclude that £°(V) > AC*(UN 
F~1(V), Pf) induces an isomorphism on cohomology. If we take the direct limit as V runs 
over all Stein neighborhoods of a point y € Y N D:, we see that H9(L°) ~ RIFLF over 
YO D;, hence RIF,S is ©y-coherent near yo. 
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